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preface;*) ' 



rilHE present work is based on a diMseriation submitted at 
-the FeliowBhip Examinaiioii of Trinity College, Gmbu* 
bridge, in the year 1895. Section B of the third chapter is in 
the main a reprint, with tioroe serious alterations, of an article 
in Mmd (New Series, No. 17). The substance of the book has 
been given in the fiam of lectures at the Johns Hopldns 
University, Baltimore, and at Biyn Mawr CoU^e, Pennsyl- 
vania. 

My chief obligjation is to Professor Klein. Throughout the 
ifirst chapter, I have found his '"Lecturss on ncopBuolideen 
Geometry " an invaluable guide ; I have accepted from him the 
division of Metageometiy into three periods^ and hare found 
\ my historical wwk much lightened by his references to previous 
writers. In Logic, I have learnt most from Mr/Bradley, and *^ • 
next to him, from Sigwart and Dr Bosanquet. On several 
(important points, I have derived useful suggestions horn 
Professor Jamei^s "Principles of Psyohology."* 

My thanks are due to Mr* 0. F. Stout and Mr* A. N. ^ 
Whitehead for kindly reading my proofii^ and helpii^ me by . 
many useful eritioisms. To Mr. Whitehead I owe^ also^ the ^ 
inestimable assistance of constant criticism and suggestion 
throughout the course of oonstruotion, especially as icgpids 
the philosophical importance of projeetivis Qeometiy; 

ft 

Haslkmbbs. 
ifcy, 1807. 
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14. And Bo^ 
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of magnitiidat 

•QL Th> aeowid, the immuw of cumtoe cf a HMUiifoMI, grew <mt 

€f onnmture in curves and MvfiKMe 

SL ^ wmm of Qaimfs MMljtioil Imnk lor the oumtavB of 

surfiioes, , . • 

SS. Which enables us to define s contiant measure of curvature 

of A three-diiMiiskiiMl spsoe withoui nlweiMe to « liMirtli 

dimrasion iO 
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8&I QsTs m new but incemot lonHiktloii of tbe eMeatisl sadoma, . 88 
88L And dedooed the qasdmtie fbrmols tor the iuflmtesimsl arc, 

wbioh Bienuuiii bed assnnied • 84 
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8a Which is analogous to Cayl^s thoeisr of distsnoe; • • 86 

ctirvatims 87 

801 The third |ieriod abandons the metrical methods of the seeoudi 

and extrudes the notion of Nimtial quantity ... 87 
81. Gayley reduced metrical properties to projective ])ro|iertioa^ 

relative to a certain conic or quadric, the Abttolute ; . . 88 
38. And Klein showed that the Euclidean or non* Euclidean q^stems 

result, according to tbe nature of the Absolute ; . . 88 
33. Hence Euclidouu tpaet appeared to give rise to all the kinds 
of Ueometiy, and the question, wbioh is tnac^ appealed 
ndwid -to OM of o on w nth m •••.«• 80 
94 MlUa Titw fa dna to • oooAHtai M to lbs Mlm of lbs 

euplojed • 80 
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35h Projective counliuaieH have boeu regarded iu» dopendeut oa 

distauce, and t^uB really motrical 31 

36. But thi8 is not the caho, niuce anharmonio ratio can be 

projectiveljr defined IB 

37. ProjecCivD ooofdiiiAtai» baing purely dflVBriptive^ cm gltrt m 

infornuLtkm aa to metrical proportiaa, and'tliA tednotte of 

nwtrioal to pngootife pmpwlies is pan^jr t<>«hnicil • • H 
881 Hie true coniMolioii of Oi^ley** unmuto of distame witk 

non-Euclidoan Geometry is that sug ge s t ed MtnmrHi 

Saggio, and worked out bjjr Sir R. BaU, • • . . • '88 
88, Wbieh |irovjdeB e £iiclideeti eqaivelent for every non-EucUdeeo 

proposition, and so femovee the jiOMibililgr ef eontmdaetione 
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4S. Has a merely technical validity, * ^ 

43. And is capable of giving geometrical results only wbeo it 1^ 

begine end ends ivith net points end figuree • ' .48 

44 We heve now seen thet projective Geeeae fa y is logically prior 1 1 

. to mslrical Oeometiy, but cennot sapersede it • • ' 48 

4& Sophtts lie hes epplied rmvsolive methode .to Hebnhoi^e 
. . ftmraktion ef the etiomsi end hes shown the enom ef 

'Monodromy to be nuperfluoue .48 
48. Metageometiy has gradually grown independent of philoeoplgri 

but has grown continually more inteiestiqg to phiksopl^ • 80 
47. Metrical Geometry has three indisjiensable axioDM,. . . 50 
4& mich we nhall find to be not lesolti^ hot eonditioai^ ef . 

measurement, . . • 81 

40. And which are nearly equivalent . to the three axioms of 

projective Geometry • 

60. Both sets of axioms are ueoeaaitated, not by Ibkcte, but by login • 
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Kml oonteodn thai aiiioe Oeouiotiy is ftpoMolk^ ugtm 
lit a /wiori Aod sobjectivi^ whUe tiiioe spiioo to 4 pritH 
mod BubjactiTe, Gtoaietiy most be apoctoklto 

HeUgeometiy kat vpnl tte inl Um of iifWiMt, nol lh« 

second ........... 

The secoiid mAj be attacked bj criticising either the distinotion 

of sTnthetic and analytic jtMlgtoentii, or the first two Mgu- 

tucuta of the motapbyeical doductiau of MjiAca 
llodem Logic regards every judgment se both sjnthotic and 

aoaljtic, 

IM leavee th* A priori, m thai «yeh is pMuppossd in the 

poMibihtj of e^Mrinoa •••••••• 

KantfW flnl two tagmmHtB m t» spioe mAm Io pvm smm 

IkA ■ncosssow «r Knl^ HMsrt •Iom Mhranotd Ibt 
tinoij of Geotnetiyy bj lafliMDoing Biemaim 
BSemaaii ncMded spsoe m % parttouhr kiwi of MaaiiBUi Ia 

wb<^7 quantitatiyely 

He therefbro imddljr Mfiwltd tte qoditativt a4|wtifti 9t 



ia 

TIL 
74. 



His phflosophy rests on a vicious diiguuction • • • 

His definition of a manifold is obscure, 

And his definition of measurement appIiM onljr to space 
Though mathematically invaluable, his view of 8|>aoe as a 

manifold is philosophicailjr midieading 

Hfllmbolti attacked Kant both on the mathenaticel and oo 

Ike psychological aida t 

fttm ppoof ikaft DOo^BiMlideaii q^aaaa aia iaugiiiabto to in* 

condinlvai • • • • • 

And hto aiwHiin af tha dapendepca of aMaanuBNDl oa itgid 

bodiesi which may ba takn in thrsa sanees, 
ia wholly frtoa if it meoaa that the axiom of OoOfTMiNa 

actually anerto the existanoa of rigid bodtoa, 
la untrue If it means that .the necessary reference of geometrioal 
propositious to matter renders pure Qoometry empirical, « 
And is inadequate to his conclusion if it means, what is 
true^ that aotmU measurement isYoim ap|imiimateiy rigid 

bodies . 

Geometry deals with an abstract matter, whose physical 
properties aia disre^uded | and Physics must presuppose 

Qeometxy 

lha aoBeMotti af 
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And sn upset by the mathematical antinomies, which provo 
that spatial oid« ahmihi bo tho mbtjeot-mattar of Goo- 

niotry 196 

The ap^Mirent thinghood of siNice is a iwyohologioal Illusion, 
due to the faot that si»atial relations ara immediately 

gim 196 

WOflm The apparent divisibility of spatial relations is either an 

• illusion, arising out of empty space, or the eipressioD 
of the posnbility of quantitativoly diiSHOBft apatial M- ) 
klioni 19V \ 

flMMMUty it Ml 9 nhlioii, hA ao aspect of nbiliooi. \ . 

• AmM oidir, owifli to Ito ifftniMo to OMllir, h m 
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INTRODUCTION. ' 

OUR raOBtilM DSniHD BT ITB WKLkmim TO tMIO, 
FSrCHOIiOOT AND iuthhutios. 

i. QiOMRBr, tluNmi^oat the i7th and 18lh oenftoriai^ 
remained* in the war against emplrieiim, an impr^gnaUe 
Ibrtraas of the idealiati. Tboee who held---aa was generally 
held on the Continent — ^that oertain knowledge, independent of 

experience, was possible about the real world, had only to « 
point to Geometry : none but a madman, they said, would * . 
throw doubt on its validity, and none but a fool would deny 
its objective roferonce. The English Empiricists, in this 
matter, had, therefovOi * aomewhat difficult task ; either they • 
had to ignore the problem, or if, like Hume and Hill, they 
ventured on the aaaanlt^ they were driven into 'the i^ifMoeiitly 
paiadoxieal assertion that Geometry, at bottom, had no eer- 
tainty of a different kind from that of Mechanics— only the . 
perpetual presence of spatial impressions, they said, made 
our experience of the truth of the axioms so wide as to seem 
absolute certainty. 

Here, however, as in many other instanees^ meieileaB logic 
drove theae philoaophev% whether they would or no, into 
glaring oppoeition to the .oommon leaae of their day. It waa 
only throQgh Kant^ the ereator of modem Epistemology, that ' ^ . 
the geometrical problem received n modem form. He redneed 
the question to tho following hypothoticals : If Geometry has 
apodeictic certainty, its matter, space, must be Spnm, and ^$^^*^ 
as such must be purely subjective ) and conversely, if space is 
purely subjective, Geometry must have apodeictic certainty. 
The latter hypothetical has more weight with Kant, indeed it 
ia ineradicably bound up with his whole Epistemology; neve^ 
theleaa it has^ I think, mvek leaa Ibioe than the Ibmier. Lei na 

B.O. 1 
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accept, however, for the moment, the Kantian formulation, and 
endeavour to give precision to the terms 9 priori and iubjwtive. 

% One of the great difficulties, throughout this contro- 
versy, is the extremely variable use to which thm words, as 
well as the word empirical^ are put by different authors. To 
Kan^ who was nothing of a psychologist, Vprunri and iuhjmitm 
wan almoal intaiehangaable tanna' ; in modem naaga thara ii^ 
an iha whola, % tendencgr to aonfina tha wofd miijmilim to 
Bqfdiok^t leaving 0 prion to do doty for Epiatamology. If ' 
wa accept tih&i diffisfantiation, wa may aat up, oorrospoodtng 
to the problems of these two sciences, the following provisional 
definitions : € priori applies to any piece of knowledge which, j 
though perhaps elicited by experience, is logically presupposed 
in experienoe; tubjwUve applies to any mental state whose | 
immediate cause lies, not in the external world, but within | , 
tha limits of the sabjaet The lattar definition, of aoma^ la 
fiamad aiduaiTalj for Fqroliohigj: ftom tha point of viaw 
of physioal Selanoa all mantal atataa aia aaljaotifa. Bat for 
n Saiaaoa whoaa matter, atrietly speaking, is ofdy mantal states, 
we require, if wa are to use tha word to any purpose, some 
differentia among mental states, as a mark of a more special 
aabjectivi^y on the part of those to which this term is applied. 

Now the only mental states who^e immediate causes lie 
in tha axtanial world are HmaHoiM. A pure sensation is, of ^ 
aoorse. an impossible abatnwjtion — we are never wholly passive 
UMkr tha action of an aitaraal atimalua*— but for tha paipoaea 
of F^chology tha abatiaotion ia a naafol ona« WhataTar, then, 
la not aenaation, wa shall, in Ftychology, call anbjaotiTa. It 
is in sensation alone that we are directly affected by the ex- 
ternal world, and only hare does it give us direct ^information 
about itsel£ 

8. Let us now consider the epistemological question, as 
la iha tort of knowledge which can be called tirfon: Heta 
wia ]inf<a nothing to do^in tha fiiat inatanca^ at anf nle^ 
viihthaaanaaor genaaii of a piaoa of knowlad|ga; wa aooapl 
knowledga aa a datum to be analysed and daiaified. Sneh 
analysii will reveal a formal and a material element in 

s Of. Brdnuuin, Axlomt d«r Ocometria, p. Ill : "Fttr Xaal iriad Iptktitft 
— ^ AMi^ilkMUtthA BabiMlivltii ^lui-*!***^ WiiiliiilhMfriffs ** 
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knowledge. The formal element will consist of postnlates which 
are required to make knowledge poenblo ai all» and of all 
that can be deduced from these poetalates; tiie material ela- 
ment^ on the other 'hand, will oonsiBt of all that comet to 
fill in the Ibrm given hgr the formal postolatea-all thai is 
contingent or dependent on experience, all that might have 
been otherwise without rendering knowledge impossible. We * 
shall then call the formal element dpnori, the material element 
empirical. ^ 

4 Now what is the connection between the subjective 
and the d prtort ? It is a connection, obviously — if it exists 
at all — from the oatsiile, not deduoible directly from the 
nature of either, but piovable-^ it can be proved — only bj 
a general view of the conditions of botL The qneetion, what \ 
knowledge is A prwri, must, on the above definition, depend / 
on a logical analysis of knowledge, by which the conditions ^ 
of possible experience may be revealed ; but the question, what 
elements of a cognitive state are subjective, is to be inves- 
tigated by pure Psychology, which has to determine what, in 
our perceptions, belongs to sensation, and what is the work 
of thought or of assoeiatami. Since, then, these two questions 
belong to different sciences, and can be settled independentiy, 
wUl it not be wise to oondvet the two investigations separately I 
To decree that the d iwton* shall always be subjective, seems 
dangerous, when we reflect that such a view places our results, 
as to the d 'priori, at the mercy of empirical psychology. How 
serious this danger is, the controversy as to Kant's pure in- 
tuition sufficiently showa 

6. I shall, therefore, throi^hout the present fissay, use 
the word d prtm without any psychological implication. My ^ 
test of apriority wiU be purely kgical: WonW expeiienoe be 
impossible^ if jL^^eitf^^^^ or postulate were denied ? Or, 

in a more restricted sense, which giveb apriority "only within 
a partionlar science : Would experience as to the subject-matter 
of that science be impossible, without a certain axiom or pos- 
tulate ? My results also, therefore, will be purely kgical. If 
Psychology declares that some things, wbiofa I have declared 
^ priori, are not aubjective, then, Mii^ an error ot in 
my proolh» the eonneefeum of the d priori and the anlgeelivi^ 

1— a 
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M fiff M tiMMe tfaings an oonoenied, niiial be gma upi Thm 
win 1m bo iSatfomon, aoooidingly, tluoiiglKNit thk Bwy, of 

the relation of the d priori to the aabjective — a relation which 
cannot determine what pieces of knowledge are d priori^ but 
rather depends on that determination, and belongii in aa^ 
case, rather to Metaphysics than to Epistemology. 

6. As I have ventured to use the word d priori in a 
•liightly uDOoiiTonlioiiai mam, I will gifo • few eluoidfttoiy 
wmutka €ii m general nature. 

The A |w«ori^ einoe Kent el enj nte» hae generalljr elood 
lior the neeeewgy or apoddetie elMent in knowledge. Bui 
modem logie has ehown that neoeesary propoeitiom are alwaya, 
in one aspect at least, hypothetical. There may be, and usually 
ia, an implication that the connection, of which necessity ia 
predicated, has some existence, but still, necessity always points 
beyond itself to a ground of necessity, and asserts this ground 
rather than the actual connection. As Bradley pointe onl^ 
" arsenic poisons " remains tme, even if it is poisoning no one. 
I( therefbce, the d priori in knowledge be primarily the neoee- 
•■ijy it must be tlie neoeenry on eome hypotheelB, and the 
^rroaail of neceerily moat be tnelnded aa d Bat the 

ground of neoeeaity ie, eo Ibr as the necessary connection in 
question can show, a mere fact, a merely categorical judgment. 
Hence necessity alone is an insufficient criterion of apriority. 

To supplement this criterion, we must supply the hypothesis 
or ground, on which alone the neoenity holds, and this ground 
will vary from one science to another, and even, with the pro- 
gram of knowledge, in the aame aeienoe at different timee. 
For as knowledge becomes mora developed and articulate, more 
and mora neeeemiy eonneetione.ara peraeirad, and the meraly 
eategorioal tratbs» tbongh they remain the ibnndation of apo- 
deictic judgments, diminish in relative number. Nevertheless, 
in a fidrly advanced science such as Geometry, we can, I think, 
pretty completely supply the appropriate ground, and establish, 
within tlw limits of the isolated scienoe, the distinotion bo* 
tween the neoeewqr und the merely asseiiorical. 

T« Thera eve two gronndi^ I think* on which neoearitjr 
mnj be eooi^t within any seieiice. Theae* may be (veiy 
looghly) diilingaiibed the gmiiid wUoli KMit eeeke in the 
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ProUgomna, and thai which he seeks in the Purt JZhmm 
We may start from l^he existenoe of our sdeiioe m a htt, and 

analyse the reasoning employed with a view to discovering 
the fundamental postulate on which its logical possibility de- 
pends; in this case, the postulate, and all which follows from 
it alone, will be d priori. Or we may accept the existence of 
the subject-matter of our science as our haais of £uA, and 
deduce dugmatically whatever principlea we can ftom the 
eesential natuie of this aabjeet-matter. In this ktter case* 
however, it is not the whole empirical nature of the snlyeet- 
matter, as revealed by the sohsequeni researehea of our toienoe, 
which forms our ground ; for if it were, the whole science 
would, of course, be d priori. Rather it is that element, in the 
subject-matter, which makes possible the branch of experience 
dealt with by the science in question*. The importance of this 
distinction will appear more clearly as we proceed'. 

8b These two grounds of necessity, in ultimate analysis, fall 
together, l^he mtthoda of investigation in the two casea differ 
widely, hut the t^buUb cannot di£fer. For in the ibst CMe» by* 
analysis of the science, we discover the pcetolatiB on which alone 
its reasonings are poesiUe. Now if reasoning in the science 
is impossible without some postulate, this postulate must be 
essential to experience of the subject-matter of the science, 
and thus we get the second ground. Nevertheless, the twoj 
methods are useful as supplementing one another, and the 
first, as starting from the actual science, is the safiest and 
easiest method of investigatipn, though the aeoond seems the 
more convincing for exposition. 

9. The coume of my aigument^ therefofe, will be aa IcUcws: 
hi the ffant chapter, as a jMneliminaiy to the kgieal analysis of 
Geometry, I shall give a brief history of the rise and development 
of noD-IiiUclideau systems. The second chapter will prepare the 
ground for a constructive theory of Geometry, by a criticism 
of some previous philosophical views; in this chapter* I shall 

* I uae " experience." hen in the widest poeaibie lenie* Um lenae in whioh 
fht m4 ii and BndUj. 

*^WMiafhttian<hogeKpttiiM<atBqaMtfaBls — rtiiltD all ipttwnot, 

ipiirriljr nur rtgarfliil n stiinlim i wliwi H h biiimmij m\$ 

to awM qpMiil aolMMt, sf MlMiva lo that MiMMa 



IMTBODIIRflOir. 




deal first with projective Geomotr}'. This, I shall maintain, i 

» neoeasarily ime of any form of oxtenuUity, and is, since 

aome rach ibnn is mwmury to experience, completely ^ priori. » 

hk melriGal Geomeliy, however, whieh I shell next eoDskle^ 

the exHNns will ihll into two dasses: (1) Those eominoii to I 

BoeiideBa end npn-Euclideaii speeea. These will he fonnd, 

on the one hand, essential to the possibility of measurement 

in any continuum, and on the other hand, necesnary properties .> 

of any form of externality with more than one dimension. 

They will, therefore, be declared d priori. (2) Those axioms 

which distinguish Euclidean from non-Euclidean spaoes. These 

* will be regardod as wholly empirical The axiom that the| . * 

nnmher of diroensioos is thieo, however, though empirical, 

will be deekued, sinoe small emn are here impossibly exactly 

and eertaioly tme of oar aotoal world ; while the two remaining ^ 

axioass^ whkh determine the value of the spaoe-eonstant, will 

be regarded as only approximately known, and certain only 

within the errors of observation*. The fourth chapter, fioaliy, 

will endeavour to prove, what was assumed in Chapter III., 

that some form of externality is necessary to experience, and 

will conclude by exhibiting the logical impossibility, if know* \ 

kdgB of sneh a Idrm is to be freed from eontwdiotioni^ of 

wb^y afaetiaetiag this knowledge from all relbrence to the 

natter contained in the form. 

I shall hope to have touched, with this discussion, on all 

the main points relating U) the Foundations of Oeoraetry. 

> I hftve gir«n no aoooant of these empirio*! proofs, m thej Mem to be oon* . J 

•titntad hj th« wbok body of physical soienoe. Ererything iu physioal aoienoa, 
from tbs law of gntvitsUoa to ihe building of bridges, from the speotroaoopo lo : 
Ihs est ef —vijiMoai wodi bs pralbuid^ modUtd bj any eoediwillt la- . ' , 
aMeHMor la tbt kypsttiirfi ihil ear silMl qptos is BMlMtta. Tks sbstwia 
trath ct phyieal mkom, t iMW iott , ooastHetts e m w b i i taing •mpirieal wMsass 
ilwt lids H i y rtk ti i i ^ wiy i H P w a i sM ii d y sonisi » 11 if not it#ijy Irati 



Digitized by Google 



/ 



CHAPTER L * 

A 8HOET HIRORY OF MCTAOlOMBniT. 

10. When a long established system is attacked, it usually 
happens that the attack begins only at a single point, where 
the weakness of the established doctrine is peculiarly evident. 
But critidaiiit when onoe invited, is apt to extend muoh farther 
than the moat daring; at fink^ woold ha?e wished. 

"Fintt cut tho liquefaction, what comeH last, 
But Fichto'a clover cut at God himself?" 

So it has been with Oeomotiy. The liquefiietion of Enelideaa 
orthodoxy is the axiom of pamllols, and it was by the refusal 
to admit this axiom without proof that Mctageometry began. 

The first effort in this direction, that of Legendre*, was inspired 
by the hope of deducing this axiom from the others— ^a hope 
which, as we now know, was doomed to inevitable failure. 
Parallels are defined by Legendre as lines in the same plane, 
such that, if a third line cut them» it makes the sum of the 
interior and opposite angles equal to two right angles He 
proves without diffieulty that suofa lines would not. meet^ but 
is unable to pi-ove that nonrpaiallel liues in a plane must meet 
Bimilariy ho ean prove that the sum of the angles of a triangia 
I cannot exceed two right angles, and that if any one triaDgle has 
a sum equal to two right angles, all triangles have the same 
sum; but he is unable to prove the existence of this one 
triangle. 

IL Thus Legendre's attempt broke downi but mere laiiare 

> V. M^moitM de I'Aoad^mie royale de* Soi«no6t d« I'loitital d« Franoe, 
T. xn. IBM, for a AiU tlalMneat of hit malts, with nItniiOM lo fonnic 
writings* 
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could prove nothing. A bolder method, suggested by Gauss, 
was carried out by Lobatchewsky and Bolyai^ If the axiom 
of parallels is logically deducible from the otheii» we shall, hy 
denying it and maintaining the rest, bo led to contradiotiona 
/rhMe Ihfee malhemaifeleiatti, aooonUngly, sfcttoked the piobleiii 
/indifeotl/: they deni^ the Mumi of paniUela» and jret obtained 
/ • kgioaUjr ooniiilent Qeometiy. The/ infeirad that the axiom 
waa logically independent of the otfaete, and essential to the 
Eaclidean eysteiii. Their works, being all inspired by this 
motive, may be distinguished as forming the first period in 
the development of Metageometry. 

The second period, inaugurated by Riemann, had a much 
deeper import: it was largely philosophical in its aims and 
ooostructive in its methods. It aimed at no leas than a logical 
aaa^yais of all the oseential axioms of Geometiy, and rogaided 
apaoa aa a particular caae of the mote geneial oonoepcioii of 
" m mam^M, lUdng ita stand on the inethods of analytical 
metrioal Geometry, it eetabliahed two non-Ruolidean tysteros, 
the first that of Lobatchewsky, the second — in which the axiom 
of the straight line, in Euclid's form, was also denied — a new 
variety, by analogy called spherical. The leading conception in 
this period is the measure of curvature, a term invented by 
Gauss, but applied by him only to surfiMM. Gauss had shown 
that free mohiiity en aorteea was only poesible when the 
meaaoio of onrvatnie was constant; Riemaan and Helmholta 
extended fhis proposition to n dimensiotts^ and made it the 
fiudaaiental property of space. 

^ In the third period, which begins with Cayley, the philo- 
sophical motive, which had moved the first piooeers, is less 
apparent, and is replaced by a more technical and mathematical 
spirit. This period is chiefly distinguished from the second, in 
a mathematical point of view, by iU method, which is-projective 
instead of metvicaL The leading mathematical coooeption heie 

■ TUt koUUr atlhod, it appeAn, had btm ssflyilii, umlj a sntaqr 
mtttm^ ty sa llsUiat flssshsri. Bis woik« wkkli smbm Is havi nauiiDsd 

•if^r^aew vindieBlas. sto.** Ibdioluii. 1788. (8m YeroneM, OninaMgt 
dir Qtomtm, Qsmaii tnnilatioD, Ldpsig, p- 636.) His rMolts 

UeladadifMiiosl m well aa hjporboUo apaoa ) hot tbejr alarmed hia to Slioli 
s i s irtiil thsthsds?o<tdthalaatii>tfsfhtotwoklodtopi^^ 
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is the Absolute (Qrundgebild), a figure hf rektum to whldi all . 
metrical properties 1>eoome projective. CSayley's wofk, whidi 

was very brief, and attracted little attention, \\qa been perfected « 
and elaborated by F. Klein, and through hiro has found general 
acceptance. Klein hits added to the two kindn of iion-EucIidcan 
Qcomotry already known, a third, which ho ciiIIh elliptic ; this 
third kind t\<m\y resembles Helmholtz's spherical GeomeUy, 
but is disynguished by the important difference that, in it^ 
two stiMi^t lines meet in only one point>. The disttnoUve 
mark ofi^he spaoeH represented by both is thali like the surfiiee 
of a s|inere» they are finite bat unboundecL The rednetion of 
metrioal to projective properties^ as will be proved hereafter, 
has only a teehnical importance ; at the same time, projective 
Geometry is able to deal directly with those purely descriptive 
or qualitative properties of space which are common to Euclid . 
and Metageometry alike. The third period has, therefore, great 
philosophical importance, while its method has, mathematically, 
much greater beauty and unity than that of the second ; it is 
able to treat all kinds of space at once, so that eveiy qrmbolie 
prcqMsition is, according to the meaning given to the symbol^ 
a proposition in whiohever Geometiy we choose, This has the 
advantoge of proving that fiirther researoh cannot lead to con* 
tradictions in non-Euclidean systems, unless it at the same 
moment reveals contradictions in Euclid. These systems, there- 
fore, are logically as sound as that of Euclid himsel£ 

After this brief sketch of the characteristics of the three 
periods, I will proceed to a more detailed account. It will be 
my aim to avoid, as far as possible, all technical mathematics^ 
and bring into relief only those fundamental points in the 

> KliiB*i flnt MBooBl of eUiptio Otomlvy, as a itnlt oT Oii^*i projeoih* 
thmj of diitaaM^ appeared in two aitklM nlilltd '*U«b« dis tfrpnasmis 

XMht-Eaklidiache Oeometrie, I, U,** Math. Annalen 4, 6 (1871—2). It wai 
afterwardB independently duoovered by Newoomb, in an article entitlad "Bla* 
meniary Theorems relating to the geometiy of a space of three dimenstoDi, and 
of aniiorm positive carvatur<> in the foorth dimension," Crelle's Joomal filr dia 
reine and angewandfce Mathematik, Vol. 88 (1677). For an aeooont of IIm 
mathematieal oontroveraies ooaoeming elliptic GkK>metry, see Klein's "Yor> 
iMongen fSm Kkht-BttUidiMht OtOSMllH* Getting 1803, i. p. Mfl. ▲ 

"^*'^ir*iT Tf tTiT n^-* — * — r '^^ ) — *f — ttr niiitid 

la 11m AsNtisw IseiBil of MattiMBttfait T^ola li li 
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mathematical derelopnmt, whioh MMi of kgioai or phikn 
flophioal itppiTrt>iioi_ 

18. The ohginator of the whole system, Oausip doeo not 
appear, as regards strictly noii-Euelideaa Qaometry, in any of 
his hitherto pahliahed papen^ to have given more than reialta; 
Ua piooli remam unknown to mi Neverthelees ho waa tho 
lint to infutjgata Iho ooosequenoea of donying tho anom of 
pamllob*, and in hb lottera ho oommnnieated these ooneeqnonoee 
to some of his friends, among whom was Wolfgang BolyaL The 
first roenti<»i of the subject in his letters occurs when he was 
only 18; four years later, in 1799, writing to W. Bolyai, he . 
enunciates the important theorem that, in hyperbolic Geometry, 
there in a maximum to the area of a triaqgio. Fran bter 
wiiti^ge it appean that ho had worked out a system nearly, if 
not quite, aa oompleto aa thoeo of Lohatohowaky and Bolyai*. 

It ia important to remember, howofer, that Gaom'a woik on 
onrfBlore^ wUoh wa§ pvUiihod, hud the foundation fbr tho 
whdo method of the eeoond period, and waa midertaken, 
according to Riemann and Helmholtz*. with a view to an • 
(unpublished) investigation of the foundations of Geometry. 
His work in this direction will, owing to its method, be better 
treated of under the seoond period, but ii is interesting to 
observe that he stood, like many pionoan^ at the head of two 
teadendeB which aftorwarda difOigiBd. 

IS. Lobak kiw i kj f, a piofeaior in (ho Univeruty of Keaan, 
lint pubUdied hie reenlia^ in thour nattvo Roeeian, in tho 
prooeedinge of that learned body for the years 1889 — 1830. 
Ovdng to this double obecurity of language aod place, they 
attracted little attention, until he translated them into French^ 

> y«roaeM (op. oit. p. 638) d«Dte« tb« priorili/ of OftOf* in the iiiTeation of 
a Doa>Eaolide*a tynUm^ though b« Admits him to baif been the flnt to 
funni Um axiom of iHtralltla m indMBOiisftnbtei His nmuids iot Iht fofOMf 

^mgHtm mmtm MUMIt mA^ maim • mm Am mMamam maaiUtk IL HB Xliia. MAlb 

• V. Bri«fir«oht6l mit MomaolMr, B4. n pbHH 

• Of. Haimholts» WiM. AUk B. ill. 
^CMM'i^senM^ietT. 
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iind Qepinan*; even then, they do not appear to have obtained* 
the notice they deserved, until, in 1868, Beltrami unearthed 
the article in Crelife, and made it the theme of a brilliant 
interpretation. 

In the introduction to his little German book, Lobatchewiky 
laments the alighl interat shown in his writings by his com- 
patriots, and the inattention of mathematiesans, since L^gendre's 
abortive altempt^ to the diffiealties in the theoiy of pmllek 
The body of the woik begins with the ennneiation of several 
important propositions which hold good in the system proposed 
as well as in Euclid : of these, some are in any case independent 
of the axiom of parallels, while others are rendered so by 
substituting, for the word "parallel,** the phrase ''not inter- 
secting, however far produced." Then follows a definition, 
intentionally framed so as to contradict Euclid's : With mpe^ 
to a given straight line, all others in the same plane may be 
divided into two classes, those which out the given straight liiie» 
and those which do not out it; a line which is the limit between 
the two classes is called paralUl to the given straight linei It 
follows that, from any external point, two parallels ean be 
drawn, one in each direction. From this starting-point, by 
the Euclidean synthetic method, a series of propositions are 
deduced ; the most important of these is, that in a triangle the 
sum of the angles is always lees than, or always equal to two 
right angles, while in the latter case the whole system becomet 
orthodox. A certain analogy with spherici^ GMometiy— >whose 
meaning and extent will appear Utefu-is Also proved, oonsistiiig 
roughly in the substittttion of hyperbolic for ciroalar functions. 

14. Very similar is the system of Johann Bolyai, so similar, 
indeed, as to make the independence of the two works, though 
a well-authenticated iajsX, seem all but incredible. Johann 
Bolyai first published his results in 1832, in ^n appendix to 
A work by his &ther Wol%ang, entitled ; *' Appendix, scientiam 
spatii absolute veram exhibens : a veritate aut finlsitate 
Axiomatio XL Eudidei (a priori hAiid 'unqoAm deddsndA) 
independentem; AcQeetA Ad casnm fclsitAtisb qoAdntuiA drooU 
geonelriML'' Qausb, whose bosom friend he beoAme At college 

> Th«ori« der FanOldlinieii, Beriin, 1840. BepaUislMd, Bmrlin, 1687. 
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and remained through life, wot, at wo have aeoOi IIm inspiror of 
Wol%!Mig Boffaif and uaod lo aajr Aal Ihe latter waa Iba onfy 
nan who BippnmM his philoeophkal a p aeolaHom on tho 
aadoma of Qoometoy ; newtholeni Wolfgang appeata to lutfo 
left lo htt aoo Johaan the detailed woridng oat of the hype^ 
bolic system. The works of both the Bolyai are very rare, and 
their method and results are known to me only through the 
renderings of Frischauf and Halsted K Both as to method and 
as to results, the system is very similar to Lobatchewsky's, so 
that neither need detain us here. Only the initial postulates, 
wlueh 016 more explicit than Lobatehewsky'o, demand a brief 
attenlion. Fkiaohottf a intiodaetioii, whieh haa o philoaophioal 
and Nowtoniaa air, heigiiia hj aaltiiig forth that Ooometiy doala 
with ahaoliite (empty) space, oVtained hy ohatneting from the 
bodies in it, that two figures are called ooognient when they 
differ only in position, and that the axiom of Congruence is 
indispensable in all determination of spatial magnitudes. Con- 
gruence was to refer to geometrical bodies, with none of the 
propertiea of ordinary bodies except impenetrability (Erdmann, 
AziiKne der Qeoinetrio« 2tt)L A atsaight line ia defined aa 
doterminedbjtwoof itapointa%a«laplaneaa dotennined by 
three. Theae premiaaea, with n alight exoeptionaa to the atraight 
line, we shall hereafter find essential to every Geometry. I lumr 
drawn attention to them, as it is often supposed that non- 
Euclideans deny the axiom of Congruence, which, here and 
elsewhere, ii never the case. The stress laid on this axiom by 
Bolyai ia probably due to the influence of Qauss, whose work on 
the onrmtora of aur&oea hud the fiHindation Ibr the oaa made 
of eongroanoa 1^ Halmholti. 

Iff. It ia important to remomher that, throughout the 
period we have just reviewed, the purpose of hyperbolio 
Qeometiy is indirect: not the truth of the latter, but the 
ktgioal independence of the aadom of parallela from the rest^ ia 

> Friiofaaaf, Abtolatt 0«oinetri«, n*ch Jotumn Bolyfti, LeipBig, 1873. Hftltted, 
TIm fioieoM Abtoiato oi 8pto^ (mui*t«d (nm iht Latin, 4th «diUon, Aaalio, 
UJULlSMb 
• Baih T i ifc iii in — w tmk Bc^iai, aa Ti 
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the guiding motive of the work If* by denying Ibe Mdom of 
paiftUela whilo rataining the reit^ wo oiii obteln a ^ilaiii ftoo' 
from l<^gioal oontfadiot&MiBi it Ibllowo thol tho udom of panUeb 
cannot be implidtly contained in the othem If this be eo^ 

attempts to dispense with the axiom, like Legendre's, cannot be 

successful ; Euclid must stand or fall with the suspected axiom. 
Of course, it remained possible that, by further development, 
latent contradictions might have been revealed in these systems. 
This possibility, however, was removed by the more direct and 
coostnictive work of the oeoond period, to which we must now 
turn our attention. 

Second Period. 

16. The work of Lobatchewaky and Bolyai remained, for 
nearly n quarter of a centuiy, without iaaue— indeed, the 
inTcstigatiooB of Riemann and Hefanholti, when they came/ 
appear to have been inspired* not by these men, but rather by 

Gauss' and Herbart. We find, accordingly, very great difference, 
both of aim and method, between the first period and the second. 
The former, beginning with a cnticism of one point in Euclid's 
system, preserved his synthetic method, while it threw over one 
of his axioms. The latter, on the contrary, being guided by a 
philosophical rather than a mathematical spirit^ endeavoured to 
dasrify the conception of qpace as a species of a more general ' 
conoeption ; it treated space algebraically, and the properties it 
gave to space were expressed in terms, not of intuition, but of 
algebra. The aim of Riemann and Hclmholtz was to show, by 
the exhibition of logically possible alternatives, the empirical 
nature of the received axiom& For this purpose, they conceived 
space as a particular case of a manifold, and showed that various 
reUtions of magnitude (MastverkdUnim) were mathematically 
possible in an extended manifokL Their philosophy, wliidi 
seems to me not always irreproachable, will be disconed in 
Chapter II. ; here, while it is important to remember the 
philosophical motive of Riemann and Helmholtz, we shall 
confine our attention to the mathematical side of their work. 
In so doing, while we shall, I fear, somewhat maim the system 
of their .iboughts, i/s shall ssours n dcser unity of subject^ and 

i Compstt Sadk^ OsMipli sf Ifodm p. SI8L 
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* mora eomfMWi Meoant of ^ pareljr mtAlMiMlieil develop- 
ment. Bat there is, in my opinion, a further reason for 
separating their philosophy from their mathematics. While 
^ their philosophical purpose was, to prove that all the axioms 
I of Geometry are empirical, and that a different content of our 
expeiienoe migbt have chaagied them all, the unintended result 
of their mallienatical work was, if I am not mistaken, to aifoKd 
nialirialforan dpfwt pioof ofoertaiDAjdoM These axioina^ 
tlKNigih thflj beliefed them to be qnneeemmy, weie ehmye 
intvodneed in llieir methemetioel work^* before laying tbe 
Amiiditioiw of noo-Eoelideen eyefeema I shell contend, in 
Chapter III., that this retention was logically inevitable, and 
waa not merely due, as they supposed, to a desire for conformity 
with experience. If I am right in this, there ia a divergence 
between Riemann and Helmhoits the phiioeopher8» aud fiiemana 
mad Helmholtz the mathematicians. This divergenoe makes it 
Hie moie desinUe to tmoe the metbematioal development 
apart ftom the moemjpmymg pbilosopliy. 

IT. Bimnam'i epoch*meklng worici CWsr Hifpoike9in, 
fpflele itt 0€amtiri$ »u Orund§ Usffen^", was written, and read 
to a small circle, in 1854; owing, however, to some changes 
which he desired to make in it, it remained unpublished till 
1867, when it was published by his executors. The two 
fandamental conceptions, on whose invention rests the historic 
Importanoe of thia diseertafeioD, era that of a manifold, and, 
thiit ef the meoiiirv ^ msrmiiiww of a manifold. The fonner- 
ooDoeptioo serves a mainly philosophieal purpose and is de- 
signed, principally, 'to eihHnt space as an inslanee of a more 
general conception. On this aspect of the manifold, I shall 
have much to say in Chapter II. ; its mathematical aspect, 
which alone concerns us here, is less complicated and less 
fruitful of oontroveriy. The latter oonoeption alio serves a 
double purpose, but its mathematioal nse is the more pmnneot 
We will eonsider these Iwo eoneeptiens meosssivelly* 

UL (1) Omotpliem 0 mBm^MK The gsneml pnipose 
^Bismsnn's disssrtatioB is, to eahibit the anems as SBeceseive 

> OcaunaMlU Werke, pp. S66-S68. 

• Oa Dm Uilot7 of ttiit woid, m* Stallo, Qtmmf^ of ModMS Phjiioi, 
ff^tML II «M mi ly Bml, aai sfofM BiilMt IS elMl the MM 
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Stops in the olassifioation of the speoies wptiot. The tadaam of * 
Geometry, like ihe imAm fti ft sdidsstie definitioB, appesr as 

successive determinations of class-conceptions, ending with 
Euclidean space. We have thus, from the analytical point of 
view, about as logical and precise a formulation as can he 
desired — a formulation in which, from its ciassificatory character, 
we seem certain of having nothing saperfluous'or redaiidaiit,aiid 
obtain (he axioms expliciUy in the most desirable form, namely * 
as adjeotives of the eonoeption of space. At the same time^ it 
is a pity that Biemann, in aoootdanoe with the metrical bias 
of his time, regarded space as primarily a magnitode\ or 
a.sseiriblage of magnitude, in which the main problem consists 
in assigning quantities to the different elements or points^ 
without regard to the qualitative nature of the quantities 
assigned. Considerable obsouhty thus arises as to the whole/ 
nature of magnitude*. This view of Geometry underlies the . 
definition of the manifold, as the general conoeptioii of wbioh 
space forms a special case. This defimtion, wbhsh is not wy 
dear, may be leodersd as foUows. 

19. Conceptions of magnitude, according to Riemann, are 
possible there only, where we have a general conception, 
capable of various determinations (Bestimmungsweisen). The 
various determinations of such a conception together form a 
manifold, which is continuous or discrete, according as the pas> 
sage from one determination to another is continuous or discrete. 
Bartioabff bits of a manifold, or quanta^ can be' compared bgr 
coonting when discrete, and if messorsment when oontimuNiai 
" Measorement consists in a superposition of the magnitudes to 
be compared. If this be absent, magnitudes can only be 
compared when one is part of another, and then only the more 
or less, not the how much, can be decided " (p. 256). We thus 
reach the general eonoeption of a manifold of several dimension^ 
of whkk space and cdom are mentioned as special casssL 

BtiaiBS M ft bMis la BImmib. Bntet, hmiw, ims tht wmH 

RHhe^form to express a timikr ideft. 8m Piyohologie §1m WIhmmMIi •» 
1 100 and n. g 189. where Hienuuui's AiiAlogy with ooloon It tliO H^psM* 

> Gompture Erdmann'i " OrSssenbegriff Tom Raom.** 

* Compare Verooese, op. dt. p. 642 : " Riemann M in seiner DeSaillMl 
B«|{rifft GrttMa diuik«l/* 8m alao YerontM'a wbolt loUowiag oritieim. 
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To tlie absence of this conception Riemann attributes the 
* obscurity" which, on the subject of the axioms, " lasted from 
Eoclid to Legendre" (p. 254). And Riemann certainly has 
succeeded, from an algebraic point of view, in exhibiting, far 
more clearly than any of his |iiied6oeiiQi% the axioms which 
diftu^gnish spatial qoMitity from other quantitiM with whidi 
nwtlwinatOT is ooowMat But tike aaramplioii, ftom tho 
■twl^ that apMo eia be NtgwdMl m a quantity, ho hat been kd 
to ttite the proUem at: Whal lorl of magnitude la epaoef 
lalfaer tiutti: Whal nmat space be in order that we may be able 
to regard it as a magnitude at all? He does not realise, 
either — indeed in his day there were few who realized — that 
• an elaborate Geometry is ponsible which does not deal with 
space as a quantity at all His definition of space as a speoiee 
of manifold, therefore, though for analytical pnipoees it defines^ 
moet nliBfiietorily, the nature of iqpatial magnitudes, leafee 
obaenie the tnw ground for thia nature^ whieh lies in the 
nature of space aa a ayatem of rehktion% and ia anterior to the 
poeoihifity of regarding it aa a eystem of magnitudes al all 

But to proceed with the mathematical development of 
Riemann B ideas. We have seen that he declared measurement 
to consist in a superposition of the magnitudes to be compared. 
* But in order that this may be a possible means of determining 
aaagnitudes, he continues, these magnitudes must bo tnde- 
pei^enl of their poMtion in the manifold (p. S59). Thia can 
oeour, he hi aeferal way% aa the aunpleet of whieh, he 
*-..«i^«uniee that the lengtha of Unea are hMkpendeni of tiieur * 
poettion. One would be gkd to know what other ways are 
possible: for my part, I am unable to imagine any other 
hypothesis on which magnitude would be independent of place. 
Setting this aside, however, the problem, owing to the fact that " 
measurement consists in superpositioil^, becomes identical with 
the determination of the most general manifold in whioh 
aagnitudes are independent of pkoe. This btii^ ua to 
lliwnann'a other ftmdamentai eonoeption, whioh eeema to me 
eifvn more linitAil than that of a manifoUL 

90l (2) JfeatiMwqf euraoliM Thia oonoeptoi ia due to 
Gauss, but was applied by him only to surfaces ; the novelty in 
Biemann's dissertation was its extension to a manifold of a 
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dimensioiM. This extension, however, is ratlier briefly and *- ^ 
olxieiiiely exptemed, taid has been further obecnred by Helm- " 
holti's attempts at popjilar expotitiofi. The term cwrvaiun, 
also, is misleading, so that the phrase has been the sonrae of 

more misunderstanding, even among mathematicians, than any 
other in Pangeometry. It is often forgotten, in spite of 
Helmholtz's explicit statement*, that the "measure of cur- 
vature *' of an ti-dimensional manifold is a purely analytical 
oxpreasioii, which has only a symbolic affinity to ordinary 
curvature. As applied to three-dimensional space, the implica- 
tion of a four-dimensional " plane" space is wholly misleading;- 
I shall, therefore, generally use the term^iiaoe-oonBtant instead*. 
Nevertheless, as the oonoeption grew, histofkally, out of that 
of curvature, I will give a very brief eiposltioii of the historioal 
development of theories of curvature. 

Just as the notion of lencfth was originally derived from the *^ 
■itraight line, and extended to other curves by dividing them 
into infinitesimal straight lines, so the notion of curvature was ' 
derived from the circle, and extended to other curves by 
dividing them into infinitesimal circular arca^ Curvature may 
be regarded, originally, as a measure of the amount by which a ^ ^ 
survo departs from a straight line ; in a cirole, whieh is similar 
throughout, this amount is evidently constant* and is measured 
jy the reciprocal of the radius. But in all other curves, the 
imount of curvature varies from point to point, so that it 
cannot be measured without infinitosimala Tii^ measure 
tvhich at once suggests itself is, the curvature of the circle most 
aearly coinciding with the curve at the point considered, 
^ince a circle is determined by three point^ this circle will 
lass through three consecutive points of the cnrva We have 
#hus defined the curvature of. any curve, plane or tortuous; for^ 
dnce any three points lie in a plane, such a eirde can always 
le described. 

' If we now pass to a surface, what we want is, by analogy, 
, measure of its departure from a plane. The curvature, as 
,bove defined, has become indeterminate, for through any point 
'f the surface we can draw an infinite number of arcs, which 
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will not, in general, all have the same cunralnre. Let ns, then, 
draw all the geodesies joining the point in question to neigh- 
bouring points of the surface in all directions. Since these 
form a singly infinite manifold, there will he among 
if ihejr hftve not all the same curvature, one arc of 
ram, and one of minimum ourvature*. The product of 
lliew manmiui and minimum cumitnm is called the meantre 
9f w i n a i i M^ of the muftoe at the point under ooMademtkm. 
Ta tUuatnile \i$ a few simple examples: on a sphevoi the 
eurratuies of all such lines are equal to the reciprocal of the 
radius of the sphere, hence the measure of curvature every- 
where is the square of the reciprocal of the radius of the sphere. 
On any surface, such as a cone or a cylinder, on which straight 
lines can be drawn, these have no curvature, so that the 
BMasare of curvatiue is everywhere aero— this is the casOp in 
partieohttv with the plane. In general, however, the measure 
of oonralure of a surfeee Taries ftom point to point. 

Gausi^ the inventor of this oonoqption', proved that^ in 
eider that two surfeoes may he developaUe upon each other • 
^isL nay be snob that one can be bent into the shiqpe <tf the 
ether wHhoal stretching or tearing— it is neoeesaiy that 
*the two tnrfecei dionld have equal measures of curvature at ( 
corresponding jwinta. When this is the case, every figure • < 
which is possible on the one is, in general, possible on the \ 
other, and the two have practically the same Geometry*. As 
a corollary, it foUowa that a neoeflsaiy condition, for the free 
mobili^ of fi^urm on any surface, is the oonstam^ 4>f the 

! 

* Binoe we are coniklering the onrrature at a point, we are onljr oonoerned < 
with Um ftnl iaSnitetiiiuil dencnie of the geodetiot fthftl ttart iimn loeh a 

' ]liiS'i''i^l'ats smaaltt dna lapwSflits oiiivmi Wnksii Bd* iv« 08* Sl^ 

im, issr. \ 

* NmrOMlaH, Um QtontMai cf diiMfWl sailkoM of equal oanrAtnre Mt j 
liable to important dilfereiMWC. For example, thcflifliDder ii a soilMe of zero | 
eorrmitire, bnt since ita Ubm of oarrature in one direction are finite, iu 
Geometry coincided with that of the plane only for lengths smaller than the } 
eiroomfereDoe of its generating circle (see Veronese, op. oit. p. 644). Two 
gsod^priei on a cgrliader maj meet in man/ pointa. For iorfaoee of aeco 

ia vhMi Ikis ii aol pMriMtb iht tSwIilir «iih lb« pUoe may bi 
laolnS. Oawreiw, tlw Mirtliy wtiSs pwytrtiw of 
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of earvatnre*. TIub oondition was proved to be 
8ttffiei0Dt» as well m neoeeniy, 1^ Minding*, w^^- 

81. So f^. ftil^h^ be ^n j^Im^ «ji[i|jy|y ^we Imwo beoii dealing 
with purely geometrieal ideas in a 

— but we have not, as yet, found any sense of the measure of 
curvature, in which it can be extended to space, still less to 
an n*dimenBional manifold. For this purpose, wc muHt examine 
Qauss's method, which enables us to determine the measure 
of curvature of a surfiMse at any point as an inherent property, 
quite independent of any referaice to the third dimension. 

The method of determining the measure of enrvalure from 
within is, briefly, as follows: If any point on the snr&oe be 
detenmned by two oootdinates, «, % then small arcs of tho 
surfoee are given by the formnla 

where E, F, 0 are, in general, functions of u, v.* From this 
formula alone, without reference to any space outside the but- 
fiMse, we can determine the measure of curvature at the point 
u, e, as a innetion of E, 0 and their differentials with reapeol 
to u and 9, Thus we may tegud the measure of onrvatare of j 
a surfiMse as an inherent property* and the above geometrieal 
definitiont which involved a referenoe to the third dimensiioii» 
may be dropped. But at this point a eaution is neoessaiy. It 
will appear in Cliap. III. (§ 176), that it is logically impossible 
to set up a precise coordinate system, in which the coordinates 
represent spatial magnitudes, without the axiom of Free 
Mobility, and this axiom, as we have just seen, holds on sui^ 
fiuses only when the measure of curvature is constant. Henoe 
our definition of the measure of curvature will only be really 
free ftom reforence to the third dimysion, when we aie dealinj^ 
with a sorfiMse of eonstant measure of ourvature— a point whidi 

1 For W6 maj consider two diflereot parti of the same sorfaoe aa corre- 
sponding parts of different surfftoes ; the above proposition then shows that a 
figure oan be reprodaoed in one part when it has been drawn in another, it the 
nMMQMi of mrfslon Mmipond la Mm lee VMcta 

* OndK Tola m., n,, lSie-4e. 

' In this fonnala, e bm^ to lbs Imglto of liatii or the ss^ tolvMa 
lines, drawn on iho wnkm^ sat hafing Hum as ■■■■■■nf lifciMm te a ttbi 
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Riemaiin .entirely overlooks. This caution, howovor, applioii 
only in space, and if we take the coordinate system as prcstip- 
poMxi in the conception of a manifold, wo may ncgloct the 
eantion altogethor— while romomberiiig.that tho poHsibility of 
m eoonlinato system In epece involvee axioms to be invcsti- 
fpiled leler. We oan fthtis see how a meaning might- bo Ibiind* 
witlioiil referenee to mj higher dimension, ibr a eonetnat 
meaaore of CQirature of threo-dimemdonal spaoe, or for any 
neaaare of enrvatnre of an n-dimenaional nMnifoM in general. 

22. Such a meaning is supplied by Rieniann's dissertation, . 
to which, after this long digression, we can now return. We 
may define a continuous manifold as any continuum of elements, 
fliich that a single clement is defined by 91 continuonnly variable 
magnitudes. This definition docs not really include spaco, for 
cooidinales in space do not define a point, but its robtions to 
the origin, whieh is itoelf arbitniiy. It ineludesi however, the 
analytiod eoneepHon of spaoe wiUi whieh Rieroann deals, and 
may, therefore, be allowed to stand for the moment. Biemann 
then assumes that the difference — or distance, as it may be 
loosely called — between any two elcmontH is comparable, as 
regards magnitude, to the difference between any other two. 
He assumes further, what it is Helmholtz's merit to have 
pcoved, that thedifferenoe dt between two consecutive elements 
ean be expressed as the square root of a qnadratie Amotion of . 
- thadifleieiioesof theooonUnates: isi 

■ 

(ft* ■ St** 2t" a^ft dat . dxut 

wlieie the eoeffioients are, in general, functions of the cooidi- 
nalea a^«b**«^* The question is: How are we to obtain a 
definition of the measnrs of enrvatore out of this formula I It is 
notieeable, in the first place, that, just as in a surface we found 

an infinite number of radii of curvature at a point, so in a 
manifold of three or more dimensions we must find an infinite 
number of meamires of curvature at a point, one for every two- 
dimensional manifold passing through the point, and contained 
m the higher manifold. • What we have first to do^ therefore, is 

> Id what foTlowi, I h«T« girtn rather KMa*! rapotition of Riemsnn, Uuui 
Bfam ann *! own aoooank. The former it moeh elearer Mid faller, aai aol 
irtitsstisl\y jUgwit in siy wy. Y. Kkfai, MIobt-BiikUd, 1. iip. iOSff. 
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to dofiuo buch two*dimon8ional inaiiifoldB. They must ooDftUt, 
AS we saw oa the surface, of a singly infinito series of goodoiict 
through the point. Now a goodosio is oomplotoly dotonnimd 
.by ono point and it» dirootion at that point, or by one point 
and Iho noxt oooHOonUvo point Hmioo a geodono through 
the point oomdderod is dotorminod by the rntiot of tha in* 
cromcntB of ooordinates, do^ c{«b ... cLpm. Suppose we have two 
such geodesies, in which the t'th incronounts are respectively 
dwi and d"a}^, Then all the geodesies given by 

form a singly infinite series, aiuoe they contain one para* 
meter, namely \' : Suoh a series of geodesies, tbeielbfi^ 
must form a two-dimenHional mani- ^ ^w^ 
fold, with a measure of eurvaturo 

ill the oitlinnry Oaus^iaa sensa 
This niuAHuro of curvatura can bo 

determined from the above for- \ \/^AVji^+X"4"«i 
mula for the clementaiy arc, by 
the help of Gauss's general fonnula 
alluded to abovo. We thus obtain an iDfinito ' number of 

measures of curvature at a point, but from ^ of thesei 

the rest can bo deduced (Riemanu, Qesammelte Wcrke, 
p. 262). When all the measures of curvature at a point are 
couHtaiit, and otjual to all the measures of curvature at any 
other point, we get what Ricmaun calls a manifold of constant 
curvature. In such a manifold free mobility is possible, and 
positioDs do not diffiur intrinsically from one another. If a 
be the measure of eorvatureb the formula for the aro beeomes^ 
in this 




In this case only, as I pointed out above, can the term "messure 
of curvature" be properly applied to space without refoieaee 

to a higher dimension, since free mobility is logically indis- 
pensable to the existence of quantitative or metrical Geometry. 
29. The mathematical result of Biemann's 
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mftybentmiiiediip «i loUowii Aawmung it potribie to apply 
magnitnde to tpMse^ tJt, to detonntiio its ekoMiite and figQM 
by moiuM of algobmioAl qnaatitiM, it Iblloin that apaoo oaa be 

brought under the conception of a manifold, as a system of 
quantitatively determinable elements. Owing, however, to the 
peculiar nature of spatial measurement, the quantitative deter- 
mination of space demands that magnibudes shall be independent 
of pl a ce i n so fiur as tbia is not the case, our measurement will 
be necessarily inaoomale. If we now aMine» aa the quantitative 
I lolaftion of distanoe between two elementiv the eqnaie loot of a 
' qnadialie function of the poordinatee -a fonniila subsequently 
proved by Helmholti and lie— then it follows, since magnitiidea 
are to be independent of place, that space must, within the 
limits of observation, have a constant measure of curvature, or 
must, in other words, be homogeneous in all its parts. In the 
infinitesimal, Riemann says (p. 267), observation could not 
detect a departure from constam^ on the part of the measure 
of cunrature ; bat he makes no attempt to show how Geometry 
oooM ramain possible nnder such drcnmstsnflea^ and the only 
Geometiy he has constnieted is based entirely on Fiee Mobility. 
I shall endeavour to prove, in Chapter III, that any metricid 
Geometry, whi^h should endeavour to dispense with this axiom, 
would be logically impossible. At present I will o nly point out 
. \^ hat R iemann, in spite of his desire to prove that all t^" axiuiiiS" 
otn ^endtepg nsed with, has nevertheless, in his mathematical 
woik, retained tnree fundamental axioms, namely. Free I^Iobility, 
the finite inl^gial number of diniensioos» and the aii«MDii that 
two points have a unique rebtion^ namely distanca These, aa 
we shall see hereafter, are retained, in actual mathematical 
work, by all metrical Metageometers, even when they believe, 
like Riemann and Helmholtz, that no axioms are philosophically 
indispensable. 

%L HelmhoUt, the historically nearest follower of Riemann, 
was guided by a aunilar empirical philosophy, and arrived 
independently at a very similsr method of formulating the 
•sioniiL Although Helmholte published nothing on the sulject 
util after Baemann's death, he had then only just seen 
Biemaan'a dissertation (which was published posthumously), 
aod had worked out his results, so far as they were then 
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completed, in entire independence both of Kicmann and of 
Lobatchewsky. Helmholtz is by far the moet widely read of. 
fill writers on Mctngeoinctry, and his writings, almost alone, • 
represent to philosophers the modem mathematical ataadpoint 
on this subject. But his iroportanoe is much greater, in this 
domain, as a philosopher than as a mathematician; almost his 
only original mathematical result^ as regards Qcometiy, is his 
proof of Riemann's fcmnula for the in6nitesimal arc, nod e?eii 
this proof was ftr from rigid, until Lie reformed it by his 
nietho<l of continuous groups. In this chapter, therefore, only 
two of his writings need occupy us, namely the two articles 
in the Wissenscha/Uiche AbhaiKUungen, Vol. II., entitled respec- 
tively ''Ueber die thatsachlichen Gruudlagen der Qeometrie,"' 
1866 (p. 610 ff.)> »nd " Ucber die Thatsachen, die der Qeometrie 
sum Grunde iiegen/' 1808 (p. 618 ff.). 

20. In the first of these, which is chie% philosophioalp 
Helmholtz gives hints of his then uncompleted mathematical 
work, but in the main contents himself with a statement of 
results. He announces that he will prove Riemann's quadratic 
formula for the infinitesimal arc ; but for this purpose, he says, 
we have to staH with Congruence, hi nee without it spatial 
measurement is impossible. Nevertheleag, he maintains that 
Coiignicncc is proved by experience. How we could, without i 
the help of measurement^ disoow lapses from Gongruence^ is a ' 
point which he leaves undiscussed. He then enuneiales the 
four axioms which he considers essential to Geometxy, as 
follows : 

(•1) As regards continuity and ditnensioM. In a space of 
n dimensions, a point is uni(|uely detennined by the measure* 
ment of n continuous variables (coordinates)^ 

(2) As regards the existence of moveable rigid bodies. 
Between the 2ii coordinates of any point*pair of a rigid body, 
there exists an equatica which is the same for all oongnient 
pomt-pairB. By considering a sufficient number of point-pain^ 
we get more equations than unknown quantities : this gives us 
a method of determining the form of these equations, so as to 
ms3&9 it possible for them all to be satisfied. 

^) As rerjards free mobility. Eveiy point can i>a8S freely 
and continuously from one position to another* From (2) and 
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(3) follow^ thai if two systems A and B can be brought into 
vmipntBDm in moj one position, tins ii niso poniblo in ovoiy 

(4) A» nffordi Ud^^mimoi iif nMAom «» tig^ Mm 
(MonodnmyX If(n-l)point8of a body remain fixed, ao that 
eveiy other point can only describe a certain curve, then that 
curve is closed. 

These axioms, says Helmholtz, suffice to ^ivc, with the 
nxiom of three dimensions, the Euclidean and non-£uolideao 
ijyetenu as the only altematiyes. That th^ 9m§0$^ awthe- 
nwticaliy, cannot be denied, but they seem, in some nepeele, 
to go too fiur. In the fitst plaoe^ theie ie no neoeanty to make 
the asdom of Gongnienoe apply to aetnal rigid bodiee— on thia 
anljeet I hnve enlai-ged in Ohapter IL^ Again, Free Mobility, 
as distinct fitom Congruence, hardly needs to be specially 
formulated : what barrier could empty space offer to a point's 
progress? The axiom is involved in the homogcoeity of 
space, which is the same thing aft the axiom of Congruence. 
Monodromy, also, has been severely criticized; not only is it 
eindent that it might have been included in Congruence, but 
even fkmn the purely analytioal point of tiow, Sophns Lie has 
pioved it to be superflaons*. Ilitts the axiom of Coqgnienoet 
rightly Ibmralated, inelodes Helmbolts'o third and fourth 
axioms and part of his second axiom. All the four, or rather, 
AS much of them as is relevant to Geometry, are consequences, 
as we shall see hereafter, of the one fundamental principle of 
the relativity of poeition. 

26. The second article, which is mainly mathematical, 
mipplies the pnmiiwd proof of the aro-ibrmah^ which is Helm* 
iMttiTs most important contribution to Qeometiy; Biemann 
had oaf iMiiif this Ibnnula^ as the simplest of a number of 
nltemalives: Helmholts proved it to be a neeessary conse- 
quence of his axioma. The present paper begins with a short 
repetition of the first, including the statement of the axioms, to 
which, at the end of the paper, two more are added, (5) that 
ag^aoe has three dimensioDa^ and (6) that space is infinite. It 

« See H 69-78. 

* Onuidkgeo der QeooMirie, i. and n., Leipsigtv Bertohto, 1600; v. end of 
f iis H <ii p ter,t4^ 
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18 supposed io the text, as also in the first paper, that the 
measure of curvature cannot be negative, and, consequently, 
that an infinite space must be Euclidean. This error in both 
papers is corrected in notes, added after the appearance of 
fieltrami'e pi^^ on aega^ve onrvatove. li is a sample of 
the slightly unprofesBional nature of Helmholt^s mathematicai 
work on this subject, whioh elicits fimn Klein the following 
remarks': "Helmholtz is not a mathomatidan by profession, 
but a physicist and phyHioiogibt....Froin this non-nrnthcmatical 
quality of Helmholtz, it follows naturally that he does not 
treat the mathematical portion of his work with the thorough- 
ness which one would demand of a mathematician by trade 
(Mm Fcuih).** He tells us himself that it was the physiological 
study of vision which led him to the questloa of the asdoni% 
and it is as a physicist that he makes his axioms refer to actual 
rigid bodies. Accordingly, we find errors in bis mathematics^ 
such as the axiom of Honcidromy, and the assumption that the 
measure of curvature must be positive. Nevertheless, the 
proof of RicuiannH arc- formula is extremely able, and has, on 
the whole, been substantiated by Lie's more thorough investi- 
gations. 

27. Hclmholtzs other writings on Qeometiy are almost 
wholly philosophical, and will be diswissed at lei^gth in 
Chapter IL For the present* we may pass to the only other 
important writer of the second period, BtHramiL As his work is 
purely mathematical, a^jfd contains few controverted points, it 
need not, despite its great importance, detain us long. 

The "Saggio di Interpretozione della Geometria non- 
EuclidcaV* which is principally conBned to two dimensions, 
interprets Lobatchcwsky*8 results by the chaiacteristio method 
of the second period.^It shows, by a development of the work 
of Qauss and Minding", that all the propositiens in plane 
Qeometiy, which Lobatchewsky had set forUi, hM, within 
otdinaiy Eudideaa spaoe» <» surfeoes of constant nsgativ^ 

< mdit-BukUd, I. pp. SfS-e. 

* Oioniale di ICfttautieH Vol. tx., 1868. Trantktad into niaah ^ 
J. Houel in Um ••AsMks 8«lnlifltMt U r^oolt MotbmIs SspMaM^** 

Vol. VI. 1869. 

* OnUe'i Joaraid, Voli^ xnu xx., XS8(Ma 
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oumlma It is ttn^ge* Kkiii pomis w%\ tluil llui inter- 
pratetm, wlikh was known to BkniMui and periitps to 
ChHifli^ dumU have veinuned ao long wiclm 
This M the more strange, as Lolialeliewsk/s ^GMomMe 

Imaginaire" had appeared in Crelle, Vol. XVii.*, and Minding's 
article, fh>m which the interpretatioo follows at once, had 
appeared in Crelle, Vol. xix. Minding had shewn that the 
Qeometoy of surfKoes of constant negative ourvature, in par- 
.< ticular as regards geodesic triangles, ooold be deduced from 
\>/^lliai of the sphere by giving the ladins n puvriy imaginavy 
lalne ia\ Thm tmAi, as we baire ssen, bad also been obtained 
by Lobalebewsky for his Geometry, and yet it took thirty yean 
fcr the oonneetion to be broaght to general nolioe. 

28. In Beltrami's Saggio, straight lines arc, of course, 
replaced by geodesies; his coordinates are obtained through 
a point-by-point correspondence with an auxiliary plane, in 
which stmight lines correspond to geodesies on the surface. 
Thus geodesies have linear equationai and are always uniquely 
determined by two points. Distanoss on the snr&oe, however/ 
are not equal to distanoss on the phue; thus while the sorlaee 
is infinity, the oocfssponding portion of the plane is oontained 
within a certain finite cirele. The dirtanoe of two points on 
the surface is a certain function of the coordinates, not the 
ordinaiy function of elementary Qeomelry. These relations 
of plane and surface are important in connection with Cayley's 
iheoiy of distance, which we shall have to consider next. If 
we were to define distance on the plane as that fonotion of 
the oooidinates whieh gives the eomspondiqg duttanoe on the 
snrfaoe, we shookl obtain what Klein calls *n plane with a 
hypefbdio system of measorement (MambmUnmiiHig)!' in which 
CTayle/s theory of distanoe would hold It is evident, however, - 
that the ordinary notion of distance has been presupposed in 
setting up the coordinate system, so that we do not really 

> Nkht-EoUid, i. p. 190. * * 

■ Thif ftrtiele is more trigonoraetricsl and analTtioal than tbt GsnBSB kookf 

tad tberafore m»ket tht aboTe interpretation peonliarljr evident. 

* Booh nurfiaoee mn hj no mmn» p«rtioaUrly remote. One of Uitn« lor 

r'^X^t ^ fotaid Iqr tht rtrolaiioii of tho oommon TrMlril 

aatada^ y«o^lsstaa|'t'fl0i^^. 
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get alternative Geometries on one and the e&me plane. The 
bearing of these remarks will appear more full/ when we oome 
to consider Cayley and Klein. 

29. The value of Bellrami's Sagg^o, in his own eyes, lies in 
the intelligible fiudideaii senee which it gives to Lobatehewek/e 
planimetiy : Hie co t reqiK m diiig q^tem of 8oUd Gtoometryt warn 
it hae no meening for Eadidean space* is barely meiitMiied in 
this work. In a second paper', however, almost contemporaneous 
with the first, he proceedn to consider the general theory of 
n-dimensional manifolds of constant negative curvature. This 
paper is greatly influenced by Ricmann's dissertation ; it begins 
with the formula for the linear element^ and proves from this 
first, that Congruence holds for such spaoes^ and next, that 
they have, acoordiDg to Riemann's definitioD, a coDStant negative 
measure of curvature; (It is instructive to disenre, that both 
in this and in the former Essay, great stoe es is hod cn the 
necessity of the Axiom of Congruence.) 

This work has less philosophical interest than the formeTy 
since it does tittle more than repeat, in a general form, the 
results which the Saggio had obtained for two dimensions — 
results which sink, when extended to n dimensions, to the 
level of mere mathematical constructions. Nevertheksi^ the 
paper is important^ both as a restoration of negative curvature, 
whbh had been overlooked by HehnholtB, and as an analytical 
tirealment of Lobatohewiky^e nsults— « treatment which, to- 
gether with the Saggio, at last restored to them the proadneiioa 
they deserved. 

Third Period. 

* 

80. The third period differe radically, alike in its methods 

and aims, and in the underlying philosophical ideas, from the 
period which it replaced. Whereas eveiything, in the second 
period, turned on measurement, with its apparatus of Con* 
gruence, Free Mobility, Rigid Bodies, and the rest, these 
vanish completely in the third periodt which, swinging to the 
opposite estremcb v^gards quantity as a perfectly icrelevani 

* "Teori* fondamenUle degli tpasii di enrraicum OMtant*,** AaaaU ii 
Ma ttMl tos , a. Vol. 2, law^. AIm tnaaktod hj J. Ho«il^ i^e. 
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eslegoty in Gtoonwtay, and dispcniies with congruenoe and the 
melliod of lupMpoei t ioiu Hm idMB of this period, nnliNrlu- 
ttiftely, liftve fi^ind no ezponenft ao phikaophieal as Bkmann 
or HelmMli, but have been aet forth only by tedmical 
natheinatieians. Moreover the change of ftindamental ideas, 
which is immense, has not brought about an equally great 
change in actual procedure; for though spatial quantity is no 
longer a part of projective Geometry, quantity iH »till employed, 
and we still have equationa, algebraic transformations, and so 
on. This is apt to give rise to confusion, especially in the 
mind of Iho atiident» who foils to realiae that the qnantitiea 
needy ao for aa the piopoattiona are really projeotive^ are mere 
nanea for poinl^p and nol^ aa in metrical Qeomeliy, actual 
ipalial magnitndee. 

Novortholotw, the fundamental diffcix'ncc between thin period 
and the former must strike any one ^tjjUSiV^ Wlioroas liicinanii 
and Helmholtz dealt with metrical ideas, and took, as their 
foundations, the measure of curvature and the formula for the 
linear element — ^bpth purely metrical — the new method is 
erected on the formulae for tianafonnation of coordinates re- 
f|aired to expreea a given coUineation. It begtne by redoeing 
all ao-enllod metrical notiona— diatance, angle, etc.— to projective 
fomus and dbtainii, from ihia rednotioii, a methodological nility 
and simplicity before impoMsiblo. This reduction dcixjuds, 
however, except where the space-constant ia negative, upon 
imaginary figures — in Euclid, the circular points at inanity; it iu 
moreover purely symbolic and analytical, and must be regarded 
aa philosophically irrelevant. As the question concerning the 
import of this reduction is of fundamental importance to our 
theoiy of Geometty» and aa Gayley, in hia Preaidential Addrma 
to tho BritiMh Aamiation in 1883» formally challenged philo- 
aopbeis to diaouM the uee of imaginarios, on which ifc dependii^ 
I will treat this question at some length. But first lei ua aee 
how, as a matter of mathematics, the reduction is effected. 

31. We shall find, throughout this period, that almost 
every important proposition, though misleading in its obvious 
interpretation, has nevertheless, when rightly interpreted, a 
wide philcaophical bearing. So it is with the work Oa^Ug, 
fha picneer of the pngeetive method. 
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The projcctiYe fonnnk Ibr angles, in Euduiaui Qeomeirjr, 
was first obtained by Laguerre, in 185S. This Ibrniiila bad, 

however, a perfectly Euclidean character, and it was left for 
Cayley to generalize it so as to include both angles and 
distances in Euclidean and non-Euclidean syHtems alike*. 

Cayley was, to the last, a staunch supporter of Eudideaa 
space, though he believed that non-Euclidean Geometries could 
be applied, within Euclidean space, by a change in the definitien 
of distance*. He has thns» in qnte of his Budidean orthodoagr» 
provided the believen in the possibility of non*Eudidean spaees 
with one of their meet powerful weapons. In his * Sixth 
Memoir upon Quantica" (1859), he set himself the task of 
"establishing the notion of distance upon purely descriptive 
principles." Ho showed that, with the ordinary notion of 
distanoo, it can bo rendered pi-ojcctivo by reference to the 
ctronhir points and the lino at iiiHnity, and that the same ia 
true of angles*. Not content with this, he suggested a new 
definition of distance, as the inTerae sine or cosine a certain 
function of the coordinates; with this definition, the propertiea 
usually known as metrical become projective properties, having 
reference to a certain conic, called by Cayley the Absolute. 
(The circular points are, analytically, a degenerate conic, so 
that onliimry Qeoinctry fonnH a particular coho of the above) 
He provoH that, whun the AbHoluto is an xmagiuHry conic, the 
Qcomotiy so obtained for two ditncnsionM is sphorical Ocometry. 
The correspondence with Lobatchewsky, in the case where 
the Absolute is rso^, is not worked out: indeed there is, 
throughout^ no evidence of acquaintance with non^EudideBn 
systenuk The importance of the memoir, to Gay ley, lies 
entirely in its proof that metrical is only a branch of de- 
scriptive Geometry. 

82. The connection of Cayloy's Theory of Distance with 
Metageometry was first pointed out by Klein\ Klein showed 
in detail that, if the Absolute be real, we get Lobatchewslqr^a 

> See Klein, Nioht-Eaktid, i. p. 47 ff., And the reference! then givM. 

" S«e quotation below, from hie British Association Address. 

* Compare the opening sentence, doe to Gajkgr, of Salmon's Higher Plan* 



^ T.MUhl-BaUU.i.Ohspi.i.aaaii, 
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i hyperbolic) eystem ; if it be imaginaiy, we get either spherical 
Geometry or a new system, analogous to that of Helraholtz, 
called by Klein elliptic; if the Absolute be an imaginary 
point-pair, wo got parabolic Oeometiy, and i( in particular, 
the poiot-pair be the oiitmlar pointH. we get oidinary Buolid. 
In eUiptie Qeonmliy, iwo tln^ght linM in llie iMne plane moel 
in onljr one pointy nofe two aa in HelmholWii qreteni. The 
di rt i n cl i iM i between the two kinds of Oeonetiy is dilRoall^ 
end will be dtseawed kter. 

83. Since these systems are all obtained from a Euclidean ' 
plane, by a mere alteration in the definition of distance, Cayley 
and Klein tend to regard the whole question as one, not of 
the nature of space^ but of the definition of distance. Since 
this definition, on their fiew, is perlectl/ arbitrary, the phi- 
ksophieal problem vanishes— >Enelideen ipaoe is left in nn- 
dupnted possession, and the only probleni remaining is one 
of eonvention and mathematioal oonvenienceS This view has 

If 

been forcibly expremed by Poincar^: "What ought one to 
think," he says, " of this question : Is the Euclidean Geometry 
true ? The question is nonsense." Geometrical axioms, ac- 
cording to him, are mere conventions j they are "definitions 
in disgatse'," Thus Klein blames JBeltnum for regarding his 
auxiliary pkne as merely anziliary, and remarks that, if he 
had known CSayl^s Memoir, he wouki- have seen the relation 
between the plane and the pseudosphere to be fiur more intimate 
than he sappoeed*. A new which remofos the problem entirely 
firom the arena of philosophy demands, plainly, a full dis- 
oossion. To this discussion we will now proceed. 

34. The view in question has arisen, it would socin, from 
n natural confusion as to the nature of the coordinates em- 
ployed. Those who hold the view have not adequately realised, 
* I believe, that their oooidinates are not ipatial quantitiee, as 
in metrieal Qeometiy, bat mere eonventional signs, hj whieh 
diffiBvent points oan be distinetly designaledl Then is no 
naoon, theietes^ vntil we already have asetrioal Geometry, 

>8i0^9flrOMQr^7*k•lllt«tolh0Bril.Al■.lSSi• JJisa ta s tsH aa flwi 
Kkia in ErdmAQa^ AxiooM dtr OiOBiMi^ yip ISiL aolt. 

* Natare, VoL xlt. p. 407* 

• Mieht-BaMicI, i. p. iOa 
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Ibr r^iarding one function of the cooidinatee as a better ex* 
prasBum of dktanoe then uotker, ao long m tlie fimdMMntid 
additioii-equatioii* is preaenred. Henoe, if oor eootdinaftaa are 
ro^rded aa adequate for all Geometry, an indetenninalenaaa 

Arises in tho oxproMsion of dintancCi which can only be avoided 
by a convention. But projoctivo coordinates — so onr aigument 
will contend— though perfectly adequate for all projective 
properties, and entirely fi-ee from any metrical presupposition, 
are inadequate to expresa metrical properties, jaat because thej 
have no metrical presupposition.- Thus where metrieal pro- 
perties are in question^ Beltrami remains justified aa agpinafc ^ 
Klein ; the reduction of metrical to projeetiTe properfcieB is 
only apparent, though the independence of these hHit»aB againet 
metrical Qeometty, is perfectly real 

35. But what are projective coordinates, and how are they 
introduced ? This question was not touched upon in Cayley'a 
Memoir, and it seemed, therefore, as if a logical error were 
involved in using coordinates to define distance. For ooor* 
dinates» in all previous system^ had been deduced ikom die- 
tanoe ; to use any existing coordinate ayatem in defimi^ dlntanmt 
was, accordingly, to incur a vicious circle. Gayley meatioos 
this difficulty in a note» where he only remarks, however, 
that he had regarded his coordinates as numbers arbitrarily 
assigned, on some system not further investigated, to different 
points. The difficulty has been treated at length by Sir R. 
Ball (Theory of the Content, Trans. R. I. A. 1889), who uiges 
that if the values of our coordinates already involve the usual 
measure of distance, then to give a new definition^ while retain- 
ing the usual ooordinatcsf' is to incur a contrsdtctioiL He si^ 
(op.cit p. 1): "In the studfy of ncn^Eudidean Oeomeliylhava 
often felt a difficulty which has, I know, been shared by othem. 
In that theory it seems as if we try to replace our ordinajy 
notion of distance between two points by tho logarithm of 
a certain aoharmonic ratio*. But this ratio itself iuvolves the 
notion of distance measured in the ordinaiy way. How, then* 

1 I.e. th« equation AB + BC m AC, for three pointf in one etraight line. 
' Xhs temaU MibeiitQled bj Klein for Ca^le^'a inrene tine or ooeine. 
Shs two sn itsMMl. M Kktm^ h HUthwiiHeiHy aMHli smiw 
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cao we mpenede our old notion of diitanoe by the non- 
Eoclidean notion, inasmuch as the yrery deEuitioo of the Utter 
involves the fonner?" 

36. This objection is valid, we must admit, so long an 
aoharmonic ratio is defined in the ordinary metrical manner. 
It would be valid, for examplo, against any attempt to found 
• new definition of distance on Oemona'e eooonnt of en* 
- liannonie nitio\ in whieh i% appeen aa a metrical piopeHgr 
vnateed by projeetiYe tianafernialion. If a Ic^gkal enor ia 
to be avoided, in &ct» all Teference to apatial magnitude of 
any kind must be avoided; for all spatial magnitude, as will 
be shown hereafter', is logically dependent on the fundamental 
magnitude of distance). Anharmonic ratio and coordinaten 
must alike be defined by purely descriptive pixiperties, if tho 
nae afterwaida made of them is to bo free from metrical pro- 
aoppoaitionB, and therefore firom the objeotions of Sir & BaU. 

Siidi a definition haa been aatiafiKrtorilj given by Klein% 
who appeali* for the purpoae, to Standt'a qnadrilateial oon- 
atntction^. By thia oonatniotion, whieh I have reproduced in 
outline in Chapter III. Section A, § 112 ff., we obtain a purely de- 
scriptive definition of harmonic and anharmonic ratio, and, given 
a pair of points, we can obtain tho harmonic conjugate to any 
third point on the same straight line. On this construction, the 
introduction of projective coordinates is based. Starting with 
any three pointo on a straight line, we assign to them arbitrarily 
tlmnttmbeis 0,1,00. We then find the harmonio conjogato to 
the fint with respect to 1, «o , and assign to it the nnmber 2. 
The object of assigning this number rather than any other, is 
to obtain the value —1 fur the anharmonic ratio of the four 
numbers corresponding to the four points'. We then find the 
harmonic conjugate to the point 1, with respect to 2, x, and 
assign to it the number 8 ; and so on. Klein has shown that 
hgr this eonatnietion, we oan obtain any nnmber of pointy, and 

'•tlwiSli 9i Pmj ssii n O io onhj, Biooad Mmm, (himi, 18N^ 

* Ohm>. m. Seoiioa B. 

s 8m Nieht-EokUd, i. p. 886 ff. 

< 8ee hii Otomekri* der L«ge, | S, HAnDoniiche Qebild«. 
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can constract a point cormponding to any given mimber, 
fiMkuuiAl or negative. Moreover, wheD two eets of four pointo 
iMve (he aune anharmonie ntki, deeeriplmly de^ined^ tlw 
corresponding nanbere eko hftve the eame enheriDOiuo miHK 
By inlrodudng such s nnmericsl system on two otnught lines, 
or on three, we obtain the coordinates of any point in a plane» 
or in space. By this construction, which iis of fundamental 
importance to projective Geometry, the logical error, upon 
which Sir R. Ball bases his criticism, is satisflEustorily avoided. 
Our ooordinates are introduced by a purely descriptive method, 
and involve no presupposition whatever as to the nraoearement 
of distance. 

87. With this coordinate system, then, to define distance 
as a certain Ainetion of the coordinateii is not to he guilty of 

a vicious circle. But it by no means follows that the defi* ^ 
nition of distance is arbitrary. All reference to distance has 
been hitherto excluded, to avoid metrical ideas; but when 
distance is introduced, metrical ideas inevitably reappear, and 
we have to remember that our coordinates give no infonnation» 
primd fame, as to any of these metrical ideas. It is open to ^ 
Its, of course^ if we choose^ to continue to exclude distance in 
the ordinaxy sense, as the quantity of a iinito stnui^t line, 
and to define the nwrd distance in any way we piease. Bui 
the conception, for which the word has hitherto stood, will 
then require a new name, and the only result will be a con- 
fusion between the apparmtt meaning of our propositions, to 
those who retain the asaodatious belonging to the old sense 
of the word, and the rmA meaning, resultii^ finnn the new 
sense in which the word is need. 

This cottftuion, I believe, has actually ooenrred, in the case 
of those who regard the question between Eudid and Ifeta- 
geometry one of the definition of distance. Distance is a 
quantitative relation, and as such presupposes identity of \ 
quality. But projective Geometry deals only with quality — \ 
for which reason it is called descriptive— and cannot distinguish 
between two figures which are qualitatively alika Now the 
meaning of qualitative likeneee, in tSeometiy, is the poMflnli^ 

^ I^. ss iMiMfaffiMs IbIo mA ¥hm a BoiUmthw Bts dm^ 
8M.A,|lli» 

1.0. S 
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of mutiwl tmiifoniMilkiii by a collineation Any two pairs of 
pointe on the Mmie atnlght line^ thmn/hn, m qiMlitotively 
alike; their only qoeUtatiYe lektioo ii the ilnufht line, whieh 
hoth pain ha?e in eonmon ; and it ia exactly the qnalitatave 

identity of the relations of the two pairs, which enables the 
difference of their relations to be exhaustively dealt with by 
quantity, as a difference of distAncc. But where quantity is 
excluded, any two pairs of points on the same Htraight line 
I4>pear as alike, and even any two nets of three : for any three 
pointa on n slraight line can be projectively transformed into 
any other three. It ia only with fonr points in a line that we 
aeqnire a projeetive propwty distinguishing them from other 
sets of four, and this property is anharmoDio ratio, descript- 
ively defined. The projective Geometer, therefore, sees no 
reason to give a name to the relation between two points, in so 
fiir as this relation is anything over and above the unlimited 
straight line on which they lie; and when he introduces the 
notion of distance, he defines it, in the only way in which 
piojeottve principles aUow him to define it, as a rsk^on between 
ySwr points. As he nevertheless wishes the word to give him 
the power of distinguishing between different jNitri of points, 
he agrees to take two out of the fsur points as fixed. In this 
way, the only variables in distance are the two remaining 
points, and distance appears, therefore, aa a function of two 
variables, namely the coordinates of the two variable points. 
When we have further defined our function so that diatance 
may be additive, we have a function with many of the proper- 
ties of distance in the ordanaiy sense. This function, therefore, 
the piojeetive Geometer regards as the only pioper definition of 
distenoOi 

We can see, in ihet^ from the manner in whieh our projective 

coordinates were introduced, that some function of these 
coordinates must express distance in the ordinary sense. For 
they were introduced serially, so that, as we proceeded from the 
zero-point towarda the infinity-point, our coordinates continually 
grew. To every pointy a definite coordinate corresponded : to 
the distance between two vaiiahle points^ thereiiDre, as a 
lunotm dependent on no other variablei^ must eotres p ond 
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Borne definite function of the coordinates, since these are 
themaelves (unetkns oi their points. The function diflcnfleed 
above, thevefore, nraet oeitainljr inelnde diatanoe in the ordinaij 
eenee. 

But the ailiiirary and eonventioiial nature of distance, as 
maintained by Poincartf and Klein, arises from the lact that the 

two fixed points, required to (leteiininc our dintance in the 
projective penne, may bo arbitrarily chosen, and although, when 
our choice in once made, any two pointu have a definite distance, 
yet, accorciing as we make that choice, distance will become a 
different function of the two variable points. The ambiguity 
thus introduced is unavoidable on projective principles; but 
are we to conclude, from this, that it ts really unavoidable? 
Muiit we not rather conclude that projective Qeometfy cannot 
adequately deal with distance ? If il, ^, C7, be three dilierent 
]joints on a line, there must be some difference between the 
relation of to B and of il to C, for otherwise, owing to the 
(jimlitative identity of all points, B and C could not be dis- 
tinguished. But such a difference involves a relation, between 
A and B, which is independent of other points on the line; 
for unless we have such a rehition, the other points cannot be 
distaiiguished as different Before we can distinguish the two 
fixed points, therefore, from which the pnjeetive definition ^ 
starts, we must already suppose some relation, between any 
two points on our line, in which they are independent of other 
points; and this relation is distance in the ordinary sense*. 
When we have measured this quantitative relation by the 
ordinary methods of metrical Geometry, we can proceed to 
decide what base-points must be chosen, on our line, in order 
that the projective function discussed above may have the 
same value as eidinaiy distance* But the ohoios of these base- 
pmntSy when we are discussing distance in the oidtnaiy senae, 
is not arbitrary, and their introduction is only a technical 
device. Distance, in the ordinary sense, remains a relation 
between two points, not between four; and it is the £ulure to 
perceive that the projective sense differs from, and cannot 

> It foUowt trom thii, th*t lbs lidaetioa of mMed le prajMlhe fvopnliM, 
even wh«Q, as in bypwrboUe 0«omtti(y, On Abiotals is smI, Is «^ iffpiw^, 

5— S 

\ 

\ Digitized 



SS 10UMDATI0M8 OF OSOMETBY. 

mipenede, the ordiiMury mm, whieh hat givon fiie to (he viewt 

of Klein and Poincar^. The question is not one of oonTention, 
but of the irreducible metrical properties of space. To Hum 
I up: Quantities, as used in projective Geometry, do not stand 
I for spatial magnitudes, but are conventional symbols for purely 

I qualitative spatial relations. But distance, qud quantity, 
pwe oppo ees identity of quality, as tbe ooodition of quantitative 
mnpariaon. Dislaiice in tlie oitiiiiary araae ii^ in shorty that 
quantitative lehition, between two points on a line, by whidi 
their diiTerenoe Amn other points ean be defined. The pco- 
jective definition, however, being unable to distinguish a 
collection of less than four points from any other on the same 
straight line, tnakes distance depend on two other points 
besides those whose relation it defines. No name remains, 
therefore, for distance in the oitiiuary sense, and many pro- 
jective Geometers, having abolished the name, believe the 
thing to be abolished also, and are inclined to deny that two 
points have a unique relation at alL This eonfusion, in 
firojective Qeometry, shows the importanee of a name, and 
should make us ehary of allowing new meanings to ohseure one 
'< - of the fundamental pix)perties of space. 

38. It retrains to diHcusM the manner in which non- 
Euclidean Geometries result from the projective definition of 
distance, as also the true interpretation to be given to this view 
of Metageometi^'. It is to be observed that the projective 
methods which follow Cayley deal throughout with a Eudidean 
phaie» on whieh they introduee diflbrent measures of distanoe^ 
Henoe arises, in any interpretation of these methods, an 
wppmnt subordination of the non-Budidean spaces, as though 
these were less self-subsistent than Euclid's. This subordi- 
nation is not intended in what follows; on the contrary, the 
correlation with Euclidean space is regarded as valuable, first, 
because Euclidean space has been longer studied and is more 
fiumliar, but secondly, because .this oorrelatioQ proves, when 
truly intetpieted, that the other spaces are self-subsistent. 
We may oonfine ourselves ohiefly, in diseussing this inter- 
pietatioiit to diitaaces mesmued 9kog a aii^ stm^ht line. 
But we must be eareftil to remember that the mctikal defi- 
nition of diitanee— which,acooidi^g to the view hers advocated, 
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is the only adequate defmition — ^is the same in Badidean and 
in non*EucUdeui spaoet ; to ai^e in its ihvmir i» nai, theie^ 
foie, to Mgue in favour of Enclid. 

The pfojective eoheme of ooovdiostes oonristo of a aeries of 
nnmben» of whieh each reproeenta a certain anhaimonie lalio 
and denotes one and only one pointy and whioh increase 
iinifonnly with the distance from a fixed origin, until they 
become infinite on miching a certain point. Now Cayley 
showed that, in Euclidean Geometry, distance may be ex- 
pressed as the limit of the logarithm of the anharmonic 
ratio of the two points and the (coincident) points at infinity 
on their straight line ; while, if we assumed that the points at 
infinity were distinct, wc obtained the formula for distance in 
hyperbolic or spherksai Qeometiy, aoooiding as these points 
were real or imaginary. Hence it follows that, with the 
projective definition of distance* we shall obtain precisely the 
formulae of hyperbolic, parabolic or spherical Geometry, accord- 
ing as we choose the point, to which the value + » is assigned, 
at a finite, infinite or imaginary distance (in the ordinary sense) 
from the point to which we assign the value 0. Our straight 
line remains, all the while, an ordinary Euclidean straight line. 
But we have seen that the projective definition of distance fits 
with the true definition only when the two fixed points to 
which it refers are suitably chosen. Now the ordinaiy maMimy 
of distance is required in noif-Euclidean as in Eudidean 
Geometries— indeed, it is only in metrical properties that these 
Geometries differ. Hence our Euclidean straight line, though 
it may serve to illustrate other Geometries than Euclid's, can 
only be dealt with correctly by Euclid. Where we give a 
dififerent definition of distance from Euclid s, we are still in the 
domain of purely projective properties, and derive no information 
as to the metrical properties of our stcaight line. But the 
importance, to Metageometry, of this new inteipretation, lies in 
the fact that^ haviog independently established the metrical 
formuUw of non-Eudidean spaces* we find, as in Beltrami's 
Ssggio, that these spaces can be reUted, by a homogmphic 
oomapondence, with the points of Euclidean space; and that 
this can be effected in such a manner as to give, for the 
distance between two points of our non-Euclidean space« the 
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hyperbolic or spherical measure of distance for the corresponding 
points of Euclidean space. 

39. On the whole, then, a inodiHcation of Sir R. Ball's view, 
which is practically a generalised statement of Beltrami's method, 
seems the most tenable. He inngines what, with Grassmami, he 
calk a Content^ i/s, a perfiBetljr geneml three-duneiisional mani- 
ibid, and then eomlatos its elements, one bjr one^ with points 
in Budidean vftce. Thus every element of the Content ao- 
<|ttiiei^ as its eoordinates, the oidinaiy Endidean oooidinates 
of the c o rre s ponding point in Euclidean spaoe. By means of 
this correlation, our calculationH, though they refer to the 
Content, are carried on, as in Beltrami's Saggio, in ordinary 
Euclidean space. Thus the confusion disApjiearn, but with it, 
the supposed Euclidean interpretation also disappears. Sir 
R. Ball's Content, if it is to be a space at all* must be a space 
rndkaUy difoent from Euclid's* ; to speak, as Klein does^ of 
oidinaiy planes with hyperbolie or elliptic measures of distance, 
is either to incur a contradiction, or to Ibrego any metrical 
meaning of distance. Instead of ordinary planes, we have sur- 
fiuies like Beltrami's, of constant meaimre of curvature ; instead 
of Euclid's space, we have hyperbolic or aphericiil space. At 
the same time, it remains true that we can, by Klein's method, 
give a Euclidean meaning to every symbolic proposition in non- 
Euclidean Geometry. For by substituting, for distance, the 
logarithm above alluded to, we obtain, from the non-Euclidean 
result, a result which follows from the ordinary Euclidean 
adoma. This conespondenos removes* once for aU, the possi* 
bility of a luikiqg contradiction in Metsgeometiy, since, to a 
proposition in the one, corresponds one and only one proposition 
in the other, and contradictory results in one system, therefore, 
would correspond to contradictory results in the other. Hence 
Metageometry cannot lead to contradictions, unless Euclidean 
Oeoinetry, at the same moment, leads to corresponding contra- 
dictious. Thus the Euclidean plane with hyperbolic or elliptic 
measufe of distance, though either oontrsdii^oiy or not metrical 

* Sir B. B*1I doM not regard hit aon-Eaolidaan content m ft possible spaoe 
(r. op. eit. p. 151). In this important point I disagree with his interpretation, 
holding sQoh a content to be a spaoe as possible, h priori, as £ucUd's, and 
pwhaps MtaiU^j teas nUktat Iht suiiia 4m %b tnen af sbsHfilioB. 
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as an independent notion, has, as a help in the interpretatioo of 
non-Euclidean results, a very high degree of utility. 

40l We have still to discuss Kleins third kind of non- 
Eoolideftn Oeomctiy, which ho calls elliptic. The diffBienoe 
between this end spherical Geometiy is difiicult to gnep^ bat 
ii may be tUmtimfced bjr « aimpler eiaaiple. A piaae, ee eveiy 
one laiow% een be wnpped, wilhont etraldiing, on a cgrlinder, 
end stimig^t Irnee in the plane beoom^ by this opewtioo, 
geoderics on the cylinder. The Geometriee of the phme and 
the cylinder, therefore, have much in common. Bat since the 
generating circle of the cylinder, which is one of its geodesies, 
is finite, only a portion of the plane is used up in wrapping it 
once round the cylinder. Hence, if we endeavour to establish 
tt point-to-point correspondence between the plane and the 
cylinder, we shall find an infinite series of points on the plane 
for a iingle point on the cylinder. Thus it happens that 
geodesies, thongh on the phuie they have only one point in 
eonimen, may on the cylinder have an infinite number of inter- 
sections. Somewhat simihur to this is the relation between the 
spherical and elliptic Oeometries. To any one point in elKptic 
H]>ace, two |K)int« correspond in spherical space. Thus geocJesics, 
which in spherical space may have two points in common, can 
never, in elliptic space, have more than one intersection. 

But Klein's method can only prove that elliptic Geometiy 
holds of the ordinary Euclidean plane with elUptie measure 
of distance. Klein has made great endeavours to enforce the 
distinction between the spherical and elliptic GeomebiesS but 
it is not immediately evident that the latter, as distinet fiom 
, , the former, is valid. 

In the first place, Klein's elliptic Geometry, which arises as 
one of the alternative metrical sj-stems on a Euclidean plane or 
in a EucUdeau space, does not hy itself suffice, if the above 
discussion has been connect, to prove the possibility of an 
elliptic space, t.e. of a space having a point-to-point corre- 
spondence with the Euclidean space, and having as the ordinaiy 
distance between two of its points the elliptic definition of the. 
distance between corresponding points of the Euclidean space. . 
To prove this possibility, we must adopt the direct method of 

> att XUhl-BHidkl, I. p. 97 ff. sad r* M & 
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Newoomb (Crelle's Journal, Vol 83). Now in the first place 
Newoomb has not pioved that hin pootalatas m self-consistent ; 
htt hM only fittled to prove that throve oontnuyotory*. This 
would leave elliptio i^Moe in the isme position in whkdi Lobni- 
ciiewsky and Bolyai left hyperbolic qwoe. But fbrther thm 
seems to be, at first sight, in etso-dimensional elliplio space, a 
positive contradiction. To explain this, however, some account 
of the peculiarities of the elliptic plane will be necessary. 

The elliptic plane, regarded as a figure in three-dimensional 
elliptic qpaoe^ ii what is called a double surface', i.e. as Newcomb 
oaja (IsOi 0tl 2d8) : " The two sides of a complete plane are 
noi diitinet^ as in a Euclidean surfiMO.... If... a being should 
tmvel to distance S A he wottld» on his letorn* find himself on 
the opposite soHboe to that on which he startedt and would 
have to ropeat his journey in order to return to his original 
position without leaving the surface." Now if we imagine a 




> Nmomb {he, eit. p. 99S>t "Tlw ^iliia hm Ml fcrlh Is to a n dtod 

sa Um ibUowing ibree pottttlntM. 

"1. iMAome tbat ipaoe it triply oxieuded, unbounded, without piopei-ilM 
dependent either on position or direotion, and poBHessing Hucb pUuieoeM in it* 
•nuUect paru tb«t both th« pottoUtw of the Euclidean UMmotiy, and our 
sonotptioat of Um wlaHaai sf the parte of ipaoc ira lest for ovwar 

■mU mgiaa in qpaia 
I SMont Uttt tMi ipiM is aCMsd with sMh snrviUara tiMt a ^ 
Uiw •hdl tlwy rilsni lals Mtiif at Um tad oC a AaHt and ml diftUnee 9D 
witbont loeing, in any pari of ita ooane, that qminietry with reepeot to space 
on all iidei of il whieh oonalilatM Um I to n d a s w a tal proptr^ ol onr coo* 
ocyiioo of it 

**t. I aarauM thai if two righl iioae einaoata from tbu name poini, malUng 
ibf MMbHi^ mbsU sagis a wllh ctih oUmt, Ihilr diataBOS apart al Um 
Jisls s ss f 9nm iIn loiat sf iBtermUon will bt flvsa %f Iht aqMUlsa 

TIm righl UMUuMhMlhiapvoptrljr in sonnMBwlUi Um SoaUdMUi righl lint 
Uial two aaoh liuaa inteneet onlj in a afaigia poial. It maj ba that the nombar 
of pointa in whioh two laoh linee can inteneet admit of being determined tnm 
Um lawa of oarrature, bat not being able bo to determine it, I aaawwn li a 
foatalate the ftmdamental property of the Euclidean tight line." 

It is plain that in the absence of the determination spoken of, the possibilitj 
of aliipUe apaoa is not aatablished. It mi^ be postfibla, for atanpla, to provt 
Um^ ia a ivsos wiMM IhHS is a assisMua to diilMMii Umm suul hi aa kialtt 
waakm sf sMght Mass Jdahig tee poiato si tmOmm SM wm . la Ihis 
tfwl, aUipUe apaoa would btooBt hapoMtUi. 

• flnr sa fhMidiUM of lUs tana. Mi nria, Viahl-BsUii, t. |b W & 



Digitized by Google 



A 8H0BT HUriOBT MISrAOBOllRBT. 



41 



liMMlimeiisioiial eUiptie spaoe, the diatinolUHi beiiroen the sides 
of plane becomee imme>Dif^, dnee it only ecqmree mgMmtm 
hy lefemoe to the third dimeiuioii. Neverthelee^, eome sndi 
dlstinotion would be ferood upon ui. Suppoie, kat exftmplo, 
that we took a small circle provided with an arrow, 
AS in the figure, and moved this circle once round y"^ 
the univeim Then the sense of the arrow would ^ 
bo reversed. We ahould thus be foi'ced, either to v 
regard the new pontion as distinct from the formeTt V i^ , 
which tmuforms our pkme into a aphcfieal plane^ 
or to attribute the reyersal of the arrow to the action of a 
tnofeien which reatorea our cirole to ita oi^ginal place. It ia 
to bo obaerved that nothing abort of moving round the 
univeifte would sufHce to reverse the sense of the arrow. Thiti 
reversal seema like an action of empty space, which would force 
us to regaixi the points which, from a threo-dimensiomil point 
of view, are coincident though opponite, aH really distinct, and 
ao reduce the elliptic to the aph6rici\l plane. But motion, noi 
apaoe, really cauaea the ehangi^ and the uUiptie plane ia there* 
fore not proved to be impoaidble. The queatmn ia not» however, 
of any great philoeophic importance. 

41. In connection with the reduction of metrical to pro* 
jective Geometry, we have one more topic for discussion. This 
is the geometrical use of imaginaiies, by means of which, except 
in the case of hyperbolic space, the reduction is effected I 
have already oontended, on other grounds, that thia reduction, 
in apite of its immense tochnio\l impoitance, and in apite of 
the complete logical freedom of projective Qeometiy irom 
metrical ideaa» ia punt^ technical, and ia not phikMophically 
valid. The same conclunon will appear, if we take up Cayle/a 
challenge at the firitiah Aaaoeiation, in hia Pkeaidaiitial Addreas 
.of 1888. 

In this address. Professor Gayley devoted most of his time 
to non-Euclidean systems. Non-Euclidean spacei, he declared, 
seemed to him mistaken d prioti but non-EucUdean Geomdriu, 

'Of. p. 9 of Report: "Mj own fiew U Uut Euolid'i tirelfib axiom, m 
Plajfair't fonn of it, does oot nMd demontlratUm, bot is part of oar nolioB •T 
' spMt, of Mm phytiMl •pissol oar •xperioaea^ bat vUoh is Iko wpfmaUiha 
1^ at Iho bottaoi of an islml s^MiBos^" 
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here u in hie imthemalioi woi)n» were aooepted m flowing 
from m ehaage in the defini^on of dietenoe. Thie new hae 

been already discussed, and need not, therefore, be further 
criticised here. What I wish to speak about, is the quostion 
with which Cayley himself opened his address, namely, the geo- 
metrical use and meaning of imaginary quantities. From the 
manlier in which he spoke of this question, it becomes im- 
penlive to tieat it somewhat at lei^h. For ha said (pp. S-9): 

''...Tha notion whieh ia the lealljr fandamantal ona (and 
I eannol too stronglj amphasiaa tha assertioa) underlying and 
perfading the whole notion of modem analysis and Geometry, 
[is] that of imaginary magnitude in analysis, and of imaginary 
space (or space as the locus in quo of imaginary points and 
figures) in Geometry: I use in each case the word imaginary 
as including real.... Say even the conclusion were that the 
notion hekMoigs to mere technical mathematioi^ or has rsfinence 
to nonantitias in nfaid to whioh no scianoa is poesible, still 
it seama to ma that (as a snljaot of philosophioal disoossion) 
tha notion ought not to ha thus ignoiadi at ahouM at laaat 
ha shown that there is a right to ignore it" 

42. This right it is now my purpoue to demonstrate. But 
for fear non 'mathematicians should miR8 the point of Cayley s 
remark (which has sometimes been enoneously supposed to 
refer to nou-Euolideon spaces), I may as well explain, at the 
outset, that this question is radically distinct from, and only 
indireetly connected with, the validity or import of Meta- 
geometiy. An imaginary quantity is one whioh involvea 
ita most geneml Hoirm is n+V^fr where a and b are 
laal; CSayley uses the word imaginary so as to iaduda real, in 
order to eofer the speoial ease where 6 0. It will he oon- 
venient, in what follows, to exclude this wider meaning, and 
assume that b is not zero. An imaginary ]x>int is one whose 
coordinates involve 1, t.e. whot^e coordinates are imaginary 
quantities. An imaginary curve is one whose points are ima- 
ginaiy—Kirt in some speoial uses, one whose equation contains 
imaginary ooefBoiantai The mathematical subtleties to which 
this notion leads need not he here discussed; the reader who 
aa tnterssted in them will find an axoallant aiemantaiy aeoount 
of thair gaomelrloal uaos in Klein's Niflht-Buklid, il pp. 88-46. 
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fiat for oar pmeni purpose, we maj oonfine ooieelvee to 
inagtiuurypouita. If theee «» feond to have > merely techaicd 

import, and to be deetitote of any philoeophical meaning, then 
tho Baine will hold of any collection of imaginary points, tLe. 
of any imaginary cunro or surface. 

That the notion of imaginary points is of supi-eme im- 
])ortance in Geometry, will be seen by any one who retlecta 
that the circular points are imaginary, and that the reduction 
of metrical to ptojeotive Qeoiiietiy» whioh i» ono of Cayle/e 
greftteet iohkvwnoDlii dopende on theiie poiiit«i BattodiNiwi 
adequAtely their philosophical import k diflknlt to m^ naoe 
I am anaoqnainted with any satisfitftory philosophy of ima- 
ginaries in pure Algebiu. I will therefore adopt the most 
favourable hypothesis, and as»unie that no objection can be 
successfully urged against this use. Even on this hypothesis, 
I think, no case can be made out for imaginagr points in 
Qoometry. 

In the ftmt place, we must osoiodo, from the imaginaiy 
points considered, those whose coordinates are only imaginaiy 
with oertob spsdal systems of coordinatos* For eiamplo, if 
one of a point's coordinates be the tangent from it to a sphere, 
this coordinate will be imaginary for any point inside tho 
sphere, and yet the point is perfectly real. A point, then, is 
only to be called imaginary, when, whatever real 8}'8tem of 
coordinates we adopt, ono or moro of the quantities oxpressi^g 
these ooordinates remains imaginaiy. For this purpose, it ia . 
mathematioaUy safficient to suppose our coordinates flbttesisn 
A point whose GsrtesiAn eooidinates are imaginaiy, is n tme 
imaginary point in the aboTO sense. 

To diseasB the meaning of saoh a point, it is necessary to 
consider briefly the fundamental nature of the coiTeb}x)Ddeocc 
between a point and its cooidinates. Assuming that elementary 
Geometry has proved — what I think it does satis&ctoriiy 
prove^that spatial relations are susceptible of quantitative 
measurement, then a given point will have, with a suitable 
ig^tem of eoordinatei^ in n space of ii dimensions^ n qusntitative 
rdations to the fixed spatial figure forming the aaras of .cik 
ordinates» and these n qoantttalive lelationa will, under eerimn 
reservilieus, be unique— is., no other point will have the same 
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quantities assigned to it. (With tnanjr possible coordinate 
ajsleiiM^ this latter oooditioD is not reaUaed: but fiMr that 
wy maon thej are iaoonvaiieiitk and emplojfed enlj in apeeial 
proUeiiML) Thue given a eoewKwate ayataoi, awl given aoj eel 

of qnantitiee, these qmuitilies, if they if i lw ' ei i a g a petnl ol all, 

determine it uniquely. But, by a natural extension of the , 
method, the above reservation is dropped, and it is aRSunoed 
that to everi^ set of quantities some point must correspond. 
For this assumption there seems to me no vestige of evidence. 
As well might a postman assume that^ becanae every house in a 
atieet k nrnqnely detemtned by its number, therefore there 
moat be a hooee ht eveiy imaginable nnnber. We muat 
know, in fiwt^ that a given eel ef qitantiliea ean be the eo> 
enjinatee of some point in epaee, belbio it ia legitimate to give 
any spatial significance to these quantities : and this knowledge, 
obviously, cannot be derived from operations with cooi-dinates 
alone, on pain of a vicious circle. We must, to return to the 
above analogy, know the number of houses in Piccadilly, before 
we know whether a given number has a corresponding house or 
not; and arithmetic alone» however subtly employed, will never 
give US thia inlbrmatien. 

Thoa the dietinolien whioh ia important ii^ not the dia- 
tinetion between real and imaginary quanlatiee, but between 
quantities to whioh points correspond and quantities to which 
no points correspond. We can conventional ly agree to deDote 
real points by imaginary coordinates, as in the OaunHian method 
of denoting by the single quantity (o + — T 6) the point whose 
ordinary coordinates are a, 6. But this does not touch Cayley's 
• meaning. Ckyley means that it ia of great utility in mathe- 
maties to r^gaid, aa pointa with a real existence in space, the 
•nnmed epatial eorrehitee of qnantitiee whaeh, with the 
eooidinate igfsteni employed, have no oorrelatea in eveiy-day 
apaoe; and thai this ntOity la supposed, by many mathema- 
tieiana, to indicate the validity of so fruitful an assumption. 
To 6x our ideas, let us consider Cartesian axes in three- 
dimensional Euclidean space. Then it appears, by inspection, 
that a point may be situated at any distance to right or left of 
a^y of the three coordinate planes ; taking this distance as a 
eoeidinateb therefore^ it mpgmn that real pointe eotreepond to 
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all quantities from — oo to +00. The same appears for the 
other two coordinates; and aioce elementary Geometry proves 
their vanmtioiiB mutually indepeudenl^ we know that one and 
only one real point oomeponds to any three real quantities. 
But we also know, ftwn the exhaustive method pnisoedr that 
all space Is covered hy the la^ge of these three variahle 
quantities: a fiesh set of quantities* theielbfe, such as is 
tntanodueed by the use of iroaginaries, possesses no spatial 
correlate, and can be supposed to possess one only by a 
convenient fiction. 

43. The fact that the fiction is convenient, however, may 
be thought to indicate that it is more than a fiction* But this 
presumption, I think, can be easily explained away. For all 
the fruitful uses of imaginaries^ in Geometry, are those whidi 
begin and end with real quantities^ and use inisginaries onl^ 
Ibr the intermediate steps. Now in all such cases» we have a 
real spatial interpretation at the beginning and end of our 
aif^iment, where alone the spatial interpretation is important : 
in the intermediate linkH, we ai-e dealing in a purely algebraical 
manner with purely algebraical quantitien, and may perform 
any operations which are algebiaicaUy permissible. If the 
quantities with which we end are capable of q^atial inter- 
pretation, then, and only then, our result may be rqpsrded aa 
geometrical To use geometrical language, in any other casSp 
is only a convenient help 'to the imagination. To speak, Ibr 
example, of projective properties which refer to the circular . 
points, is a mere meinotia technica for purely algebraical 
properties; the circular points are not to be found in space, 
but only in the auxiliary quantities by which geometrical 
equations are transformed. That no contradictions arise from 
the geometrical interpretation of imaginaries* is not wonderful: 
for they are interpreted solely by the rules of Algebra, which 
we may admit as valkl in their application to imi^nariesL .The 
psroeption of qiaee being wholly absent^ Algebra rales supreme^ 
and no inconsistency can arise. Wherever, for a moment^ we 
allow our ordinary spatial notions to intrude, the g^rossest 
absurdities do arise— every one can see that a circle, being a 
closed curve, cannot get to infinity. The metaphysician, who 
should invent anything so preposterous as the ciroukr poiuti^ 
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mmld be hootod ftmn the Held Bat the tiMilheiiMtieiiiii miij 
steel the hone with impunity. 

Finally, then, only a knowledge of space, not a knowledge of 
Algebra, Can amure us that any given set of quantities will have 
a Rpatial correlate, and in the absence of Buch a correlate, 
operations with these quantities have no geometrical import, 
lllis is the case with imeginaheB in Cayley's sense, and their 
use in Geometry, great as are its technical advantages, and 
rigid es is ite teehniml validity, ie wholly deetituie of phiio- 
eophieil importeaee. 

44 We hftve now, I think, dimaied meet of the qoeetioue 
I co nce rning the scope end validity of the projective method. We 
have seen that it is independent of all metrical presuppositions, 
and that its use of coordinates does not involve the aasumption 
that spatial magnitudes are measured or expressed by them. 
We have seen that it is able to deal, by its own methods alone, 
with the question of the qualitative likeness of geometrical 
figuiet^ which ia logically prior to any companion as to qnantity. 
ainoe qoaatity pteanpposes qualitative likeness. We have seen 
alao that^ so fiur aa ite kgitiniale ate extends, it applies equally 
to all homcgeneooa spacss, and tiuit its eritciion of an indepen- 
dsntly poanUe spaoe— the deterniinalion of a stiaigfat line by 
two points* — is not subject to the qualifications and limitations 
which belong, as we have seen in the case of the cylinder, to 
the metrical criterion of constant curvature. But we have also 
seen that, when projective Geometry endeavours to grapple 
with spatial magnitude, and bring dirtanoe and the measure- 
ment of angles beneath its sway, its snooess, tfaoQgh teohnicaliy 
valid and important^ ia philosophically an appamt aneosss only. 
Matrioal Geometty, theieiHe^ if qoaatity is to be applied to 
space a* all, rematna a aspaiate, though kgioally subsequent 
blanch of Mathematics. 

45. It only remains to say a few wordn about Sophus Lxe^ 
As a mathematician, as the inventor of a new andTmmensely 
powerful method of analysis, he cannot be too highly praised. 
Geometiy is only one of the numerous suliyeots to which his 

> TiM WMMfHAwm Is tiUs ssioBi, ia sphtM pwMppcwM smM 
qiinaj, sad do« aal Mngr Mm vsIMIIj of Um saiaii ht f w| wtiie 
OssaMhj*. Bts Cbtf, m 8ti. B, | 111* 
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ilieoiy of contmuotia groups applies, but ite application to 
Qeometiy has made a revolution in method, and has rendered 
possihle, in such problems as Helmholts's, a treatment infinitely 
more precise and exhaustive than may which was posrible 

before. 

The general definition of a group is as follows : If we have 
any number of independent variables :r, a-t...x^, and any series 
of transformations of these into new variables — the trans- 
formations being defined by equations of specified forms, with 
parameters varying from one transformatioa to another— theo 
the series of transformations form a group, if the succesrive 
application of any two is equivaleot to a single member of the 
original series of transformations. The group is coniimwmM, 
when we can pass, by infinitesimal gradations within the group, 
any one of the transformations to any other. 

Now, in Geometry, the result of two succensive motions 
or collineations of a figure can always be obtained by a single 
motion or collineation, and any motion or colHneation can be 
built up of a series of infinitesimal motions or oollineationSb 
Moreover the analytical expression of either is a certain trans- 
formation of the coordinates of all the points of the ^gnre*. 
Hence the transfi»inations detennining a motion or a col* 
lineation are such as to form a continuous group. But the 
question of the projective equivalence of two figures, to which 
lUl projective Geometry is reducible, must always be dealt 
with by a collineation; and the qucHtiou of the equality of 
two figures, to which all metrical Geometry is reducible, must 
always be decided by a motion such as to cause superposition ; 
hence the whole subject of Geometry may be regarded as a 
thewy of the oontinnoiis groups which define all posaible 
coUineationi and tootioniL 

Now Sophnc lie has developed, at great length, the purely 
analytical dieoiy of groups ; ho has therefore, by tide method 
of fomulatiQg tho proUem, a foiy powoilbl woapoo ready for 



^ IfottMaMlldSat of Tiit*ff Mhsol have a hsbU^ 
sf qptsUsgsf BMrtioni of ipiot IsitMil nf moifoas of ImiHm. si tlni^ i 
so a hImIo oosld novo. All disi is meant it, of eoono^ tho i^wtat 
motioB of Iho oooittaslo SMO.I.«. a ohasgo of oan la tho 
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the attack. In two papers " On the foundations of Geometry',** 
undertaken *t Klein's urgent request, he takea premisses which 
rotigfaljr oorrMpond to those of Helmholtt, omitting Mono- 
dmrny, and sppUei the theory of groups to the deduction of 
their oonseqiteiioes'. Helmholti^B work, he myu, ota hardly be 
looked npon as prating ite oonclmioiis* and Indeed the morfr 
aesrohing analysis of the group-theory reireals aeforal possi- 
bilities unknown to Helmholtz. Nevertheless, as a pioneer, 
devoid of Lie's machineiy, Helmholtz deserves, I think, more 
praise than Lie is willing to give him*. 

Lie's method is perfectly exhaustive ; omitting the premiss 
of Monodromy, the others diow that a body has six degrees of 
freedom, %.e, that. the group giving all possible motions of a 
body will have nx independent members; if we keep>one point 
fixed, the nnmber of independent membm la rednoed to three. 
He then, from hia general theory, ennmeratsa all the groups . 
wfaidi satisfy thia condition. In older that such a group ahonld 

' ** Utter die Grandlagen der Oeometrie," Leipsiger Berichte, 1800. The 
jwtkiB of Uicee two papen ie raUlj ineirioal, since it is ooooened, not with 
snlliMitloes In aiMnlf ^ notioiM. TIm pnUesi. honeiw. It tailt 
wMh Igr Mm rrojootlf ntlhod, noAioM bdna neuM ss soOiatstiooi wUah 
ksis Iht aisolils saelumged. It eeemed impoidble. therefbiOb to ttusf IM 
work, nntil tome Mooant htd been given of the projeetifS BMihol. 

' Lte'e ff emiMiii, to be soennUe, sit the tottowing i 

Lei 

«i»/(*ir««t 

Mgm^^t^ fff tt t| , t| ...) 

Mtoslat iQytttMtM I 

A. Ths l—rtlone /, ^, f , tit tw tl | r lfa s l ItosMws ol 

*» r» '» *!» 

B* Two pointi 'iifi'i. *tiffy poeeeee an invariant, <.#.' 

0(«i. »i. «i. «i. Vt* ri'. */. ri't V) 

when are the iraotformed eoordinaies of the two points. 

€L Fitt IfaiMmyi le,»any point taa ht m tmA into say o^y potHhsi; 
vta out foiel it tma, say olhtr poiat tf amtl fttHlta tta tahs ap 
ytdilBat} whtaliPtptlBltsstiiidtSayoiharof ftatialpoeitioneaalBfctap 

ptaitionei when three, no motion la poerfMi thttt MsriltHwit btlSf iiMdlt 
si the eqaationi given by the InTariant 0. 

• On thii point, el. Kltla, BAhtit Otomtlritb O0ltiBen» laM. u.ffp. tSft- 
l44,tepettoUrip.8aa-l. 
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give possible motions, it is neceaaary, by Ueimholti's aeoond 
axioin, that it should leave invariant some fnnelaoii of the 
ooonltiuitea of any two pointa. This eliminates aeveral of llie 
gronpo previooaly eimmeimted, each of which he diaciMWi in 
tarn. He ia thus led to the Ibllowing resalts: 

I In iwo diwimmomB, if free inolnlify is to hold tnit<- 
venally, there are no groups satisfying Helmholtz's first three 
axiomn, except those which give the ordinary Euclidean and 
non-Euclidean motions ; but if it is to hold only within a 
certain region, there is also a possible group in which the 
curve described by any point in a rotation is not closed, but 
an equiangular spiral. To exclude this possibility, Helmhottsls 
axiom of Monodromy is required. 

IL In thrm drntntimw, the results go still move i^^Mnst 
Helroholti. Assuming froe mobility only fiMm a certain nyte, 
we have to distinguiah two eases: SUh$r fine mobility holdsk 
within that region, absolutely without exception, when one 
point is held fast, everi/ other point within the region can 
move freely over a surface : in this case the axiom of Mo- 
nodromy is unneceesar}', and the first three axioms sufiBce to 
define our group as that of Euclidean and non-£oclideaD mo- 
tions. Or free mobility, within the specified region, holds 
only of every point of $m&ral potition, while the points of a 
certain line, when one point is fixed, are only able to move 
on that line, not on a surfrce; when this is the case, other 
groups are possible, and can only be excluded by HdmholtdVi 
fourth axiom. 

Having now stated the purely mathematical results of Lie's 
investigations, we may return to philosophical considerations, 
by which Helmholtz's work was mainly motived. It becomes 
obvious, not only that exceptions within a certain region, but 
also that limitatioQ to a certain region, of the axiom of Free 
Mobility, are philoeophically quite impossible and inoonceivaUa ' 
How can a certain line, or n certain suifte^ Ibrm an impanssMe 
barrier in space, or have any mobility diflbrsnt in kind from 
that of all other lines or surfaces ? The notion cannot, in 
philosophy, be permitted for a moment, since it destroys that 
meet fundamental of all the axioms, the homogeneity of space. 
We not only may, therefore, but mxwt take Heimholt^a axiom 

an. 4 
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6t FIree Mobility in Ht Teiy •trietoii mum; tiia axiom of 

Honodroroy thus becomes mathematically, as well as philo- 
sophically, superfluoiia This is, from a philosophical stand))oint, 
the most important of Lie's results. 

46. I have now come to the end of my history' of Meta- 
geometry. It has not been my aim to give an exhaustive 
•coonut of even the important works on the subject — in the 
Ihlvd period, eepeeiaUy, ilie aeniM of Poinoer6» FMoh, Greinooa» 
Veraimep and oAhers who might be mentioned, would have 
cried shnme npon me, had I had any mich object But I have 
tried to set forth, as clearly as I oould, the principles at work 
in the vsrious periods, the motives and results of successive 
theories. We have seen how the philosophical motive, at first 
predominant, has been gradually extruded by the purely mathe- 
matical and technical spirit of most recent Qeomoteiu At 
fiietk to diaeredit the TrMMoendental Aesthetic seemed, to Meta* 
geomel6f% as important as to advanoe their science ; but from 
the w«Ncks of Gaylqr* Klein or lie, no reader ooold gather that 
Kant had ever Uved. We have alM seen, however, that aa 
the interest in philosophy waned, the interest for philosophy 
increased : as the mathematical results shook themselves free 
from philosophical controversies, they assumed gradually a 
stable form, from which further development, we may i;eason- 
ably hope, will take the form of growth, rather than trans- 
formation. The same gradual development out of philosophy 
mighty I believe, be traced in the inftuicy of moat btnnches of 
tnathematice; when philosopliioal motivM cecM to operate, 
this is, in general, a aign that the stage of nnoertainty aa to 
premiaaea is past, so that the fbtnre belongs entirely to mathe- 
matical technique. When this stable stage has been attained, 
it is time for Philosophy to borrow of Science, accepting its 
final premisses m thow impoeed by a real neces^ty of fiiot 
or kgia 

47. Now in discussing the systems of Metageometry, we 
hftve found two kinds, radically distinct and subject to different 
axioms. The historioally prior land, whioh deals with metrical 
idsa% discusser to b^gin with, the ccmdhioiis of Aee MobiHtgr, 
ivinoli is esssntisl to all measiireineiit of space. It finds tiie 
MM^jtieiU ewpiWiMi of- tiMM eondttfons in the existence of 



Digitized by Google 



A mum nrnnrnt or iimimiiKniT. 



51 



ft fpice-aioilMit, or oomUai «i— iw of cnrvatiirp, which m 
cqmiaknt tn the IwinopeiiM^ of ipMe. Thb k ite fint 

It! Moond mnm wtatw tluil ipmliM a ftute tntagnl 
immber of diiMiiiiioiM* fU. in motrieftl tenns, thift the poMtioD 

ot a point, relative to any other figure in space, is uniquely 
rletennined by a finite number of spaUal mAgnittides, called 
coord inatett. 

The third axiom of metrical Geometr}* may be called, to 
distingtiish it Irom the cogiwiponding projective axiom, tho 
asiom of dutance. There exiflto coo nkltimut it nj% between 
any pouito» which con be pw o enro d onoltofod in n comfauied 
motion both pointl^ and whidi, in any motion of a qntom 
ao one rigid body, is alwaya nnaltored. Thio relation wo call 
distance. 

The above statement of the three essential axioms of 
metrical Geometry is taken from Uelmholtz as amended by Lie. 
Lie's own statement of the axioms, as quoted above, ha.s been 
too much influenced by projective methods to give a historically 
correct rendering of the spirit of the seoond period ; Holmholt^a 
atatement, on the other hand, requirei^ aa Lie has aliewn» veiy 
considerable modifksationa. The above oooipronuae may, there- 
fore, I hope be taken as aoee|Mang lie's eoiveefeiona while 
retaining Helmholts's spirit 

4B» But metrical Geometry, though it is historically prior, 
is logically subsequent to projective Geometry. For projective 
Geometry deals directly with that qualitative likeness, which 
the judgment of quantitative comparison requires as its basis. 
Npw the above three axioms of metrical Geometiy, as we shall 
see in Chapter lu. Section fi, do not presuppose meaanrement^ 
but are^ on the oootnury, the oonditiona presttppoaed bf 
measurement. Without these axionis, which are eommoii to 
all three spaoes, measurement would be impossible ; with them, 
so I shall contend, measurement is able, though only empirically, 
to decide approximately which of the three spaces is valid of 
our actual world. But if these three axioms themselves express, " 
not results, but conditions, of measurement, mnst they not be 
equivalent to the statement of that qualitative likeness on 
which quantitative comparison depends f And if so^ must we 
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not expect to Bnd the same axioms, though perhaps under a 
(lifferent fomv in projective Geometry 7 

40i Thit «xpeetation will not be diflappointed. The above 
tliree axioms, a« we shall eee hereafter, aie one and all 
phihwophioally equivalent to the homogeneity of space, and 
this in tttin is e(|uivalent to the axioms of projeotive GeomeUy, 
The axioms of projective Qeometr}\ in fiiet» mi^ be roughly 
stated thus: 

I. Space is continuous and iiiHnitely diviHible ; the zem of 
extension, resulting from infinite division, is called a Point. 
All points are qualitatively sim^ilar, and distinguished by the 
mere fact that they lie outside one another. 

IL Any two points determine a unique figure, the straight 
line; two straight lines, like two points, are qualitatively 
nmilar, and distinguished by the mere fiust that they are 
mntnally extemaL 

IIL Three points not in one straight line determine a 
unique figure, the plane, and four points not in one plane 
determine a Rgure of three dimensions. This process may, so 
fisir as can be seen d pnon, be continued, without in any way 
interfering with the possibility of projective Geometry, to five 
or to n points. But projective Geometry requires, as an axiom, 
tliat the process ahould stop with some positive integral number 
of potnti, after which, any fresh point is contained in the 
4gure detemined by those already given. If the process stops 
with (a + 1) points, our space is said to have n dimensions. 

These three axioms, it will be seen, are the equivalents of 
the three axioms of metrical Geometry*, expressed without 
reference to quantity. We shall find them to be deducible, as 
before, from the homogeneity of space, or, more generally still,. ... 
from the possibility of expefiendng externality. They will 
therefore appear as d ^runi, as essential to the existence of any 
Oeometiy and to experience of an external worid as such. 

Ml That some logical necosrity is involved in these axioms 
might, I think, he inferred as probaUe, from their historical 
development alone. For the systems of Ifetageometiy have 
not, in general, been set up as more likely to fit fects than the 

I Axiom u. «f tht aMtriflil triad oo msr o a dt to axiom of Um projoetivo, 
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system of Kuclid ; with the oxception of Zollner, for exainpl«, I 
know of nu one who has regudixl the fourth dimension as 
roqiiirod to explain phenomena. As regards the spaoe-ooiuitant 
again, though a 9mM spaoo-oonstant is regarded empirically 
poeuUe, it is not neoally regarded a8 probable; and the finite 
MpAoo-oontitants» with which Metagoometry is equally eon« 
▼mnnt, nre not tmtuilly thought oven pofmblo, ah cxplanationM 
of umpirical fiict Thim the motive has been thmughout not 
one of fact, but one of logic Does not iWm give a strong 
presumption, that those axioms which arc retained, are retained 
becatue they are logically indispensable ? If this be so, the 
axioms common to Euclid and Metageometiy will be dpnmri, 
while these peculiar to Euclid will be empirical. After a 
criticism of etmie diffSnii^ theories of Geometiy» I shall proceed* 
in Ghaplen in. and nr., to the proof and consequences of this 
thesis^ whidi will tbrm tlie remdader cf the present wwk, 

> Cl BMbtm, WlM. AUl TflL n. ^ CIO^ aoltt IHmMIw 
der yjcht-BsMMhrtM Oswiitris (ImInb) 4mB objMllfs WaUMit ait 
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OMTIOAL ICOOUMT 09 BOMM PBIVIOIW FHIUMOPHIOAI. 

THioiiBi or OlOllSrMY. 

ft 

61. We have now traced the mathematical development 
of the theory of geometrical axioms, from the first revolt against 
Euclid to the present day. We may hope, therefore, to have 
at our command the technical knowledge required for the 
philosophy of the subject The importanoe of Geometry, in 
(he theories of knowlo^g® which have ariaea in the past, can 
.acMceljr be enggemled. In Demrtee, we find Uie whole 
theoiy of method dominated by analytieBl Qeometiy, fjf whooe 
frnifttblnees he was justly proud. In Spinon» the pammouut 
influence of Geometry is too obviout to require oomnient. 
Among mathematicians, Newton's belief in absolute space waM 
long supreme, and is still responsible for the current formu- 
lation of the laws of motion. Against this belief on the one 
iiaad, and against Leibnitz's theoiy of space on the other, and 
not^ as Gaird has pointed out\ against Hume's empiricism, 
was directed that heystone of the Gritical Philosophy, the 
Kantian doctrine of space. Thus Geometty has been, through- 
oot, of supreme importanos in the theoiy of knowledge. 

But in a critidsm of representative modem theories of 
Geometry, which is designed to be, not a history of the subject, 
but an introduction to, and defence of, the views of the author, 
it will not be necessary to discuss any more ancient theory 
than that of Kant Kant's views on this subject, true or false, 

h»v« eo dominated snbsequsnt thoHght* that whether they wers 

• 
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accepted or rejected, they seemed equally potent in forming 
the opinioDSk and the manner of expoeitiou, of almost ail later 
whten. 

Kant. 

• 

52. It iff not my purpose, in this chapter, to add to the 
voluminoitt literature of Kan t ian oritieisni» but only to diaeow 
the bearing of Metageometij on the aigoment of the Tnui* 
floendental Aesthetic, and the aspect under which this aigument 

must be viewed in a discussion of Geometry'. On this point 

several misunderstandings seem to me to have had wide pre- 
valence, both among friends and foes, and these misunder- 
standiugH I shall endeavour, if I can, to remove. 

In the first place, what does Kant's doctrine mean for 
Oeometiy? Obviously not the aspect of the doctrine which 
has been attacked by psyohologista^ the "Kantian mediino- 
shop" as James calls it— ^t any- rate, if this ean be dearly 
sepantted from the logical aepeet The questimi whether space • 
is given in sensation, or whether, as Kant maintained, it ia 
given by an intuition to which no external matter corresponds, 
may for the present be disregarded. If, indeed, we held the 
view which seems crudely to sum up the standpoint of the 
Critique, the view that all certain knowledge is self-knowledge, 
then we should be committed, if we had decided that Geometry 
was apodeictic, to the view that space is subjective. But even % 
then, the pqrcholcgical question could only arise when the 
epistemologicat questioii had been solved, and could not^ there* 
fore, be taken into account in our first investigatioiL The i 
question before us is precisely the question whether, or how 
far, Geometry is apodeictic, and for the moment we have only 
to investigate this question, without fear of psychological con- 
sequences. 

53. Now on this question, as on almost all questions in the 
Aesthetic or the Analytic, Kant's argument is twofold. On 
the one hand, he says* Oeometiy is known to have i^iodeictiie 
certainty: therefore space must be d pnori and suljeetive - 
On the other hand, it folkiwe, firann grounds independenl of 

> For ft^dittmuMon vi Kstii from • kM fauij mmihimmtiml ■Undpoial^ mm 

ClUtp. IT. . • 
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Qeotneiiy, thai apm is mibjeefeive atidl d 

Geometry must have apodeictic certainty. These two argu- 
ments are not clearly distinguitihed in the Aesthetic, but a 
little analynis, I think, will disentangle them. Thus in the iimt 
edition, the first two arguments deduce, from non-geometrical 
gvouiMU, the apriority of apace ; the third deduoeH the apodeictiq 
certeiDtry of Geometry, and maiDtains, conversely, that no other 
^ www ma aooount finr tliie oertemty* ; the last two aiguments 
only maintMn thai spaee is an intuition, not a oonospt In 
the second edition, the double aigument is clearer, the apriority 
of space being proved independently of Geometry in the meta> 
physical deduction, and deduced from the certainty of Geometry, 
an the only possible explanation of this, in the tmnHcenduntal 
deduction. In the Prolegomena, the hitter ai'gument alone is 
. used, but in the Critique both arc employed. 

5i. Now it must be admitted, I think, that Metageometry 
Ims destroyed the Intimacy of the aignment from Geometry 
to space; we can no longer .affirm, on purely geometrical 
gnmnds, the apodeictic certainty of Enclid. But unless Meta- 
geometiy has done more than this— luless it has proved, what 
I believe it alone cannot prove, that Euclid has not apodeictic 
certainty — then Kant's other lino of argument retains what 

(force it may ever have had. The actual space we know, it may 
say, is admittedly Euclidean, and is proved, without any reference 
to Geometry, to be d prion; lisnoe Euclid has apodeictic 
nertainty, and non-Euclid stands condemned. To this it is no 
answer to urge, with the Metageomefeen, that non-Euclidean 
iystems are IcffkaUy self^ymsistent; for Kant is careful to 
argue that geometrical reasoning, 1^ virtue of our intuition 
of space, is synthetic, and cannot, though d prion, be upheld 
by the principle of contradiction alone'. Unless non-Euclideans 
can prove, what they have certainly fiEiiled to prove up to the 
present, that we can frame an irUuMm of non-Euclidean spaces, 

1 Cf. Vftihinger's GonimeoUr, n. pp. kluo p. 886 tf. 

* S.g. MOODd edition, p. 89: "So wertiea ftaob alia ^meirisoliaa Oran4* 
•iUe, s. B. d&M in tin em Triftogei sw«i S«it«n auMtum«n iprtever und als dit 
drills BkouUit fttu allgioMiota B«siillea von Link nad Triaagol, ■oadarn 
ass iftt AaMtaasBS^ saA swsv S frttfi srft spoilhHftliir Oswiidiiit 
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KftDt's position cannot be up«et by Mctageomctiy alone, but 
niiisi also be attacked, if it is lo be aucoesBfiiUy attacked, m 
its purely philesqiliicel eide. 

06. For aneh en eUeek, two raMk lie open : dther we niey 
dieprofe the firai two arguments of tho Aeelhefcie, or we mty 
criticize, from the etandpoint of general kgic, the Kantian doe> 
trine of synthetic d priori judgmenle and their eonneetion with 
subjectivity. Both these attacks, I believe, could be conducted 
with .some success ; but if we arc to disprove the apodeictic cer- 
tainty of Geometry, one or other ih essential, and both, I believe, 
will be found only partially succeHsful It will be niy aim to 
prove, in discussing these two lines of attack, (1) that the d'lsr 
tineiion of Hynthotic and analytic judginoiite in untenable, and 
further, thai the prineiple of eonimdietion can only give fimilful 
leeulte on the aaramption that experience in genml, or, in a 
partioiilar eeienee, some special hninch of experience, is to he 
formally poesible ; (2) that the first two aiguments of the Tran- 
scendental Aesthetic suffice to prove, not Euclidean space, 
but some form of externality — which nmy he sensational or 
intuitional, but not merely conceptual — a necessary prerequisite 
of oxpcrionco of an external world. In the thiixi and fourth 
chapten^ I shall contend, as a result of those conclusions, that 
those axioms, which Euclid and Metajgeometty have in common, 
ooinoide with those properties of any form of externality which 
aie deducible, by the principle of contradiction, from the posri- 
bility of experience of an external worid. These properties^ 
then, may be said, though not quite in the Kantian sense, lo he 
(I piioii properties of ypace, and as lo theso, I think, a modified 
Kantian position may be maintained. But the question of the 
subjective or objective nature of space may be left wholly out 
of account during the coui-se of this discussion, which will gain 
by dealing exclusively with logical, as opposed to psychological 
points of view. 

M (1) Ka^u kgical foMotL The doctrine of synthetic 
and analytic judgmenla-«t any rale if this , is taken as the 
come^8tone of Bpislemology— has been so eomptotely vqeded 
by most modem logicians*, that it would demand little attention 

1 Cf. BnMlU7*t Logie, Bk. ni. Ft. I. GhiH^ ^i.; BoMUiaiMi'* Bk. i. 

OhAp. t. pp. V7-10t. 
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liere, hai fbr the that an enthasiastio French Kantian, 

M. Renouvier, has recently appealed to it, with perfect con- 
fidence, on the very question of Geometry*. And it must be 
owned, with M. Renouvier, that if such judgments existed, in 
the Kantian sense, non* Euclidean Geometry, which makes no 
appeal to intuition, could have nothiqg to say against them. 
M. Renoavier^s contention, therefore, forooa us briefly to review 
the aignmeiitB agunst Kant's dootrine, and hneAj to discuss 
what kigioal canon ia to rspkce it 

Every judgment— so modeni logic contends — is both syn- 
thetic and analytic ; it combines parts into a whole, and analyses 
a whole into parts'. If this be so, the distinction of analysis 
and synthesis, whatever may be its importance in pure Logic, 
can have no value in £pistemology. But such a doctrine, it 
must be observed, allows full scope to the pfinciple of contra- 
diction: this criterion, since all judgments,- in one aspect at 
lesstk aie analytic, is applicable to all judgments alike. On 
the ether hand, the whole which is analysed must be supposed 
•heady given, beliNe the parts can be mutually eontradietoiy : 
Ibr only by connection in a given whole can two parts or 
adjectives be incompatible. Thus the principle of contradiction 
remains barren until wo already have some judgments, and 
even some inference: for the parts may be regarded, to Homc 
extent, as an inference from the whole, or vice verm. When 
once the aroh of knowledge is constructed, the parts support 
one another, and the principle of contradiction is the keystone : 
hat until the aroh ia built» the ketone remains suspended^ 
nnsupported and nnsuppoftiQg, in the empty air. In other 
wcid% knowMga once esdstsnt can be analysed, but knowledge 
whieh should have to win every inch of the way against a criti- 
osl scepticism, could never begin, and could never attain that 
circular condition in which alone it can stand. 

But Kant's doctrine, if true, is designed to restrain a critical 
sceptidam even where it might be effective. Certain funda- 
mental piopositiofis» he says^ are not deducible Sma iogicy 

* PhiliMopliit il« U lUslt •! dtt OompM, Aniite Philoiuphique, ii. pp. 1^6. 

* I hftTv atoted Uiitf docUina dogmaticftUjr. m » proof would require » whole 
tcmtiM oa Logio. I aooepl Um proofs oAoied b/ Bndky Mid BonMiquel, to . 
iriMh Iks mte ii MkiMA* 
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ML their oontadieloriM ara irai aelf-mitnidietoiy; Hktf oom- 
liiiie • sabjeel and pndioate which oanDot^ in adj purely logical 
wmy, be ahewn to have any eoimeetion, and yet these judgraenta 
ha?e apodeietie certainty. But conoeming such judgments, 

Kant is generally careful not to rely upon the mere subjective 
conviction that they are undeniable : he proves, with every 
precaution, that without them experience would be impossible. 
Ezperieooe consists in the oomhination of terms which formal 
logic leaves aparl^ and presupposes, therefore^ oertein juc^gmenta 
by which a framework ia made for bringing aueh tetma together*. 
Without these judgments— eo Kant contends— all sjnthesis 
and all experience would be impossible^ I( therefoie, the 
detail of the Kantian reasoning be sound, his rssults may be 
obtained by the principle of contradiction plus the possibility 
of experience, an well as by his distinction of synthetic and 
analytic judgments. 

Logic, at the present day, arrogates to itself at once a wider 
and a uarxowcr sphere than Kant allowed to it Wider, because 
it believes itself capable of condemning any false principle or 
postulate ; nanower, because it believes that its law of eontm- 
diction, without a given whole or a given hypothesis^ is power> x 
less, and that two terms, per m, though they may be diflferent, . 
cannot be contradictories* but acquire this relation only by ^ 
combination in a whole about which something is known, or * 
by connection with a postulate which, for some reason, must 
be preserved. Thus no judgment, per se, is either analytic or j 
synthetic, for the sevemnce of a judgment fmm its context robs 
it of its vitality, and makes it not truly a judgment at all. | 
But in its proper context it is neither purely synthetic nor { 
purely analytic ; for while it is the further determination of a I 
given whole* and thus in so fiir analytic^ jt also involves the I 
emeigence of nsw relattoos within this whole, and is so for 
synthetic 

67. We may retain, howeyer, a distinction roughly cof^ 
responding to the Kantian d priori and d posteriori, though 
less rigid, and more liable to change with the degree of organ- 
isation of knowledge. Kant usually endeavoured to prove, 
as observed above, that his synthetio d priori propositions were - 
n e e ema iy pferequisites of eiperieuce; now althougli we eannot . 
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retaiu the tenn M^nthetic, wc can retain the tcnn d priori, 
for those asHuniptions, or thosse ]>o8tulateM, from which alone 
the poBsibiUty of experienoo follows. Whatever em be deduced 
from Iheee poHtulates, without the aid of the matter of ex- 
perieooe^ wiU also^ of eoune, be d priori. From the etondpouit 
of geneml logioy the Iawb of thought aiid the, oU/oganm, with « 
the iodiBpeoaable ooadttioiM of their applieabilitjr, will he mkoe 
A priori; but from the Btendpoint of any special ecieiiee, we 
may call cl priori whatever renders possible the experience 
which forniH the subject-niutter of fmr Hcience. In Geometry, 
to particularize, we may call d ptiori whatever rendem pofisible 
experience of externality as such. 

It IB to be obHerved that this uae of the tenn Im at once 
more rationalistic and lew precise than that of Kaat. Kant 
wonkl seem to have euppoeed himeelf immediately aware, by 
inqpeetioo, that iiome knowledge wae apodeictie, and ite anljeet- 
matter, therefefe, d prMi hai he did not alwaye deduce ite 
apriority fWmi any ftirthor principle. Here, however, it ie to 
be Hhown, before admitting apriority, thiit the fHl&ehuod of the 
judgment in question would not be effected by a mere change 
in the viatter of cxj>erience, but only by a change which should 
render some branch of experience formally impossible, t.0. in- 
aooeasible to our methods of cognition. The above use is also 
lees preciBe, for it wiee aoocnding to the specialintion of the 
experienoe we are asraming poimble, and with eveiy prdgre w 
of knowledge some new conneetion is perceived, two previously 
isokted judgments are brought into logical relation, and the 
4' priori may thus, at any moment, enlarge its sphere, as more 
is .found dcduciblo from fundamental postulaten. 

58. (2) Kant* 8 argumenU for the apriority of space. 
Having now discussed the logical canon to be used as regards 
the d priori, we may proceed to test Kant's aiguments as 
regards space. The aigument from Qeometry. as remarked 
above, is npsst- by Hetageumetry, at least so fiur as those 
profsrties ars eonosmod, which htkng to Euclid but not to 
non-Kudidean spaoss; as legaitls the eomnum properties of 
both lands of space, we eannet decide en their apriority till 
we have discussed tho oonsequences of denying them, which 
will be done in Chapter ill. As regards the two mgumeuts 
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which prove that space ia an intuition, not a concept, they 
would call for much diflCUMioii in a special critiaam 6f Kant, 
but here they may be paased by with the obvieua oomment * 
that infinite homogeneous Euclidean speoe is n eoncept^ not | 
en intnition— « conoept invented to explain an intnitioii, it * 
is true, but still a pure oonoept*. And it is this piune concept 
which, in all disctimionH of Qeometr}% is prtnuurily to be dealt 
with; the intuition need only be refen-ed to where it throwH 
light on the ftinctionH or the nature of the concept. The 
second of Kant's ar^ninents, that we can imagine empty space, 
though not the obscuce of space, is fiilse if it means a space | 
without matter anywhere^ and irrelevant if it inerely meaim 
a space between roattem and regarded as empty*. The only 
aigumont of importance, then, is the first aignment. But 
I must insist* at the outset* that our problem is purely Ic^gical, 
and that all psychological implications must be excluded to 
the utmost pnifisiblc extent. !Moi*eover, as will be provwl in 
Chapter IV., the proper function «if s}>ace is to distinguish 
between HifFcrcnt prc«cntc<l things, not between the Self and 
the object of sensation or perception. The argimient then 
becomes the following: consdousness of a world of mutually 
external things demands, in presentations, a cogniiive but non- , 
inferential element leading to the discrimination of the oljects ( 
presented. This element must be non*infefential, fer fimn 
whatever number or combination of presentations, which did 
not of themselves demand diversity in their objects I could 
never be led to infer the mutual externality of their objects. 
Kant says : " In order that sensations may be ascribed to some- 
thing cxtonial to me... and similarly in order that I may be 
able to present them as outside and beside one another,... 
the presentation of space must be already present" But ' 
this goes rather too fiur: in the first place, the questiou- '\ 
should be only as to the mutual externality of presented 
things, not as to their externality to the Self; and in the ' *. 
second place, things will appear mutually external if I have 
the presentation of any form of externality, whether Euclidean 

I For a (iirther diMomion of thia point, hm OhapSi m. aai m 

* Sm Ghftp. nr. for a dimarioa el tUsaifBisiBl, 

• BMOhsMT.'llSft. 

• • . ■ 
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or mm-Eiiclidetii. WlMt«v€r nwy lie trne of the pgydtologieai 
•cope of this argument — whose validity is here irrelevant— 
the logical scope extends, not to Euclidean space, but only to 
any form of externality which could exist intuitively, and 
permit knowledge, in beings with our laws of thought of a 
world of divene bat interrelated thinga 

Moreofer extemali^, to render the aoope of the aigommit 
wholly logkal* miuit not be left with a eeneatiowal or intttittonal 
meaning, though it moat be supposed given in eenaation or 
intuition. It moat mean, in this aigument, the ihet of Other- 
ne88\ the fact of being different from some other thing : it must 
involve the distinction between different things, and must be 
that element, in a cognitive state, which leads us to discrimi- 
nate constituent parts in its object. So much, then, would 
afypear to result from Kant's aigument, that experienoe of 
dtvene but interrelated things demands, as a neceemiy prere- 
quiiite, some sensational or intuitional element, in peioqitaon, 
by whieh we are led to attribute complexity to oljeots of 
pereeptaon*; that this dement, in its isoktion may be calleil 
a form of eiternality ; and that those properties of this form, 
if any such be found, which can be deduced from it« mcro 
function of rendering experience of interrelated diversity poH- 
sible, are to be regarded as d priori. What these properties 
are, and how the various lines of aigument here suggested oon- 
veige to a single result, we shall see in Chapters iii. and iv. 

59. In the philoaophers who followed Kant, Metaphysiest 
for the most part, so predominated over Epistemokgy, that 
little was added to the theory of Qeometiy. What was added, 
came indirectly from the one philosopher who stood out against 
the purely ontological speculations of his time, namely Herbart 
Herbart's actual views on Geometry, which are to be found 
diiefly in the first section of his Synechologiet Are not of any 
great Yalue, and have borne no great fruit in the development 
of the subject. But his psychokigieal theory of spacer hia 
conetmction of extenoon out of snies of pointe» bis oompariaon 
of ipice with the tone and colouf>oeriei^ hia genenl prefoicnce^ 

t 

1 Aa OthtmtM of tttbttoOM, rath«r tbui of »UribuU, i« her* Intendad } sa 
OibcrxMM whioh nu^ pcrbapt bt mIM re«l m oppoeed to lo^mX diT«nilj. 
* This proposlUoo will sifMd si kogth in Ohsp. if. 
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for the discrete above the continuous, and finally hw belief 
in the great importance of classifying space with other forraa 
of eeriet (EeihenfonMn'), gave rise to many of Riemann's epoch- 
making ■peeulaliODB, and encouraged the attempt to explain 
the VBlban of speoe by itn analytical and quantitative aspeet 
akne* Thfongh kie influence on Bieniann, he acquired, in- 
directly, a great importance in geometrical fihikMKvphy. To 
Riemann's disserUtion, which we have afaready diwamed in 
its mathematical aspect, we muet now return, conmdering, thin 
time, only itn philosophical views. 

60. The aim of Riemann'8 dissertation, an we eaw iu 
Chapter i., was to deBnc space as a species of manifold, «>. 
as a particular kind of collection of magnitudea It was thus 
awumed, to begin with, that spatial figures could be regarded 
as magnitudes, and the axioms which emerged, accordingly, 
determined only the particular place of these among the many 
algobmioally possible varietiee of magnitudes. The remilting 
fbrmuUtion of the aidoms— while, from the mathematieal 
standpoint of metrioal Geometry, it was almost wholly Uud- 
able— must, from the standpoint of phikeophy, he regarded, 
in niy opinion, as a petitio pnncipii. For when we have 
arrived at regaixiing spatial figures as magnitudes, we have 
already traveieed the most difficult part of the ground. The 
axioms of metrical Geometry— and it is metrical Geometiy, 
exclusively, which is considered in Riemann*8 EsBay—- will 
appear, in Chapter m., to be divisible into two dassea Of 
these, the first cless ■ which contains the axioms common to 
Buelid and Metageometiy, the only axioms seriously discussed 
by Riemann— are not the results of measurement, nor of any f 
conception of magnitude, but are conditions to be fulfilled 
before measurement becomes possible. The second class only— 
those which express the difference between Euclidean and non- 

> Btt Pferaiiolosit ali TTlMwiiiiliift. t. 8>Hoa ul Ohaii. to. ; n. SMdoa g. 
Oha^ m. sad SmUm n. Chip. m. (kmftn ahe ^ who i psii^ SmUob i» * 

Obapt. n. and in* 

• On tb« influenM of Htrbsrt on BUmantt, «wip»w grdmami. Bit Alio— 
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Endiileiiii iipaees— omi be deduced as Teenlli of mewmreiiieiit 
or of concep ti om of magnitiide. Ae regaida the fint eleae, on 

the contrary, we shall 8ee that the i-elativit) of position — by 
which apace i» distinguinhcd from all other known manifolds, 
except tinie~lead« logically to the necessity of three of the 
inoat distinctive axioms of Qeometiy» and yet this relativity ^ 
cannot be called a deduction finooi conceptions of magnitude. 
In analytical Oeoroe to y , owing to the fact that cooidinate 
ayatcmii atari IWmi poinla,and hence hniM up linea and aurftces, 
it ia easy to snppoae that pointa can be given independenlly 
€if Imea and of each other, and thna the relativity of poeitinn 
is lost sight of The onor thus Hiiggestc<l by mathematics 
was probably reinforced by Herbart's theory of space, which, 
by it« serial chamcter, as we have Keen, appeared to him 
facilitate a construction out of successive points, and to which 
Riemann acknowle^gea hia indebtednesa both in his Disser- 
tation and elsewhere. The same error reappeam in Helmholta, 
in whom it ia probably due wholly to the methods of analytical 
Geometry. It ia a atriking fiict that» throughout the wiitinga 
of theae two men, there la not, eo ihr aa I know, one allusion 
to the relativity of position, that property of sptice from which, 
as our next chapter w'.ll shew, the richest quarry of conse- 
quences can be extracted. This is not a result of any con- 
ception of magnitude, but follows from the nature of our space- 
intuition; yet no one, sure^, could call it empirical, since it 
ia bound up in the very po«ibiUl>y of locating things thmif 
aa oppoaed to km^ 

61 Indeed we can aee, ftom a purely logical consideration 
of the judgment of quantity, that Biemann'a manner of ap- 
proaching the problem can never, by legitimate methods, attain 
to a philosophically sound formulation of the axioms. For 
quantity is a result of comparison of two qualitatively similar 
objects, and the judgment of quantity neglects altogether the 
qualitative aspect of the objects compared. Hence a knowledge 
of the essential properties of space can never be obtained from 
jwlgmenls el quantity, whieh nsglaet theae propertiea, while 
th^ yet pieauppoee them. Aa well might one hope to learn 
the nature of man Aum a osnsoa Mciee(v<er» the judgment of 
quantity ia the leauH of eoaspaijaoii* and tiierolbre prssnppoeea 
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the poeaibility of comparison. To know whether, or by what 
mmm, eompariaon m possible, we must know the qualitiee of 
the tldngs compered and of the medium in which conpAnMNi ' " 
ie effeetttl; while to know that fumltlalHW compaiifon is pos- 
nhle» we most know that there is a qnalitattTe identitj he- 
tween the things compaied, which again involves a pieviona 
qualitative knowledge. When spatia] figuies have once keen 
reduced to quantity, their quality has already been Deglected, 
as known and similar to the quality of other figures To hope, 
therefore, for the qualities of space, from a comparison of its 
expression as pure quantity with other pure quantities, is an ^ 

* error natural to an analytical geometer, but an error, none 
the less, fnm whioh there is no return to the qnalitativo kasia ^ 
of spatial quantity. 

0S. We must en^Iy dissent^ therefore^ Irom the dis- 
junotion whieh undeilies Riemann's |4iilo6ophy of space. Either 
the axioms must be consequences of general conceptions of 
magnitude, he thinks, or else they can only be proved by 
experience (p. 255). Whatever can be derived from general 

. conceptions of magnitude, we may retort, cannot be an d priori 
acyective of space : for all the necessary adjectives of space are 
presupposed in any judgment of spatiiu quantity, and cannot, 
therefore, be consequences of such a judgment Riemann's dis* 
junction, acocfdii^y, since one of its alte mati vea ia obviousljr 
impossib]^ rsally begs the question. In fimnubting the anoma 
of metrical Qeometry, our question shouhl he : What axioms^ I 
i§» what adjectives of space, must be presupposed, in order that f 
quantitative. comparison of the parts of space may be possible j 
at all ? And only when we have determined these conditions, ^ 
which are d priori necessary to any quantitative science of 
space, does the second question arise : what infecenoes can we 
chnaw, as to space, firom the observed results of this quantitative 
science, ie. <tf this mmmmmmt of spatial Hguvea? Tho eon* 
diticns of measurement themsolvee^ though not resnlta of any ' 
oonoqption of magnitude^ will he djirAifi if it can he 
without them, experienoe of externality would he impossibla. 
After this initial protest against Riemann's general phikK 

. sophical position, let us proceed to eiamine, in detail, his use of. 
the notion of a manifold. ^ 

m 
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63. In the fint place there is, if I am not mistaken, 
oonfiiderable obscurity in the definition of a manifold, of 
which an almost verbal rendering was given in Chapter r. 
What ia meant, to begia with, by a general oonception capable 
of TaiMNis determinations ? Does not this property belong to 
nil oooeeptioiis ? It affords, oertninly, a bneie for counting, but, 
if eonttnuoue qnanlity is to arise, We mii8t» euiely, have some 
Isss disovete lonnnlation. It might alford a basis, for eiample, 
ibr the distinetlon of points in projee^ve Geometry, but pro- 
jective Geometry has nothing to do with quantity. Something 
more fiuid and flexible than a oonception, one would think, ir 
necessary as the basis of continua. Then, again, what is meant 
by a quantum of a manifold ? In space, the answer is obvious : 
what is meant is a piece of volume. But how about Riemann'a 
other continuous' manifold, oobar ? Does a quantum of colour 
mean a siiigle line in the speotmm, or a band of finite thickness ? 
In either case, what are the magnitudes to be compared f And 
Immv is s n petposltion neoessaiy, or e?en possible ? A eoloar is 
ftxed by its positfon in the qieetmm: two lines in the same 
spsetram cannot be superposed, and two Knee in different 
spectra need not be — their positions in their respective spectra 
suffice, or even, roughly, their immediate sense-quality. The 
feet is, Riemann had space in his mind from the start, and 
many of the properties, which he enunciates as belonging to all 
manifolds, belong, as a matter of itic^, only to space. It is fiur 
from clear what the magnitudes are which the various deter- 
minations make possible. Do these magnitudes measure the 
dements of the msnifoldy or the relations between elements? 
This is sursly a veiy ftmdamental pointy but it is one which 
Baemami nefor touches on. In the former cses^ the super- 
position which he speaks of becomes unnecessary, since the 
magnitude is inherent in the element considered. We do not 
require superposition to measure quantities corresponding to 
diflferent tones or colours ; these can be discovered by analysis of 
single tones or colours. With space, on the other hand, if we 
seek for elements, we can find none except points, and no 
analysis of a point will find msgnitudes inheient in i t c ao h 
■Mgnitndes are a fiction cf coordinate Qeometiy. The msgni* 
todes which space deals with, as we shall see in Chapter iil, 



Digitized by Google 



PmUMOPmOAI. THIOBIB or CMOMRBT. 



67 



Are relation! between pointer And it ia for this reason that super- 
position is enential to spioe-meiinrement. There is no inlierent 
quality ia a tingle point, as there it in a tingle ookrar, hf wlueh 
it otn be qnantitallvely dittinguitbed from another. Tlmt tlie 
conoeplion of a nianifold, at deBned by Riemann, eitber doet not 
inelnde eobmn, or doet not involve superposition at the only 
means of measurement From this dilemma there is no escape. 

64. But if ** measurement conmsU in a superposition of the 
magnitudes compared " (p. 256), does it not follow immediately 
that measurement is logically possible only where such super- 
position leaves the magnitudes unduinged? And therefore thai 
measurement^ at above defined, involves, as an d /^riort eonditimi, 
that magnitudes are unehanged by motion ? This consequence 
it not drawn by Riemann; indeed he proooeds immediately 
(pp. 256-7) to eonaider what he calla a genertl portion of the 
doctrine of mtgnitiide (OtikmMm), independent of measore- 
ment But how it any dootrine of magnitude pot8ible» in wlueh 
the magnitudes cannot be measured ? The reason of the eon- 
fusion iH, that Ricmann's definition of measurement is applicable 
to no single manifold except space, since it depends on the 
noteworthy property that what we measure in Geometry is 
not points, bnt relations between points, and the latter, though 
not the former, may of course be unaltered by motion. Let na 
tiy, in iUuttration, to apply Riemann't definition of measurement 
to colours. We must rsmember that motion, in dealing with 
the oolour manilbhi, means—not motion in space but— motioa 
in the colour maaiibld itsel£ Now since every point of the 
colour manifold is completely determined by three magnitudes^ 
which are given in fact, and cannot be arbitrarily chosen, it is 
plain that measurement by superposition — involving, as it does, 
motion, and therefore change in these determining magnitudes — 
is totally out of the question. The superposition of one colour 
on another, as a means of measurement, is sheer nonsense. And 
yet measurement is possible in the colour-manifold, by means of 
Helmholtz's law of miiturs (MitAw^^esett); but the measure- 
ment is of eveiy seponte element, not of the rdationt between ' 
dements^ and is that ladically difibrcnt ficnm tptoe-metMU* 
ntnt^ The elemento art nctk like points in tptce^^oalilativefy 

* I do not mma thai nMMiirniMni of eoloon b olfcolid withosi nitnam to 

^8 
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alike, and distinguish^ by the mere fact of their mutual 
externality. What we have, in colours, is three fundamental 
qualitatively distinct elements, out of certain proportions of 
which we can build up all the other elemento of the manifold — 
g>ch of the resulting elements having the Mune oombination of 
qtuUitative diveraity and similaritjr as tiie three or^gUMl elementa ^ 
Bntinipaoebwhatoottld weiiaakeof8iieh*|iioo^ Oiven 
Ihm pointer how mw« to oomhine them in eerttm proportiens? 
The phnae Is mesningleMi If some one makes the otmoos 
retort, that we have to combine lines, not points, my rejoinder 
is equally obvious. To begin with, lines are not elements. 
Metaphysically, space has no elements, being, as the sequel 
will show, mere relations between non-spatial elements. Mathe- 
matically, this &ct exhibits itself in the sc^-oontradictory notion 
of the point, or zero magniiodo ill spsoe» as the limit in our 
irain sstioh Ibr spstud olementu But oven if we sUow the Uno 
to pMB as the spstisl ekment^ what doss the eombuMtion of 
tiuoe lines in definite proportioDs give tts ? It gives iis» simply, 
the coordinates of a point. Here again we see a great difference 
between the colour and space-manifolds. In colours, the com- 
bination of magnitudes gives a new magnitude of the same 
kind ; in space, it defines, not a magnitude at all, but a would- 
be element of a different kind fiom the defining magnitudes. 
In the tone-manifold, we should find still differant conditions. 
Bm, no one of the messnring msgnitodss osn wiish without 
the tone vanishing toob and all three are so bound up t(^gethsr» 
in the sio^ msulti^g sensation, that none ean exist witiiont 
s finite quantity of the others. They are all qualitatively 
different, both from each other, and from any possible tone, 
being constituents of it, as mass and velocity are constituents 
of momentum. All these different conditions require to be 
examined, befors a manifold can be completely defined; and 
ontil we have oooducted such an examination in detail, we 
oannot pronoonee as to the d pnmi or empirioal natofo of the 
laws of the manilbld As i^gaids spaos^ I have attempted suoh 
an inftffninntiim in the third and fimrth nhanttni of this Essay. 

thifar reUtiozii, dnM aU mMsnrMnMit Is MMotially ooiapuriMii. Bnt in 
•olovf , it U the el«MBts wbkh Mt soofaitdtWbUi in qpM» it is tbs rtlatioas 
WlvMa •l«iiitiit«. 
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6B. I do not wkh lo d«ny, however, the gmt folne of the 
ooDoepCkn of ipioo as a manilbkL On tho oonlnuty, thit ooup 
oeption •eem to hnro booomo CMontiri to ony trntmont of tlio 
question. I only wiih to ui^e that the purely algebiaiaU 
treatment of any manifold, important as it may bo in dedoeiiig 
fresh consequences from known premisses, tends rather to 
conceal than to make clear the basis of the premisses them- 
selves, and is therefore misleading in a philosophical investi- 
gation. For mathematics, where quantity reigns supreme, 
Biemann's conception has pmed itaelf abundant^ fruitful; 
for philosophy, on the oontruy, where quantity appeals irnther 
aa n oloak to oonoeal the qnalitias it abaliaeta from, the 
oonoeption seems to me moce produolive of enrar and ooo- 
Ibiion than of aonnd dodrine. 

We are thus brought back to the point from which we 
stmted, namely, the falsity of Riemann's initial disjunction, 
and the consequent fallacy in his proof of the empirical nature ^ 
of the axioms. His philosophy is chiefly vitiated, to my mind, 
by this fallacy, and by the uncritical assumption that e metrioal 
eootdinale ayatem oan be set up indepeDdently of any niionia 
as to apaoe-measurement'. Biemann haa foiled to obaerve^ 
what I hnve endoavoofed to prove in the neit ehapler, thai, 
unless space had a striotly constant measure of onrvatora, 
Oeometiy would beoome impossible; also that the abeenoe 
of oonstant measure of ourrature involves absolute position, 
which is an absurdity. Hence he in led to the conclusion ,^ 
that all geometrical axioms are empirical, and may not hold 
in the infinitesimal, where observation is impossibia Thus he 
says (p. 267): ''Now the empirical conceptions, on which 
spatial measurements aie based, the conceptions of the rigid 
body and the light-ray, appear to lose their validity in the 
infioiteaimal: it is therefoire quite ooneeifable that the rabitiona 
of spatial magnitudes in the infinitesimal do not oorrespond to 
the presuppositions of Geometry, and this would, in foel^ have 
to be assumed, as soon as it would enable us to explain the 
phenomena more simply." From this conclusion I must 
entirely dissent. In very large spaces, there might be a 
departure from Euclid; for they depend upon the nxiom of 
> F«r a diMSMiMi «f this poM» SM Ohspb m. Bss. B» I m 
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pmlleh, whidi k BOl eontdned in tiM Mion Mobility; 
\mt in the infinitemmal, departures from Euclid oould only be 
due to the abseDce of Free Mobility, which, at I hope mjr third 
chapter will ihow, is onoe for ail imposnbla 

06L Hefanliolti, like Rienuum, was important both in tho 

mathematics and in the philosophy of Geometry. From the 
mathematical point of view, his work has been already con- 
sidered in Chapter I. ; the consideration of his philosophy, 
which must occupy os hei-e, will be a more serious task. Like 
Biemann, he endeavoured to prove that all the axioms are 
empifkalt and like Riemann, ho based his proof ohisfljr on 
Uetagoomeliy. He had an additional reeouroo, however, in 
IIm pl^yslology of tho aonses, whidi iiml lod him lo nyset tho 
Tlnnsoendental Aeslhetie, and enabled him to attaok Kani 
ftom the peychological as well as the mathematical sido*. 

The principal topics, for a criticism oi' Hclmholtz, lU'e throe : 
First, his criterion of the d prion ; second, his discussion with . 
Land as to the " imaginability " of non-Euclidean spaces ; third 
^4uid this is by £ur the most important of the three — his 

* The worki of HelmhoUz on geomeirioftl philotoi^ oompriae, in addiiion 
to the articles quoted in Chap, i., the following artielee : " Urepmng und Sinn 
der geometriiehin Azioiiie, gegea Lvid,*' Wias. Abh. VoL ii. p. 640, 1878. 

Bsisslai^awf SwmtriMlMa Asfa^" ISIO^ Vetfaigs aad Bsiw. n, ^ 1. 
fAlw Mind, Vol. t.) Two Appendioee to '* Die Thfttsftohen in der Wahrneh- 
Brang,** entitled t II. "Der Banm kann tranaoendent*! sein, ohne d&sa eg die 
Axiome tind"; end III. **I>ie Anwendbftrkeit der Axiome aol die phytiwiit 
Welt,*' 1878, Vortriige nnd Redeu, Vol. it p. 256 ff. 

The two Appendioee iMt mentioned are popuUrisinga and expaoaiona of tiie 
aflkk ia Mind, VoL m. The moet widtlj raid, though aleo, to mj mind, tho 
liuft fslaofalai of ott Helvlidlls^ wiitian oa OoimolHr. !■ fho ailiilo la m*"**- 

Flatlo&d and Bphnpeland, whieh will be disoasaed, and at far as poseiblo 
defended, in anewvring Lotae'a attaok on Metageometry — an attaok baaed, 
iHn^tfentljr, ahnoet eniirelj on this one popnlar artiole. The preaent diaoaaaion, 
therefore, may be confined almoat entirely to Mind, Vol. in., and the philo* 
oophieal portiona of the two papera quoted in Chap, i., to the artielee in 
lVlHbAtk.T(gi ti.p9.tlO-460ii His sihif wfci am popnlar, aad inportnl 
saly Imim <f Os kip fMs to iHM liMgr sfVtsL 
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tlMOiy of the depoodeDoe of Qeometiy on Mechmicik Lei us 
discuss these three points successively. 

67. HsbnlioltSis criterioa of aprioiily is diffieiill to disoover, 
as ha ii0ver, lo mj knowledge, gives ft pmise stsleimnt of ik 
From his disoiunoB of pbysiosl and Itaaeeeiideolsl Qeoiiietry\ 
however, it would appoiur Uisi he regards as empuiesl whslever 
applies to empirical nmttor. For he there maintains, that even 
if space were an d prion foi-m, yet any Goomctry, which aimed 
at an application to Physics, would, since the actual places of 
bodies are not known d priori, be necessarily empirical*. It 
seems the more probable thst he regsrds this as a possible 
criterion, as it is adopted, in several passages, by his disciple 
Eidmann*, and so stnnge a test oould hsidly be accepted hgr 
a philosopher, unless he had found it in hia msater. I have 
called this n strange test, because it seems to me complete^ 
to ignore the woric of the Critical Pbiloeophy. For if there - 
is one thing which, ono might have hoped, had been modo 
sutHciontly clear by Kant's Critique, it is this* that knowledge 
which is d priori, being itself the condition of possible experience, 
applies — and in Kant's view, applies on^— -to empirical matter. 
Uehnholts and Erdmann, therefore, in setting up this test with- 
out discussion, simply ignore the esisteooe of Kant and the 
possibility of a transoendental aigument. Hefanholts assumes \ 
always that empiricBl knowledge must he wholly emjMrioal, thai 
there can be no d priori conditions of the experience in question, * 
that experience vrill always be possible, and may give any kind 
of result. Thus in discussing " physical " Geometry, he assumes 
that the possibility of empii-icai measurement involves no 
d priori axioms, and that no d priori element can be contained 
in the prooess. This assumption, as we shall see in Chapter ULp 
is quite unwarrantable : certain properties of ipace, in foot, are 
involved in the poasilnlity of mcasurii^ maU$r. In spite of 
the footk therefore, that we apply measurement to empirical 

our rmults are therefore empirical» then , 

> la llM aamrto Uad, mad, Vol m. sad Wbi. AUk n. p. MOi 

* asssisaDtoTliatsifllisaIa4wW>liraih«sng,ZssrtiiL,DirB«Mitoaa 
trinwitoitil sria, sIms 4iis •§ die AiioBt dad, TiMliIji aai JMba^ 
VsL n. 

• 8m totow, MitMiHi of Stdaaaa. I Si. 



Digitized by Google 



78 rouNDATioMa of osomstbt. 

may well be an ci priori element in measurement, which is 
presuppoeed in its possibility. Such a criterion, therefore, must 
pronounce eveiythiiig empirical, bat most itself be pronounced 
worthless. 

Another and a better criterion, it is true, is also to be found 
ill Helmholtz, and has also been adopted by ErdnuuuL What- ^ 
erar ndffitt, by % diiiBniit eiperieuM, hafo beeo midmd 
diffineni— so this criterion oontendt— miiti ilaelf be dependent 
on experience, and so mnpirieel This erilerion leems perfectly 
sound, but Helmholti't tne of it is usually vitiated by his 
neglecting to prove the possibility of the different experience 
in question. He says, for example, that if our experience 
showed us only bodies which changed their shapes in motion, 
we should not arrive at the axiom of Congruence, which he 
proaoonces acoordingij to be empirical. But I shall endeavour 
to prove, in Chapter ItL, that without the axiom of Congraenoe, 
nxperienoe of ipatiftl megnitudo would be impoariblo. If vay 
proof be oomoti it IsUowi that no experienoe oin ever reveal 
■patial magnitadee wtiA eontnuiiet this axloai— a poiribility 
which Helmholtz nowhere discusses, in setting up his hypo- 
thetical experience. Thus this second criterion, though per- 
fectly sound, requires always an accompanying transcendental 
aigument, as to the conditions of possible experience. But 
this aooompaniment is seldom to be found in Helmholtz. 

One of the lew wm, in whioh Helmhoite has at- 
ienqpted eueh an aooompaniment^ ooeun in oonueotion with 
nor aeoood poin^ the imaginahility of non-Eadidean epaoes. 
The axgiunent on this point wm elicited bgr Helmholti^e Kantian 
apponento* who.mainteined that the merely kgioal poiribility 
of these spaces wHs irrelevant, since the basis of Geometry was 
not logic, but intuition. The axioms, they said, are synthetic " 
propositions, and their contraries ai*e, therefore, not self-contra- 
dictory ; they are nevertheless apodeictic propositions, since no 
other uUuition than the Euclidean is possible to us*. I have 
already criticized this line of argument in the beginning of the 
present chapter. Helmholts'e oritieism, howmr» wm different : 
•dmtttiiiig tiio internal conrieten^ of the aigoment^ he denied 
one of it! premimei We ctm imagine non-Bndidean tpaoee^ 

> 8m PMtLMdl,ia Iliad, VoLn. 
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he said, though their unfiEimiliarity makes this difficult From 
tiuB view it foUowed, of course, that Kaot's aigumeDt, even if it . 
wm lonmilly valid, could not prove the iqpriofity of Eudideaa 
■ptoe in p«rtioohur» hat only ol that gmnl ipMW whkk in* 
doded Bvdid and non-Bodid alika>. 

Althoogh I agree with Helmholti in thinking the dietbcti e n 
between Euclidean and non-EoeUdean spaces empirical, I cannol 
think his argument on the " imaginability " of the latter a very 
happy one. The validity of any proof must turn, obviously, on j 
the definition of imaginability. The definition which Helmholtz 
gives in his answer to Land is as follows: Imaginability requires 
"die vollstandige Vorstellbarkeit deqenigen Sinneseindilickeb 
welohe daa betieffMide Olyeot in mm nach den bekannten 
Oo e e ti e n nneerer Sinneeotgane nnter alien denkhann Bediii|^ 
ungen der Beobaohtnng erregen, and wodaroh ee sieh von 
anderen Xhnliehen Objeeten nnteneheiden wttrde" (Wiiai Ahh. 
II. p. 644). This definition is not very clear, owing to the am- 
biguity of the word " VoreUUbarkeit" The following definition 
Hoems less ambiguous : ** Wenn die Rcihe der Sinneseindrilckc 
vollstandig und eindeutig angegeben werden kann, muss man 
m. E die Saohe fUr anschaulich vorgttUbar erklaren " (Vortiage 
und Beden, IL pi» S34). This makes clear, what aleo appeare fix>m 
hii nuamer of pioo( that he i^gerds thii^ as iniaginab^ , 
can be d$§onb0d in conceptual terma, Sooh, as Land remarics 
(Hind, VoL ii. p. 45), " is not the senie reqaired Ibr aigamenta* 
tion in this case." That Land's criticism is just, is shown by 
Helmholtz'8 proof for non-Euclideau spaces, for it consist** only 
in an analogy to the volume inside a sphere, which is mathe- 
matically obtained thus : We take the symbols representing 
magnitudes in " pseudo-spherical " (hyperbolic) space, and give 
them a new Eufllidean meaning ; thus all oar ^ymbolie profio- 
eitions beoome oapable of two interpretations^ one for pseudo- 
epherical spaoe, and one for the volome inside a sphere. It is, 
however, eaflfoiently obvioaB that this pfoeednre^ thongh il 
enables as to detdiU our new spaoei does not enable oa to 
imagm$ it, in the aenae of ealling up images of the way things 
would look in ii We really derive, finom this analogy, no man 
knowledge than a maa bom blind may derive, as to light, firom 

^ Btt ooaoliidiiijt paiagni^ of fialmholks't Miaok in Mind, ToL n. 
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•a analogy with heat. The dictum "Nihil est in intelleotu 
quod Don fuerit ante in seoBu," would unquestionably be true, 

^ if for intellect we were to substitute inuigination it is vain, 
therefore, if our actual space be Euclidean, to hope for a power 

\ of imagining a non-Euclidean spaoe. What Helmholtz might, 
I believe wiih perfect troth, have urged against Land, u that ^ 
the imi^ we aotual^ have of apaoe is not miffioiently aoeosate 
to eadadab in the aotnal apaoe tve know, all posnbilitgr of a 
alight departme ftmn the Enotidean type. Bat in maintaining 
that we eannot imagine, though we can conceive and describe, 
a space different from that we actually have, Land is, in my 
opinion, unquestionably in the right. For a pure Kantian, 
who maintains, with Land, that none of the axioms can be 
proved, this question is of great importance. But if, as I have 
maintained, some of the axioms ara anaoeptible of a transcen- 
dental pioof, while the others can be verified empirieally, the 
qnesttOQ is freed from psyehological implication% and the 
imi^nahility or non-imaginahility of metageometrioal spaces 
heeomea nnimportantp 

69. We oome now to the third and meet important ques- 
tion, the relation of Geometry to Mechanics. Thei*e are three' 
senses in which Helmholtz's appeal to rigid bodies may be 
taken : the first, I think, is the sense in which he originally 
intended it ; the second seems to be the sense which he adopted 
in his defence against Land ; while the third is admitted by 
Land, and will be admitted in the ibUowing aigument These 
thiee ecnsea afe as IbUows: 

(1) It may be asserted that the actual meaning of the 
•lion of Fkee Mobility lies in the assertion of empirical rigid 
bodies and that the two propositioni aie equivalent to one 
another. This is certainly false. 

(2) The axiom of Free Mobility, it may be said, is logically 
distinguishable from the assertion of rigid bodies, and may 
even be not empirical ; but it is barren, even for pure Geometry, 
without the aid of measures^ whioh must themselves be em- 
pirieal rigid bodies. This sense is more plausible than the 
iliet^ bat I believe we ean show thal^in this ssnse also^ the 
p iopoa iti flo is fidse* 

(S) For pare Qeemeti^ and the abstmot stu^ of spaoe» 
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it may be said. Free Mobili^» as applied to an abeicact geo- 
metriioal matter, gites a niiBoieiit ponibility ^ qvaaiitative 
eompariiott; hat tlie moment we eileiMl our lemlto to miaed 
• mathemalioi^ and applj them to empirically given matter, we 
leqnive aleo^ as meaeoree^ empirioaily given i^gid bodiea, er 
bodies, at leait, whoee departnres horn rigidity aie empirically 
known. In this sense, I admit, the prop<^ition is correct*. 

In discussing these three meanings, I shall not oonBne 
myself strictly to the text of Helmholtz or Land: if I en- 
deavoured to do so, I should be met by the difficulty that 
neither of them definee the d priori, and that each is too much 
inclined, in my opinion, to test it by peychokgieal criteria 
I shall, thefetbre, lake the three meanliigii in tnni, withont 
ktying stress on their historioal edeqiuuqr to the news of Lend 
or Helmholts. 

70l (1) Congruence may be taken to mean— ee Helm- 
holtz would certainly seem to desii-e — that we find actual 
bodies, in our mechanical experience, to preserve their shapes 
with approximate constancy, and that we infer, from this 
experience, the homogeneity of space. This view, in my 
0{nnion, radically misconceives the nature of measurement, 
and of the axioms involved in ik For what is mesnt by the 
non-rigidityof abody? We mean, stm]^y, thnt it has changed 
its shape. But this involves the possib^ty of compsrison with 
its former shape, in other words, of measurement. Li order, 
therefore, that there may be any question of rigidity or non- 
rigidity, the measurement of »patial magnitudes must be 
already possible. It follows that measurement cannot, without 
a vicious circle, be itself derived from experience of rigid bodies. . 
Geometrical measummenth in fiMSt, is the oomperison of spatial 
magnitudes, and such oomparison involves* as will he proved 
at length in Chapter in., homogeneilgr of spaoa This ia^ . 
therefisre, the kgiosl prerequisite oi all experisnoe ef rigid ' 
bodies^ and cannot be the result of such experienee. Without I 
the homogeneity of spooe, the very notion of rigidity or mm- ! 
rigidity could not exist, since these mean, i-espectively, the 
constancy or inconstancy of spatial magnitude in pieces of 

> Ot YeroiMM, Grandififlt te Oeomilris (Qtnnsa tnMMMIoalb pu h. 
Akr^yp. isiiv, S04, sad Um m if. S9S-4. 
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matter, and both alike, therefore, presuppose the possibility 
of ^atial measurement. From the homogeneity of space, we 
leani thai a body, when it moves, will not chaqgo its shape 
without some piijlsiflftl oanie ; that it actually doet not change 
iti aluqpeb m never ■werted, end ie indeed known to be fiJee. 
Am eoott ae meaeoieiaeni ie pombK aetnel cbengee of ihepe , ' 
een be eetimaledt end their empirioel eeneee ean be eought 
Bat if epeoe were not bomogeneone, meeeoremenl would be 
impossible, constant shape would be a meaningless phrase, and 
rigidity could never be experienced. Congruence asserts, in 
short, that a body can, so far as more space is concerned, move 
without change of shape ; rigidity asserts that it actually does 
80 move — a very different proposition, involving obviously, ae 
its logical priuii the fonner geometrioal proposition. 

This aigument may be summed up by the following die- 
jonetiaa: If bodies change their shapes in motion— and to eome 
exlent^ sinoe no bo^y is perfeelfy rigid, they mnsfc all do so— 
then one of Iwo oases mnst ooonr. EUhmr the ehaoges of 
shape, as bodies move from plaoe to place, follow no geo- 
metrical law, are not, for instance, functions of the amount 
or direction of motion ; in which case the law of causation 
requires that they should not be eflfects of the change of place, 
but of some simultaneous non -geometrical change, such as 
temperature. Or the changes are r^ular, and the shape S 
beoomos, in a new poeition p, 8f(p). In this case, the law 
of eoneomtteni variations leads ns to attribnte the change of 
•hiq^ to the moie motion, and ebi^ thus becomes a fimotion 
of absolnle position. But this is absord, ibr position mmm 
msfely a rekiion or eel of relations ; it is impossible, therefore, 
that mere position should be able to effect changes in a body. 
Position is one term in a relation, not a thing per ae \ it 
cannot, therefore, act on a thing, nor exist by itself, apart from 
the other terms of the relation. Thus Helmholtz's view, that 
Congruence depends on the existenoe of rigid bodies, must, since 
it involves absolute position, be oondemned as a logical foUacgr* 
Gongrosnee, in foct, as I shall prove more fully in Chapter IIL, 
it an A priori deduetiioo from the rebtivi^ of position. 

TL (S) The above aignmenl sssms to ms to answer 
salisiMlorify HeUnhoh^s contention in the precise fom which 
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he first gave it. The axiom of Ck>iigrueDce. we must agree, 
IB logically diBtinguishable fh>in the existence of rigid bodies. 
Nevertheless some reference to matter is logically involved in 
Qeometry', fatut whether this reference makes Geometry em- 
piiml, or dr^es not, lather, show an 4 priofi elemeai in 
dynamics, is » furiher quflttlon. 

The roferanoe to matter ia neoeaaitated hy the lionM^geneil^ 
of empty apace. For ao Umg aa we laaire matter out of aoooant^ 
one poaitkm is perfectly indiattngniiliaiUe ham anotiier, and - 
a aeienoe of the relationa of posi^ooa ia impoaaibiei Indeed* 
before spatial relations can ariae at all, the homogeneity of 
empty space must be destroyed, and this destruction must be 
effected by matter. The blank page is useless to the geometer 
until he defaces its homogeneity by line8 in ink or pencil. 
No apalial figures, in short, are conceivable, without a reference 
to a not purely qpatial matter. Again, if CSoqgnienoe is ever 
to he used, there must be motion : but a purely geometrical 
pointy being defined aoiely by ita qfiatial atteilmtea, eannot he ' 
aappoaed to move without a eontndietion in tetmai What 

mm 

therefore, moat be matter. Hence, in order that motion 
may aflbrd a test of equality, we mnat have aome maUer whidi 

is known to be unaffected throughout the motion, that is, we 
must have some rigid bodies. And the difficulty is, that these 
bodies must not only undergo no change due solely to the 
nature of space, but must, further, be unchanged by their 
changing relation to other bodies. And here we have a requi- 
aito which can no longer be fulfilled d priori : whioh, indeed, 
we know to he, in atrietneaa^ untrue. For the Ibfoaa aetiiig on 
a body depend upon ito apatiai leUtiona to other hodiai^and 
ohanging foiroea are liable to produoe ehanging configuration. 
Honoe, it would aeem, aetnal meaaurement muat he purely 
empirical, and must depend on the degree of rigidity to be 
obtained, during the process of measurement, in the bodies 
with which we are conversant. 

This conclusion, I believe, is valid of all actual measurement. 
But the poflsibility of such empirical and approximate rigidity, 
I must insist, depends on the d prion law that mere molion» 
qpart fiNun the aotien of other matten oannot eflhet n ehapge 

* 8tsOhaf.iv.|llTA 
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of shape. For witlioat this Um, the efibct of other matter 
would iMt be disoovmUe; the laws of motion would be absurd, 
and Physics would be impossible. Consider the second kw, for 

example: How could we measure the change of motion, if motion 
itself produced a change in our measures ? Or consider the law 
of gravitation: How could we establish the inverse square, unless 
we were ablob independently of Dynamics, to measure distances ? 
I The whole science of Dynamics, in short, is fundamentally de- 
pendent on Geometry, and but for the independent possibility 
of measnrhig spatial magniUidesb none of the msgnitadea of 
Stynamica coohl be meaaured. Time^ tme, and masa are alike 
measored by spatial oomlatea: theaa oorrehites are given, for 
time, by the first law, for force and mass, by the aeoond and 
tinrd. It is true, then, that an empirical element appears 
unavoidably in all actual measurement, inaamuch as we can 
only know empirically that a given piece of matter preserves 
its shape throughout the necessary change of dynamical relations 
to other matter involved in motion ; but it is further true that, 
for Qeometry — which regards matter simply as supplying the 
necessary breach in the homogeneity of space, and the necessaiy 
tenn for spatial rektioos^ not as the bearer of foroea which change 
the eonfiigamtion of other material qwfeema— ^r Qeometry, which 
deals with thia absteaet and merely kinematical matter, rigidity 
IB d jrtbrf, in so for as the only changes with which it is eog- 
mzant— changes of mere position, namely — are incapable of 
affecting the shapes of the imaginary and abstract bodies with 
which it deals. To use a scholastic distinction, we may say that 
matter is the catisa essendi of space, but Qeometry is the causa 
cognatcetidi of Physics. Without a Qeometry independent of 
/ Physics, Phyaies itself which necessarily assumes the results 
• of Qeometry, oouki never arise; but when Qeometry is used in 
. Pliyacs^ it kisea acme of ita d jirfori certainty, and acquirea the 
' onfuioal and approximate efaanuter whidi belongs to all 
neoonnts of actual phenomena 

72. (3) This argument leads us to Land's distinction of 
physical and geometrical rigidity. The distinction may be 
expressed — and I think it is better expressed — by distinguish- 
ing between the conceptions of matter proper to Dynamics and 
to Qeomotij respective^. In D{ynamioi^ we are eonoenied with 
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matter as subject to and as causing motion, as aflMed by and 
as exerting ybrcc. We are therefoi^ concerned with the changes 
of spatial configuration to which material systems are liable: 
the description and explanation of these changes is the proper 
subject-matter of all Dynamic& But in order that such a 
science may exist, it is obviously necessary that spatial oon- 
4gamtuii ahould be already measonble. If this were not 
the CMB^ molioii, eooelenttMm and ibvoe woald remam peiiMily 
tndetenninale. 'Oeoinetiy, tlierafbre* miiet alresdy emfc beibie 
Dymunks becomes poanUe: to make Geometr>' dependent hr . 
itspoBsibiKtyon thekweof motionoranyofthebrooiiieqiienoes, \ 
is a gross varepov irportpop. Nevertheless, as we have seen, 
some sort of matter is essential to Geometry. But this geometri- 
cal matter is a more abstract and wholly different matter from 
that of D>'namics. In order to study space by itself, we reduce 
the properties of matter to a bare minimum : we avoid entirely 
the categoiy of causation, so essential to Dynamics, and retain 
nothing, in our matter, but its epatial eiyeotivesK The kind of 
rigidity .affinned of this abstract mlitter— a kiiid which sofltee 
for the theoiy of our aaence, though not for its applicetion to 
the objects of daily Ufo— is purely geometrical, and asserts no 
more than this: That since our matter is devoid, m kjfpMeti, 
of causal properties, there i*emain8 nothing, in mere empty space, 
which is capable of changing the configuration of any geometrical 
system. A change of absolute position, it asserts, is nothing; 
therefore the only real change involved in motion is a change of 
relation to other matter; but such other matter, for the purposes 
of our science, is regarded as destitute of canssl powers ; hence 
no change can occur, in the conQgoration of our qrstem, by the 
mere efibet of moticn through empty space. The necsssi^ of 
such a principle may be shown by asimple reinetioadabiwrduwif 
ss follows, A motion of tnmslation of the universe as a whole, , 
with ooostant direction and velocity, is dynamically negligeable^ < 
indeed it is, philosophically, no motion at all, for it involves no ^ 
change in the condition or mutual relations of the things in the 
universe. But if our geometrical rigidity were denied, the 
chai^ in. the parameter of space m^t cause all bodies, to 

* OL Hit opiaiOB of Boljai, qaotod hj ErdmAon, AziooM, p. S6 1 flC sIm ibw 
P.6S. 
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change their shapes owing to the mere ohangs of abtolutc 
pori tifl o, which it obviously abeurd. 

To ibiIm quite plain the ftinetion of rigid bodies in Qaometiy, 
lal us soppoM a liquid geooMfter In a Uqiiid trorld. W# oannot 
mxpjptm the tiqiud Tf&tMfy hom^gtMoat and widiiRwciitiiled, 
in the tot phMO beoftuie mioh a tiqaid tmM bt M 
horn empty space, in Uie feeond place heeanee our geooMlei'a * 
'body — unless he be a disembodied spirit— will itself constitute 
a differentiation for him. We may therefore assume 

WUeh amid Iht steMniB 
Wsaie a astnoik of odkoed Uihli' 

•ad «• maj eitppote thii netwoik to form the eeoanon for evr 
geemetei^a lefleetioiML Then be will be able to imagine a 
nefeweilt in wbiflb the linei aie tferaight, or einmlar, er paiabolie, 
or any otbar ehape, and he will be aUe to inftr that eoeb a 
network, if it ean be woven In one part of Ibe fluid, can be 
woven in another. This will form sufficient basis for his 
deductions. The superposition he is concerned with — since 
not actual equality, but only the formal conditions of equality, ' 
are the subject-matter of Geometry — is purely ideal, and is 
unaffected by the imporisibility of oongeaUng any actual net- 
work. But ixk order to apply his Geometry to the esigeneiee of 
hkf be wodd need some ataiMlavd of eompariaon between aotnal 
networks and Imtb, it la tme^be would need either a rigid bodj, 
er a knowledge of the oonditlena under which etmllar netwotka 
aroae. Moreover tbeee eonditlone, being neeewarily empirica], 
could hardly be known apart from previous measurement. Hence 
for applied, though not for pure Geometry, one rigid body at 
least seems essential. 

78. The utility, for Dynamics, of our abstract geometrical 
matter, is sufficiently evident. For having, by its means, a 
power of detormini^g the configurations of material systems In 
wbatofw part of apaee, and knowing that ebai^ges of oonfiguiap 
tion are not due to niere change of plaoop we aie able to atli^te 
tbe ee ebai^ to Ib e ae t ien of other Matter^ and ihua to eatoblleh 
tbenolien of forea^ii4ileliwouki be ImpoeAle if ebange of ahiqiie ' 
might be due to empty qpaee. 
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Thvm, to eoneliido: OaooMtiy requires, if it ii to be jnwii- 

cally pomible, some body or bodies which are either rigid (in 
the dynamical sense), or known to undergo some definite 
chants of shape according to some definite law. (These 
changes, we may suppose, arc known by the laws of Physics, 
which have been experimentally established, and whkh through- 
out MMune the truth of Qoomotiy.) One or more sudi bodies 
•re a e o e eii i iy to i^qp^ Ooometiy— bot only in the eenee in 
whioh mlois and oompanes aio neoeeiaij. Th^ ave nooeeseiy 
aa, in making tbe Oidnanoe 8arvej» an elaboiate appamtna was 
neoessaiy for meaaoring the base Kne on Salisbiiiy Plain. But 
for the theory of Geometry, geometrical rigidity suffices, and 
geometrical rigidity means only that a shape, which is possible 
in one part of space, is possible in any other. The empirical 
element in practice, arising from the purely empirical nature of 
physical rigidity, is comparable to the empirical inaccuracies 
arising from the fiulnre to find straight lines or cireleB in the 
world— which no one bnt Mill haa ntganled aa rendering 
Qeometiy iteelf empirioal or inaoeuiale. But to make Geo- 
metiy await the perftetion of Phynes, ia to make Physio^ 
which depends tbfoughout on Geometry, forever irapoenble. 
As well might we leave the formation of numbers until we had 
counted the houses in Piccadilly. 

74- In connection with Riemann and Helmholtz, it is 
natural to consider Erdmann's philosophical work on their 
theories*. This is certainly the most impoi'tant book on the 
sobject which has appeared from the philosophioal aid^ and in 
spite of the fiMt that, like the whole theory of Biomann and 
Helmholts» it is inapplicable to projective Qeometiry, it still 
deserves a very fiill discossicn. 

Erdmann agrees throughout with the conclusions of Riemann 
and Helmholtz, except on a few points of minor importance; 
and his views, as this agreement would lead one to expect, are 
ultra-empirical Indeed his Iqgic seems — though I say this with • 

^ Ms AsiasM dsr OtooMtrit: Bhit phiiotopb>Mhs UatwisdiBm 
BlMMWB-HtlnholtB'Mhen Bsaaiflwwfa, Ldpsig, isn. 

B.O. 6 

* 



Digitized by Google 



82 



PomnuTfoiis or aioiivrET. 



hesitalimi— to be iiiooiii|ttltUe with any ^yitem but that of 

IMill : thm k appiveiitly no dfatinctioii, to him, betwoen tho 
geaenX mad the imiTeiwl^ end oonsequently no oonoept not 
^ embodied in m eeriee of inetenoea Sueh a theoiy of logic, to 

I my mind, vitiates most of his work, as it vitiaUd Riemann's 
philoflophy'. This general critidsni will find abundant illustra- 
tion in the course of our account of Erdmann's views. ' 

75. After a general introduction, and a short history of 
the development of Metageometry, Erdmann proceeds, in hie 
aeoond chapter, to diKom what are the anoms of Euclidean 
Geometiy. The arithmetical axioms, as they aro ealledi he 
leavee aside* as applying to magnitude in general; what we 
want heie, he says, is a definition of space, for which the geo- 
metrical axioms are alone relevant. But a definition of space, 
he says — following Riemann — demands a genus of which space 
shall be a species, and this, since our space is psychologically 
unique, can only be furnished by analytical mathematics (p. 36). • 
Now the apaoe-fonns dealt with by Qeometiy are magnitudes, 
and co n c e p ti ons of magnitude are everywhere applied in Qeo- 
metiy. But before Riemann, only partkmlar determinations of 
apaee conU be exhibited aa magnitudes^ and thus the desired 
definition was impossible to obtain. Now, however, we can 
Sttbeumc space as a whole under a general conception of mag- 
nitude, and thus obtain, besides the space-intuition and the 
space-conception, a third form, namely, the conception of space 
as a magnitude (Orosaenbegrtff vofn Raum, pp. 88-39). The 
definition of this will give us the complete, but not redundant, 
Sfstem of axioms, which could not be obtained by transforming 
the geoenl intuition of space into the space-oonceptiony fixr 
want of a pluvaUty of instances (pi 40). 

70. Before oonaidering the subsequent method of defi- — 
nition, let us reflect on the theories involved in the above 
account of the conception of space as a magnitude. In the 
first place, it is assumed that conceptions cannot be formed 
unless we have a series of separate objects from which to abstract 
n eommon p rop erty — in other words, that the universal is 

« On flw tsisiBii si Mtt^ if. Btom Ooaeqyti d Modmi Plydc^ p. iW, 
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definition is classification under a genua. In the third place, the 
OAnception of magnitude, if I am not mistaken, is fundamentaUy 
misunderstood when it is MippOMd afiplicable to qiaoe as m 
whole. Bat in the fourth plaoeb even if aueh a oonoeptioD 
•adited, it ooohl give none of the CMcntial piropeitieB of apaoe. 
Let Of oonnder theie four pointa anooeinfely. 

77. As v^garda the fint pomt, it » to he ohserred that 
people certainly had some conception of space before Riemaoo 
invented the notion of a manifold, and that this conception 
was certainly something other than the common qualities of i 
all the points, lines or figures in space. In the second place, 
EnlmanD'a view would make it imposiible to conceive Gkxl, « 
unless one were a polytheiat^ or the universe— unleai^ like I 
Leibnitii one imagined a teriea of poaaible worldly aet ever 
ageiiwt Qod, and none of them, thmfore, a true Uni vewe— 
or, to take an inataaoe mora likelyto appeal to an em|niie»t^ 
the neoMnrily nmqne oentve of maas of the material 

Any universal, in short, which is a bond or unity between thingR, 
and not merely a common property among independent objects^ 
becomes impossible on Eiximann's view. We cannot, therefore, . 
unless we adopt Mill's philosophy intact, regard the conception ) 
of space OH demanding a seiiea of instancea from which to 
ahatroct. But oven if we did io regard it, Hiomomi'a manifoldM 
wonM leave um without reeouroeiL For Bnolideaa apace still 
appears aa unique, at the end of hia leriea of detonninatioiiai 
We have inetancee of manilblda, hut not inetanoei of Endideaii 
apace. Thus if IMmann'a theory of conceptiona were eoirect, 
he would still be \eh ttearchiug in vain for the conception of 
Euclidean space. 

78. The second point, the view that all definition is clas- 
sification, is closely allied to the first, and the two together 
plunge OS into the depths of scholastic formal logic. The same 
inrtancee of thii^ which could not^ on Brdmann'a view, he 
vm^f/iglBd, may now he adduced aa things which esmisfe he 
defined, Whi^ever waa aaid above appliea here alao^ aad thie ' 
point need not^ theieibii^ he tether d iscus ssd*. 

1 Tbis Titw M0ma to b« d«iT«d. thiwigb fikaMaa. tnm Bnbui, Bm 
all WlM. sd. Hsii YsL V. 9). SM. 
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79. As regards the third point, the impoesibility of ap- 
plying conceptions of magnitude to space as a whole, a longer 
ATgumont will be necessary, for we are conccrDed, here, with 
the whole question of the logical nature of judgments of mag- 
nitude. Ab we bad before too much comporiaoo Ibr our needs, 
•0 wo have now too littlei I will endeavoar to explain this 
polnli which if of great imfiortanoQ, end mideriiei» I think* 
noit of the phikMophioal Ihlkeiee of RieoMin't eehooL 

A judgmeet of magnitiide is always a judgment of com- 
parison, and what is more, the comparison is never concerned 
with quality, but only with quantity. Quality, in the judg- 
ment of magnitude, is supposed identical, in the object whose 
magnitude is stated, and in the unit with which it is compared. 
But quality, except in pure number, and in pure quantity as 
dealt with by the Calculus, is always present, and is partly 
absorbed into quantity, perlly untouched by the judgment 
of magnitode. Ab Bosanqnet saye (hogn, VoL I. 124); 
" Quantitative oomparison ie not prima facie oooidinate with 
qualitative, but lather stands in its place as the effect of 
wmparium on quality, which so fiu* as comparable 6«eoift«f 
quantity, and &o far incomparable furnishes the distinction 
of parts essential to the quantitative whole" (italics in the 
original). Thus, if we are to regard space as a magnitude, we 
must be able to adduce all those series of instances of which 
Erdmann speaks, and which, for the conception of space, seemed 
iirelevantb But it remains to be pioved that the comparison, 
which we eon institute between various spaces^ is a^ble of 
ezpiesnon in a quantitative fbnn. Bather it would seem that 
the diffBrence of quality is such as to preclude quantitative 
eomparisoii between diflbrent spaces, and therefore also to 
preclude all judgments of magnitude about space as a whole. ~ 
Here an exception might seem to be demanded by non- 
Euclidean spaces, whose space-constants give a definite mag- 
nitude, inherent in space as a whole, and therefore, one might 
think, characterising space as a magnitude. But this is a 
mistake. For the qpace-constaat» in such spaces, is the ultimate 
nniti, the fixed term in all quantitative comparison; it is itasl^ 
tfaeraionb dsatilnte of quantity* ■hioe there is no independently 
given magnitvde with which to compare it A non-Euclidean 
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world, in which the spaoe-oonstant and all Unea and figtunea 

were suddenly multiplied in a co as taut ratio, wouW ba wholly 
unchanged ; the lines, a« measured against the 8pace-constant, 
- would have the same magnitude as before, and the space- 
constant itaelf, having no outside standard of comparison, would 
ba dealiiute of quantity, and therefore not subject to change 
of quantity Saoh ao enlaigaoMiit of » non-Euclidean world, 
mothorwoidB,i8aonmniiig; andthttpcoveahow | 
is the notkm of quantity to spaoe as a whola. 

It might be objected that this only provoa the ahaenee 
of quantitative difference between different spaces of positive 
space -constant, or between those of negative space-constant: 
the quantitative difference persists, it might be said, betweeu 
' thooa of poaitiva curvature in general and those of negative 
curvakire in general, or between both together and Euclidean 
apaoe. This I entirely deny. There is no qualitatively similar 
unit, in the three kinda of qpaoa, by whioh quantitative 
oompariflon could be eflfoeted. The 8tr«4;ht linea of one apaoe 
cannot be put into the other: the two straight linea, in one 
space, whose product is the reciprocal of the meaeure of cur» 
vat\ire, have no corresponding curves in the other space, and 
the measures of curvature cannot, therefore, be quantitatively 
compared wifch each other. That the one may be regarded as 
positive, the other negative, I admit, but their values are 
indeterminate, and the units in the two cases are qualitatively 
different. A debt of £300 may be represented as the asset, 
of-- £300, and the height of the EiM Tower is +300 metres; 
but it does not Mow that the two are quantitatively comparable. 
So with space-constants: the space-constant is itaelf the unit 
for magnitudes in its own space, and differs qualitatively from 
the space-constant of another kind of ppace. 

Again, to proceed to a more philosophical argument, two 
different spaces cannot co-exist in the same world : we ma^ 
be unable to decide between the alternatives of the disjunction, 
but they remain, none the leas* absolutely incompatible al- 
teraatives. Henpe we cannot get that coexistence of two 
apaoss which is essential to compaiison. The fiwt aeems to be 
that &Klmann» in his admiratioo Ibr Biemann and Hehnholti^ 
haa fiUlen in with their mathematioal bias^ and assumed, as 
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nmihematiciaM ntAmSiy lend to mmmm, tlwl qiunlitjr is 
eTMywhere and thnyn Applioable and adeqiuUe, and qui deal 

with more than the mere comparison of things whose qualities 
are already known similar*. 

80l This suggests the fourth and last of the ahovc points, 
that the qualities of space, even if space could be successfully 
regarded as a magnitude, would have to be eutirely omitted 
in such a manner of regarding it, and fchatk Uierefioie^ none of 
r its important or essential properties would emerge from such 
treatment For to rsgaid space as a magnitiide involfe^ aa 
we saw, a ooniparison with aomeHiiiig qualitatively similar, 
and aa abetiaetion fipom the eimihr qoalitiesL To some extent 
and by the help of certain doubtftil aiffuments, such a com- 
parison is instituted by Kiemann and Erdmann ; but when they 
have instituted it, they forget all about the common qualities 
on which its posnibility dependa But thef«e arc precisely tho 
fundamental properties of Hpace, and those from which, as I * 
shall endeavour to prove in Chapter liL, the axioms common 
to Euclid and Metageometry follow ik firhri Such are the 
dai^gen of the quantitative bias. 

01. Alter this protest against the initial assumptiona in 
Erdmaan's deduction of space, let us return to conrider the 
nMumer in which this deduction is carried out Here there 
will be less gnmnd for criticism, as the deduction, given its 
presuppositions, is, I think, as good as such a deduction can be. 
To define space as a magnitude, he says, let us start with two 
of its most obvious properties, continuity and the three dimen- 
sions. Tones and colours afford other instances of a manifold 
with these two properties^ but diifer from space in that their 
dimensions are not homogeneous and interchangeable. To 
drajgnate thia difiiBrsnce, Erdmann introduces a useful ^atr of " 
tenns: in the general caae, he calls a manifold n-detennlned 
(n beitimm/) ; in the case where* aa in spacer the dimensions are 
homogeneous, he calls the manifold n-eitended (nHUMigfwMaf). 
Manifolds of the latter sort he calls extents {AusgedehiUheiUn), 

1 Thf MiB« irrsdooilMlitj of tpMe to mors Sl^fiiitiidt It provod bjr JUnt*% 
hands sad ■pbtrioAl trisajlsi^la whkh adiinBSi p s rsiils fai ■pito ol oo s ip l i t s 
f saalttstht •^asttH', 
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That the difference beiwMD the two kinds is one of quality, 
not of quantity, he lacnw not to perceive; he also overlooks 
' (he fiiefe that, in the seoood kind, from its irery definition, 
the axiom of Coniproenoe mnsi hold, on aooomit of the qnali- 
tatiTo similarity of dilfiuent parts, la spite of this fiwt^ he 
defines spooe as an estent^ taoA then regards Oongraenoe as 
empirical, and as possibly fidse in the infinitesimaL This is 
the more strange, as he actually proves (p. 50) that measure- 
ment is impoHHible, in an extent, unless the parts are indepen* 
dent of their place, and can be carried about unaltered as 
measures. In spite of this, he proceeds immediately to discuss 
whether the measure of curvature is ooostant or variable, 
without investigaiiQg how, in the latter oase^ Geometry coold 
exist We cannot know, he say% fiom geometrical super* 
position, thai geometrical hodies are independent of plaos^ 
for if their dimensions altersd in motion according to any 
fixed law, two bodies which could be superposed in one place 
could bo superpoHcd in any other. That such a hypothesis 
involves absolute pOHition, and denies the (qualitative simi- 
larity of the jmrts of space, which he declares (p. 171) to be 
the piinciple of his theory of Geometry, is nowhere pei-ceived. 
But what is more, his notion that magnitude is something / 
absolute, independent of comparison, has prevented him &om \ 
seeing that such a hypothesis is unmeaning. He says himself 
that^ even on this hypothesis a geometrical bo^y can be defined 
as one wlioie pdnts retain constant distances from each other, 
for, since we have no absolute measure, measurement could not 
reveal to us the change of absolute magnitude (p. 60)l But is 
not this a reductio ad absurdumf For magnitude is nothing 
apart from comparison, and the comparison here can only be 
effected by superposition ; if, then, sls on the above hypothesis, 
superposition always gives the same result, by whatever motion 
it is effected, there is no sense in speaking of magnitudes as 
no longer equal when separated: absolute magnitude is an 1 
absurdity, anid the msgnitude resulting torn oompoiison does . I 
not differ fnm that which would result if the dimensione of 
bodies were unchanged in motion. Thereforep since magnitude 
is only intelligible as the result of comparison, the dimensions 
of bodies are unchanged in motion, and the suggested hypothesis 
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ii miiiwttiing. Od tliis mibjeot I •hall hm mon lo mjt in 
Chapter in,* 

.88. This hypolheni, however, is not introdnced for its 
own sake, but ooly to usher in the Heimholtzian deus €ic 
niachiim^ Mechanics. For Mechanics proves — so Erdmannn con> 
fidcDtly continues — that rigidity must hold, not merely as to 
ratioe, in the above restricted geometrical sense, but as to 
absolute magnitadefi (p. 62). Henoe we get at last true Con- 
gnMooa, empirical as Mechanics is empirical, and impossible to • 
prove apart from Meohanieai I have already critioiied Helm* 
holtfs new of the dependence el Qeomeliy on Meehanic^ and 
need nol heve apeak of il al leqgth. Il ia a pity that Bbdmann 
haa In no way speetiied the pmednre by whtoh Meehanioa 
deeidea the geometrical altemativea — indeed he seems to rely 
on the ipse dixit of Helmholtz. How, if Geometry would be 
totally unable to discover a change in dimensions of the kind 

^ suggested, the Laws of Motion, which throughout depend on 
Geometry, should be able to discover it if it existed, I am 
nrhol^ at a loss to undentand. Uniform motion in a straight 
finob Ibr eiample, presuppoaes geometrical measurement; if ' 
this measurement is mistaken, what Meehanioa imagines to be* 
nnilbrm motion ia not really sueh, but Meehanioa oan never 
discover the discrepancy. If the Laws of Motion had been 
regarded as d priori, Geometry might possibly have been rein* 
forced by them ; but so long sis they are empirical, they presup- 

\ pose geometrical measurement, and cannot therefore condition 

^or affect it 

Erdmann's conclusion, in the second chapter, is that Con- 
gruence is probable, but cannot be verified in the infinitesimal ; 
that its truth involves the aotoal edatence of rigid bodies 
(though, by the way, we know theee to be^ strictly speaking, " " 
non-eiistentX ^hat rigid bodies are fiiMly moveable, and do 
not alter their size in rotation (Helmholtz's Monodromy) ; that 
the axiom of three dimensions is certain, since small errors are 
impossible; and that the remaining axioms of Euclid — those 
of the straight line and of parallels-- are approximately, if not 
acmuate^, tma of our actual apace (ppb 78^ 88X He does not 
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discuss how Congraence, on the above view, is compatible with 
the atomic theory, or even with the observed deformations of 
Approximateljr ligid bodies ; nor how, if space, as he aaiumes, 
is homogeneoas, rigid bodies oui fail to be freely mofeeble 
through spao& The axionis are «U lumped tqgetiier m em- 
piricel* ami it e>ppeei% in the foUflsring duiptei^ thai Enbnaan 
r^gaida their empirioal aatnro aa 8ii6ioienUy proved by their 
•pplicabilfty to empirieal material (cf. pp. 159, 165) — * simige 
criterion, whidi would prove the same conelnsioii, with eqoal 
facility, of Arithmetic and of the laws of thought. 

83. The third chapter, on the philosophical consequences 
of &ictageometry, need not be discussed at length, since it 
deals rather with space than with Geometry. At the same 
time, it will be worth while to treat briefly of Erdmaons 
criterion of apriority. On this subject it is very difficult to 
disoover his meaning, since it seems to vary with the topic he 
is discussing. Thus at one time (pi 147) he rejects most ^ 
emphatically the Kantian connection of the d friari and the 
auljectireS and yet at another time (p. 96) he regards eveiy 
presentation of external things as partly d priori, partly 
empirieal, merely because sueh a presentation is due to an 
interaction between ourselves and things, and ii theieibro 
partly due to subjective activity, partly due to outside objects. 
Hence, he says, the distinction is not between dififerent presen- 
tations, but between different aspects of one and the same 
presentation. This seems to return wholly to the Kantian 
psychological criterion of subjectivity, with the added disad- 
vantage that it makes the distinction, like that of analytie 
and synthetic, epistemokgically worthleas. And yet he never 
hesitates to promMinoe every piece of kn0wle4g!e in tun em- 
pirieaL The ihct seems to be, that wheie he wants a aMve 
logical criterion, he adopts a modification of Helmholti^s cri* 
terion for seosations. If space be an d priori form, he says, 
no experience could possibly change it (p. 108) ; but this Meta- 
geometry has proved not to be the case, since we can intuit the | 
perceptions which non*£uclidean space would give us (p^ 115). 

> "J«aarVsMaah,KMU*iIitimfoateApiioiitilstoltsai^^ 
aUtr Brbbroiig absolBl ssaMiIiigigta KtjMaalaiwfittiiw^ te s lsiisi sahBilm» 
111 dMkalli voa fstuhila ■swiiatiloii** 
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I hM9 eritietsed thi» ailment in diicuwing Helmboltz; at 
pwwGP t we are conoenied with Brdmaiui't oriterion of apriority. 
The iiil|f6otivifty««rilerioii»tliough ho oerteinly vum it in dio- 
eoirinf tho aprioritj of space, and M^emnly deQidei» by its 
mcano, that space is both d jwiM and empfaieal, rinee a ehange 
either in ns or in the outer world could change it (p. 97)— , 
would seem, like several of his other tests, to be a lapse on 
his part: the criterion which he means to use is Helmholtz's. 
This criterion, I think, with a slight change of wording, might 
be accepted; it seems to me a necessary, but not a sufficient 
eondition. The d priori, we may say, is not only that whioh 
no experiflnee can change, but that without which experience 
weaM become impocsiblei It ia the omission to disottSB the con- 
ditions ivhioh render geometrical (and mechanical) experience 
potsiblep to my mind, whidi vitiates the empirical conclusions 
of HelmhoHs and Enlmann. Why certain conditions should 
be necessary Ibr eiperieuce— whether on account of the oon« 
stitution of the mind, or for some other reasoD— is a further 
question, which introduces the relation of the A pnon to tho 
subjective. But in discutwing the question as to what know- 
ledge is A prion, as opposed to the question concerning tho ' 
further consequences of apriorityi it is well to keep to the 
purely logical criterion, and so preserve our independence of 
psycbokgical eentrovernee. The fiMst^ if it be a ihet, that the 
wcffld might be such as to deQr our attempts to know it^ wilt 
not^ with the abore criterion, invalidate the conclusion that 
certain elements in knowledge are d priori; for whether IhU 
filled or not, they remain necessary conditions for the existence 
of any knowledge at alL 

84. With this caution as to the meaning of apriority, we 
shall find, I think, that the conclusions of Erdmann's final " 
chapter, on the principles of a theory of Geometry, are largely 
invalidated by the diverrity and inadequacy of his testa of the 
A priori. He begins by asserting, in conformity with the 
quantitative bias noticed abovOft that the question aa to the 
nalnie of geometrioil axioms is completely analogous to the 
eomsponding question of the feundattous oif pure mathematioa 
(p. 188). This ia, I think, a radical error : for the fbnotion of 
tfie axioms seems to be, to establish that qualitative basis on 
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which, oa we saw, all qualitative comparison must rest Bat 
in pure mathematics, this qualitative basis is irrelevant, for 
wo doftl there with pure quantity, t.tf. with the merely quanti- 
tative result of quantitative oompuMon, wherever i% is powibia, 
indapendently of the qualities underlying the comparison. 
Q^amttaf, M QiMMMnn inofU*, ought not to be daBsed with 
pore matheiiMitieB* Ibr it deeb with a metter whidi ie giveo 
to the intelleetk not oraeted by ifti The ejdome give 
meeat by wbidi this metter u mede aineneble to qvanti^. 
and cannot, therefore, be ihem»etvee d ed n eed ftem purely 
quantitative coneidcrations. 

Leaving this point aside, however, let us return to Erdmanu. 
He distinguinhes, within space, a form and a matter: the form 
\H to contain the properties common to all extents, the matter 
the properties which distinguish space fipr>m other extents. This 
distinction, he says, is purely logical, and does not correspond 
with Kant'a: matter and form, for Erdimum,Me alike empirical 
The Axioms end dofinitiouM of Qcoinoti;y» ho ssyi^ deal exelusive^ 
with the mattor of speeo. It seems a pity, bavii^ msdo this 
distiuetion, to put it to so Ittfcle use: nher a few pagoii, it is 
dropped, and no epistemological oonsetiuences are drawn Aom 
it The reason is, I think, that Erdmann has not perceived how 
much can be deduced from his definition of an extent, as a 
manifold in which the dimensions are homogeneous and inter- 
changeable. For this property suffices to prove the complete 
homogeneity of an extent, and hence — from the absence of quali- 
tative differonoesamoiig elements — the relativity of position and 
the axiom of CoDgmenoe. This deduetion will be made at length 
in the sequel'; at present^ I have oofy to observe that eveiy 
extent^ on this view, possesses all tlie properties (except tlie 
three dimensions) common to Budidean and non-Enelidesn 
The axioms which express th^e properties, therefmv, 
apply to the form of space, and follow from homogeneity alone, 
which Erdmann allows (p. 171) as the principle of any theory 
of space. The above distinction of form and matter, there* 
foro, oon'esponds, when iU full consequences are deduced, to 
the distinotion between the axioms whieh follow fima tbe 

> Aiwiishwgilshw fipa ISM, laA •JiOoa, pp. isii. ssHL * 
•••■•lUSi. 
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KomogeiMity of ipm md those whieh do not Sinoo> thou, 
hooMgenoity w equinJent to the relatiWtgr of pooition, and 
the idaliTitj of pontUNi ia of the veij oaeonoo of a fenn of 
eitenudity, it would teem that his distinetum of form and 

matter can also be made coextensive with the distinetimi 
of the d priori and empirical in Geometry. On this subject, 
I shall have more to say in Chapter III. « 

In the remainder of the chapter, Erdmann insists that the 
straight line, etc, though not abstmcted from experience, which 
nowhere presents straight lines, mvst yet, as applicable to 
admittedly enpiiical seienoes» be empirical (p. 159)--a eriterion 
which he appears to employ only when all other grounds for an 
empiiioal opinion fidl, and one whieh, obviously, can never refuse 
to do its woric, sinoe all elenients of knowledge are susceptible 
of employment on soine empirical material He also defines the 
straight Kne (jp, 155) as a Kne of constant curvature aero, as 
though curvature could be measured independently of the 
straight line. Even the arithmetical axioms are declared 
empirical (p. 165), since in a world where things were all 
hopelessly different from one another, these axioms could not be 
applied. After this reminder of Mill, we are not surprised, a few • 
pages later (p. 172), at a vague appeal to " English logicians'* as 
having proved Qeometi^' to be an inductive science. Never^ 
thelesB, Erdmann decbues, almost on the last page of his book 
(p, 17$X that Geometry is distinguished horn all other sciences 
by the homogeneity of its material: a principle of which no 
single application occurs throughout his book, and which, as we 
shall see in Chapter iii., flatly contradicts the philosophical - 
theories advocated throughout his preceding pages. 

On the whole, then, it cannot be said that Erdmann has 
done much to strengthen the philosophical position of fiiemann 
and Helmholts. I have criticised him at length, becanse his 
book has the appearance of great thofooghneas, and becanse it 
ia undoubtedly the best defonoe eiteat of the position whieh it 
takes npi We shall now have the opposite task to perform, in 
deftoding Ifetageometry, on its mathematical side, from the 
attacks of Lotxe and others, and in vindicating for it that 
measure of philosophical importctnce — far inferior, indeed, to 
the hopes of Erdmami — which it seems really to possess. 



t 
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85. Lotae's afgoment m regards Geometry' — ^whieh follows 

a metaphysical ailment as to the ontological nature of space, 
and assumes the results of thi« argument — consists of two 
parts: the first discuH.s<\M the various meanings logically assign- 
able (pp. 233-247) to the propoeition that c^her spaces than 
EucUd's are possible, and the second criticizes, in detail, the 
praoedure of Metageometry. The first of these questions is 
very important, and demands eonaideiable eare as to the logical 
import oi a judgment of poosibililgr. AltlMN^ Lotaa'a dia- 
euaaion ia excellent in many respects, I cannot peisaade myself 
that he has hit on the only true sense in whkh non-Eodideaa 
spaces arc possible. I shall endeavour to make good this state- 
ment in the following pages. 

86. Lotze opens with a somewhat startling statement, 
which, though philosophically worthy to be true, does not 
appear to be historically borne out. Euclidean Geometry has 
been chiefly shaken, he says, by the Kantian notion of the 
exclusiTe subjectivity of apaoe— if space ia only our private 
form of intuition, to whidi there exirta no analogue in the 
objective world, then other beings may have otiher apaee^^ 
without supposing any diflference in the world which they 
arrange in these spaces (p. 233). This certainly seenis a 
legitimate deduction from the subjectivity of space, which, so 
far from establishing the universal validity of Euclid, establishes 
hia validity only after an empirical investigation of the nature of 
space as intuited by Tom, Dick or Harry. But as a matter of 
fiict, those who have done moat to further non-Eudidean Geo- 
metiy—with the exception of Biemann, who was a disdiile of 
Heibart— have usually mherited from Newton a naive realiam 
as regards absolute space. I might instance the passage quoted 
from Bolyai in Chapter I., or Clifford, who seems to have thought 
that we actually see the images of things on the retina*, or again 
Helmholtz's belief in the dependence of Geometry on the be- 
haviour of rigid bodies. Iliia belief led to the view that 

* Metophjsik, Book ri. Chap. n. Mjr rcCmooM an to Um odfiML 

* 8m Leeitiret and Ema^B, YoL t. p. S61. 
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Geometry, like Physics, is an experimental science, in which 
objective truth can be attained, it is trae, but only by empirical 
methods. However, Lotse's ground for uncertainty about Euclid 
is o phikMopliiGsUj tenable ground, and it will be inetnictiTe to 
olMm the venous possibilitieB whieh eiise bom it 

If epnee is only a snbjeetiTe Ibnn— so Lotie opens his 
aigmnent— other beiiigs may have a diffisrent Ibrm. If this 
eoiresponds to a diflerent world, the differenee, he says, is 
uninteresting: for our world alone is relevant to any meta- 
physical discussiou. But if this different space corresponds 
to the same world which we know under the Euclidean form, 
then, in his opinion, we get a question of genuine philosophic 
interest. And here he distinguishes two cases : either the 
relations between things, which are presented to these hypo- 
thetical beings under the foim of some different space, are 
feUklUNiB whioh do not appear to us, or at any rate do not 
appear spatial ; or they are the same relations whioh appear 
to OS as Hgures in Bodidean spaoe (p. 885X The ibst possi- 
Inlilgr would be illustrated, he says, by beiogs to whom the tone 
or eolonr^nMUiifokls appeared ei[tended; but we csnnot, in his 
opinion, imagine a manifold, such as is requii^ for this case, to • 
have its dimensions homogeneous and comparable inter se, and 
therefore the contents of the various presentations constituting 
such a manifold could not be combined int^ a single content 
containing them all. But the possibility of such a combination 
is of the essence of anything worth calling a space : therefore the ' 
first of the above possibilities is unmotived and uninteresting. 
Lotss's oonolunoii on this pointy I think, is undeniable, but I 
doubt whether his aigoment is veiy eogont However, as this* 
possibility has no oomieetioD with that oontemplated by non- 
Bndidesos, it b not worth whfle to disenss it farther. 

The second possibility also, Lotze thinks, is not that of 
Metageometry, but in truth it comes nearer to it than any 
of the other possibilities discussed. If a non-Euclidean were 
at the same time a believer in the subjectivity of space, he 
would have to be an adherent of this view. Let us see more 
pssoisely what the visw is. In Book u., Chapter i., Lotze has 
aosspted the aigoment of the Transcendental Aesthetic, but 
i q j s cl s d that ol the msthsnsftiosl sntioomiies: he hasdeeided 
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that space is, as Kant believed, subjective, but possesseA neyer- | 
theless, what Kant denied it, an objective counterpart. The . 
relation of presented space to its objective counterparty aa 
oonoeived by Lotze, is rather hard to understand. It seems 
ieiraely to retemble the felation of lensation to its object — 
«. jf. of light to ether-Tflmitkiis— for if it did, qiM would aoi 
be in any peculiar MDsesobJeetiTe. It aeems rather to raaenible 
the relation of a peroeiTed bodily motioa to the slate of mind 
of the person willing the motion. However this may be, the 
objective counterpart of space is supposed to consist of certain 
immediate interactions of monads, who experience the inter- 
actions as modifications of their internal states. Such inter- , 
actions, it is plain, do not form the subject-matter of Geometry, 
whioh deals only with our resulting perceptions of apatiai figureei 
Now if Lotse'a oonstniotion of vface be ooinet, there seems 
oertsinly no resson why these resultiiig peroeptioiis should 
notk for one and the ssino intersetion between niOQsds» be 
veiy different in beings difierently oonstituted from oorselves» • 
But if they were different, saya Lotse, they woaM hstre to be 
utterly different— as diflfbrent, for example, as the interval 
between two notes is from a straight line. The possibility 
is, therefore, in his opinion, one about which we can know 
nothing, and one which must remain always a mere empty 
idea. This seems to me to go too fiur: for whatever the 
objective counterpart may be, any sigoment which gives us 
information about it must, when reversed, give us infonnstioii 
shout any posrible form of intuition in which this oounteipsft 
is presented. The sigument which Lotse hss used in his. fotmer 
^chapter, for example, deducing, from the rektivitgr of poaition, 
the merely rdstionsl nature of the objectiye counterpart, allows ' 
us, converaely, to infer, from this relational nature, the complete 
relativity of position in any possible space-intuition — unless, 
indeed, it bore a wholly deceitful relation to those interactions 
of monads which form its objective counterpart. But the ■ 
complete relativity of position, as I shall endeavour to^ establish / 
in Chapter ill., suffices to prove that our Geometry must be 
Eudidean, elliptic, ephsiical or pseudo-qphericsL We hsvew 
therefore it would ssom»ye«y oonsideiuble knowlecjgs^on I^slisiW. 
theny of spsoe^ of the msaner in which what appesn to us an 
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•pm wmH appetr to any beings with our km of thought. Wo 
oaanoi know, it Is true, what ptychologioal theory of spaos- * 

perception would apply to such beings: they might have a 
sense different from any of ours, and they might have no 
aenfie in any way resembling ours, but yet their Geometry 
would have points of resemblance to oui-s, as that of the blind 
ooincides with that of the seeing. If apaoe has a^y objective « 
counterpart whatever, in shorti and if any inference is poesiblo, 
as Lotae hokb it to be, from space to its counterpart, then a 
convene aigmnent ia also poasiblei thoiigh it may give some 
cnl/ of the qnalitiee of BncUdean spaoe^ sinoe some enly of 
these qnalitiee may be finuid to have a neoesssiy analogue in 
the eonnteipartb 

87. Admitting, then, in Lotze's sense, the subjectivity of 
apace, the above possibility does not seem so empty as he 
imagines. He discusses it brie6y, however, in order to pass 
on to what he regards as the real meaning of Metageometry. 
In this he is guilty of a mathematical mistake, which causes 
mneh imlevant roaseniog. For he believee that Ifetageometiy 
constmets its spaoea ont of straight lines and aqglee in aU 
leqpeete simiW to^ Euclid's, whence he derives an easy victory, 
in pioving that^hcce elements can lead only to the one spaoe. 
In this he has been misled by the phraseology of non-Euclideans, 
as well as by Euclid's separation of definitions and axioms. 
For the fact is, of course, that straight lines are only fully 
^defined when we add to the formal definition the axioms of 
the straight line and of parallels. Within Euclidean apace, 
EucUd'a definition suffioea to distinguish the straight line from 
all other curves ; the two aiioms loiiBRed to are then absorbed' 
into the definition of spaoe» But apart fimn the lestriotion 
to Eodidsan spaosb the definition haa to be supplemented by 
the two aadons, in older to define oompletely the Euclidean 
atraight line. Thus Lotze has misconceived the bearing of 
non-Euclidean constructions, and has simply missed the point 
in ai^guing as he does. The possibility contemplated by a ~* 
non-Euclidean, if it fell under any of Iiotse's oaaes* would &11 
imdsr the seoond case discussed above. 

08. But the bearing of Metageometqr is really, I think* 
diflbinl from aiything imagined ly Lotie; and as few writers 
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seem clear on thiH point, I will enter aomowhAt fulljr into what 
I conceive to be its purpose. 

In the first place, there are some writers — notably CliflTord— ' 
who^ being naiVe realiats as reganla space, hold that oar 
evidence is wholly insufficient, as yet, to decide as to its nature 
in the infinite or in the infinilesimal (eL Emjs, Vol h 820): 
these writen are net oonoemed with muj poenbiKt/ of bonge 
dilforant fnm oimelteok hat ampfy with the eveiTdey qpeoe we 
know, whioh they investigate in the epirit of * eheniet dieooae- 
ing whether hydrogen ie a metal, or an aatniMMner iHirinitin^g 
the nebular hypothesis. 

But these arc a minority: most, more cautious, admit that 
our space, so far as observation extends, is Euclidean, and if 
not accurately Euclidean, must be only slightly spherical or 
pscudo-sphencal. Here again, it is the space of daily life which 
is under discussion, and here further the discussion is, I think, 
independent of any philosophioal assumption aa to the natnve 
of our apacc-intuition. For even if thia be pofeljr aal^jective, 
the tranalation of an intoitioa into a oonoeptkiii ean only be 
aocompliahed approximately, within the eiraa of obaervatioii 
. ineklent to aelf-«nalysis ; and until the intuition of apaee haa 
become a conception, we get no setentifie Geometry. The 
apodeictic certainty of the axiom of parallels shrinks to an 
unmotived subjective conviction, and vanishes altogether in 
those who entertain non-Euclidean doubts. To reinforce the 
Euclidean faith, reason must now be brought to the aid of 
intuition; but reason, unfortunately, abandons us, and we are 
left to the mercy of approximate observations of stellar trianglea 
— a meagre aupport^ indeed, for the oheriahed raligioii of ear 
ohikihood. • 

80. But the poanbilitjr of aa inaeeufaogr ae al^t^ that 
our finest instruments and oar most distant pandlaiei riiow 

no trace of it, would trouble men's minds no more than the 
analogous chance of inaccuracy in the law of gravitation, were - 
it not for the philosophical import of even the slenderest pos- 
sibility in this sphere. And it is the philosophical bearing of 
Metageometry alone, I think, which constitutes its real im* 
portance. Even if, as we will snppoea Ibr the moment^ obser* 
▼ation had eatabliahed» beyond the poanbiUlgr of doubts 

8.0. f 
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our spaco might be safely regarded M Euclidean, Btill Meta- 
geometry would have shown a philosophical possibility, and 
m this ground alone it ooukl clainit I Uunk, veiy OMrljr all 
the attention which it at present denervea. 

Bat what ia this pombility f A thing is pombk^ aoooidtng 
to Bndky (Logics pb 187X iHicn it would Mum ttam a oertaln 
mmiber of conditwiMi^ aonio of whidi ara known to be nallied. 
Now the eonditMMiB to whidi a ferm of externality matt eon* 
Ibnn, in order to be affirmed, are : first, of course, that it should 
be experienced, or legitimately inferred from something ex- 
perienced; but secondly, that it should conform to certain 
logical conditions, detailed in Chapter III., which may be sum- 
med up in the relativity of position. Now what Metageometry 
has done, in any oaae, is to suggest the proof that the second 
of these conditions is fulfilled by non-EucIidcan HpaoeSi Euclid 
ie affinned, therefore, en the ground of immediato experience 
ah»e» and his truth, as onmediated by logical neoessity, is 
nefel|y assertorieal, or, if we piefer it, empirioaL This is the 
most impofftsnt sense^ it seems to me, in which non-Euclidean 
spaces are possible. They are, in short, a step in a philo- 
sophical argument, rather than in the investigation of feu;t: 
they throw light on the nature of the grounds for Euclid, rather 
than on the actual conformation of space'. This import of 
Metageometiy is denied by Lotse, on the ground that non- 
Euclidean logic is faulty, a ground which he endeavours, by 
mneh detail and through many psges^ to make good— with 
what sucoesB, we will now proceed to examine. 

Ml Lotse's attack on Metageometry— although it remains, 
00 fiur as I know, the best hostile criticism extant, and although 
its arguments have become part of the regular stock-in-trade 
of Euclidean philosophers — contains, if I am not mistaken, 
several misunderstandings due to insufficient mathematical 
knowledge of the subieok. As these miaunderstandings have- 
been widely spread among philosophen^'and cannot be easily 
xemored exci^ hym oritie who hss gone into non-fiudidesn 
Ceonetqr with some eaie, it seems desiiaUe to dtseuss Lotm's 
fltrietum point by point 

1 On Um meftning of geometrie»l poHil»ilil;f, Yamwse^ OnukUtigtt dm* 
OtooMlris (OtnMn Inuwi^iioa), pp. iI.-xUi, 
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•L The UMilhmiuilieil arilidni begins (| 181) witli » 
somewhat questlon-beggmg definitton dT panllel slraigfat linM, 

Two straight Unes oo, 6/3, aooording to this definitioii, are 




parallel when— « and h being aibitnuy points on the tiro 
lines— if aa « hp, then ab^aff, where a, ^ are two other pobts 

on tho two Btmight lines respectively. This definition — ^which 
coiittvinH Euclid'H nxiom and definition combined in a voiy 
convenient and enticing form — i» of course thoroughly suitable 
to Euclidean Geometry, and leads immediately to all the 
Euolideao propoHitions about parallels. But it is perhaps 
more honest to follow Euclid's coum; when an axiom is thus 
buried in a definition, it is apt to seem, since definitions aie 
supposed to be arbitnuy, as though the diffioul^ had been 
overcome, while in reality, the possilnlity of parallels^ as above 
defined, involves the very point in qnestion, namely, the dis- 
puted axiom of parallela For what' this axiom asserts is 
simply the existence of lines conforming to Lotze's definition. 
The deduction of the principal propositions on parallels, with 
■ - . which Lotze follows up his definition, is of course a very simple 
proceeding— « proceeding, however, in which the firsrtb step bc^ 
the question. 

M. The next aigament ibr the apncrify of Euclidean 
Geometry has, oddly enough, an exactly opposite bearings 
althottgb it is a great fiivourite with opponents of lletA- 
gemetry. Measurements of stellar triangles, and all siimlar 

attempts at an empirical determination of the space-constaat 
are, according to Lotze, beside the mark; for any observed 
departure from two right angles, or any finite annual parallax 
for distant stars, would be attributed to some new kind of 
redaction, or, as in the case of aberration, to some other physical 
cause, and never to the geometrical nature of spaoSi This is m 

7-^ 
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BtioDg aigmiMnt for the empirical validity of Euclid, but as an 
aigniMnt Cor the apodeictio certainty of the orthodox systenia it 
bM an opponte teodenoj; For obnrvtttions of the Idnd eon- 
templated would bftTO to be doe to depertoree from BueUdean 
etn^ghtnoH^ hitiMrto imkiiowii* on the port of otellar light-nyo* 
fitndi depertnie ooaM, in oertiiin oaoeo, be aoooonted Ibr 1^ a 
finite spaoe-conitant, but it eoold also, probably, be aoooanted 
for by a change in Optics, for example, by attributing refractive 
properties to the ether. Such properties could only exist if ether 
were of varying density, if (say) it were denser in the neigh- 
bourhood of any of the heavenly bodies. But such an assump- 
tion would, I believe, destroy the utility of ether for Physics ; 
n alight alteration in our Geometry, so slight as not appreciably 
to aflbot dialanoea within the Solar System^ would probably 
be in the end, therefore, ahoiild aaoh eiroia ever be diaoovered, 
m oimpler explanation than aiqr that Phyaios oonhl ofibr. Bat 
this ia not tiie point of my oontention. The point ia that, if 
the physical explanation, as Lotze holds, be possible in the 
above case, the converse must also hold : it must bo possible 
, to explain the present phenomena by supposing ether rofroctivo 
\ and space non-Euclidean. Fi*om this conclusion there is no • 
escape. If every conceivable behaviour of light-mys can be 
explained, within Euclid, by physical causes, it must also bo 
pOMible, by a Bailable choice of hypothetical phyaioal oaoaea, 
to explain the aetaal i^ienomena as belonging to a non« 
Eodidean q^ade. Such a hypolheaia would be rightly rejected 
bjr Seieno^ for the preeent, on aooount of its nnneoeaBaiy 
eompiexity. NeYertbeleaa it would remain, for philoeophy, a 
possibility to be reckoned with, and the choice could only be 
decided upon empirical grounds of simplicity. It may well 
be doubted whether, in the world we know, the phenomena 
could be attributed to a distinctly non-Euclidean space, but 
thia oonolnaiQn foUowa inentably from the oontention that no 
pbenomena could force us to assume such a space. Lotae'a 
aignment, therefore, if poahed home, diaprovea hie own view, 
and polo Budidean spaoQ, as an empirioal exphnation of phe- 
noBMna^ on a level with luminiforoaa ether*. 

* OompMv OsUaoa, ** Bur llncUiennuuUion g^om^tiiqiM ds lUaims,** Btmt 
VhBMOfMf tltO» Tsl* iisvi* pft 1W^40V« 
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OS. Loiie now proceeds (§ 132) to a detailed criticism of 
Hdmholta, wbom he regards as a typical exponent of Meta- • 
goometiy. It is possible that, at the time when he mrotab 
HeUnholta foalfy did oooapgr thii poeilioii ; Iml it i« milbrliiiMle 
^tmM, in the minde of phlloeopheiii he ahoukl still eontiniie 
to do after the rwy meterial advenoee hraoght ahoat hy 
the pi-ojootive tmtment of the eubject. It ie alee vnibrtiiiMile 
that his somewhat carol oss attempts to popularise mathematical 
results have so often been disposed of, without due attention 
to his more technical and solid contributions. Thus his ro- 
mances about Flatland and Sphereland — at best only fiiiiy-tale 
analogies of doubtful value^have been attacked as if they 
Ibnned an eawntial feature of Motageometiy, 

But to piooeed to partkmlars: Lotie iead% allons that 
the Flatlaaden would aet up Plane Geometiy» as we know tt^ 
but lefiiaea to admit that the Spherahmden oouldp without 
infenring the third dimeniikMi, net up a two-dimensional spherioal 
Qoomotry which should be free from contradictions. I will 
cndoiivour to give a free I'endoring of Lotse's aigumont on 
this point. 

Suppose, he myn, a north and south pole» N and arbi* 
tmrily fixod, and an equator J^W, Sup- 
pose a being, B, capable of impressious 
only from things on the suifoco of tho 
sphersb to move in a meridian NB3. Let ^ 
B start from some point a, and finally, 
after describing a great drele, return to 
the same point a. If o is known only by 
the (quality of the impression it makes on 
B, B may imagine he has not reached the same point a, but 
another similar point a\ bearing a relation to a similar to that 
of the octave in singing : he might even not arrange his im- 
. pressions spatially at alL In order that this may occur, we 
require the further assumptiony that eveiy difference in the 
above-mentioned feelings (as he describes the meridisa) nu^ 
he pPBSo nted as a spatial distsnoe between two plaosa. Even 
now, B may think he is describing a Euclidean straight line, 
containing similar points at certain intervals. Allowing, how- 
ever, that he realises the identity of a with his initial positiong, 
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Im will now seem, by motion in a steight line, to have returned 
to the point from which he started, for his motioa eaonot^ 
\ without the third dimension, seem to him other than rectjlineer- 
Up to this point, tiiere seems little ground for objection, 
exoept, perhaps, to the idee of a straight line with periodical 
similar poiuta — if B were as philosophical as, in these dis- 
cussions, we usually suppose him to be, he would probably 
object to this interpretation of his experiences, on the ground 
that it regards empty space as something independent of the 
objects in it. It is worth pointing out, also, that B would 
not need to describe the whole circle, in order suddenly to 
find himself home again with his old friends. Accurate mca- 
smemento of small triangles would snffice to determine his 
space-constant, and show him the length of a great drele (or 
stn^gfat line, as he wodd call it). We must admits also^ that 
so hypothetical a being as S might form no spaoe-intuitibn at 
all, but as he ii introduced solely for the purposes of the 
analogy, it is convenient to allow him all possible qualifications 
for his post But these points do not touch the kernel of the 
ai^imcnt, which lies in the statement that such a stmight 
lino, rotuniing into itself after a finite time, would appear to 
2? OS an " unendurable contradiction,'* and thus force him, for 
logical though not for sensational purposes, into the assumption 
of a third dimension. This assortioa seems to me quite un* 
wananted: the whole of Metageometiy is a solid array in 
disproof of il Helmholtd's aigument is, it must be remem- 
bered, only an analogy, and the contradiction would exist only 
for a Euclidean. A complete Mr^-dimensional Geometiy has, 
we have seen in Chapter I., been developed on the assumption 
that straight lines are of finite length. A constant value for 
the measure of curvature, as our discussion of Biemann showed, 
inyoWes neither reference to the fourth dimension, nor any 
kmd of internal contradiction. This fact disprores Lotze's 
eontentioD, whidi arises solely from inability to divest his 
imsginttittn of BnolidDan fdeas. 

Lotss next attaeks Hehnholta for the assertion that S would 
know nothing of parallel lines — parallel itraight lines, as the 
context shows, he meant to say^ Lotze, however, takes him 
> ToMsi OBd BmUb, YiO. n. p. 0: "BHiOltto LioiM wftidn dto 
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BH meaning, apparently, mere curves of constant distance from 
a given straight line, which arc part of the regular stock-in- 
tiude of Metageometry. Parallels of latitude, in the geographical 
sense, would not — with the exception of the equator — appear to 
B as stn^ght lines, but as circles. Oreat circles he would call 
straight, and this fiict seems to have misled Lotie into thinking 
all circles were to be trciitcd as straight linM, ParaUob of 
laftitadoi thimlhtet tliiN^ B n^ght oall tiiem paiaUoli^ would 
not involkbte Hehnholta'fl conteDlioii* whidi appUm only to 
■tnighi linoa. 

The argument that auoli small etrdea would be paiallel, 

which we have just disposed of, is only the preface to another 
proof that B would need a third dimension. Let us call two 
of these parallels of latitude U and and let them be equi- 
distant from the equator, one in the northern, one in the southern 
hemisphere. Consecutive tangent planes, along these parallels, 
convet^, in the one caae norUiwards, in the other aouthwardsi 
Either B could become aware of their difference, my9 Lotae, 
or ho oould not In the former ease, which he ic^gaida aa the 
more probable^ ho oaaily pmvea that B would inliBr a third di- 
monaion* But thia altomativo iii> I thuik« wholly inadmiasibia 
Tangent planes, Uke Euclidean plauea in geneml, would have 
no meaning to B ; uidcss, indeed, he were a metageometriciaii, 
which, with all his metaphysical and mathematical subtlety, the 
argument supposes him not to be — and to such a supposition 
Lotze, surely, is the last person who has a right to okyect. 
Lotze's attempted proof that this ia the lijght alteniative resto, 
if I undentand him aright^ on a sheer error inoidinaiy apheiical 
Qeometiy. B would obaerve, he eaya^ that the meridiana made 
amaller aqglea with his path towaida the nearer than towaida 
the ihrther piJe— aa a matter of iaet, they would be simply 
perpendicular to his path in both directions. What Lotze 
means is, perhaps, that all the meridians would meet sooner 
in one direction than in the otheri and this, of course, is true. 

Bewohner der Kugel gar oioht kennen. Sia wiirden behMpten, d«u jede 
boUebige swei geradett$ Linko, gehdrig Terlingait, ii«h •ohlicMlioh nieht but 
la dafoii soaiKB la suit PaakHB ■dimWi mMmkmJ* (Xhs ttsKas aas 
siiaa.) lbs oaiHloa of la sadi ihoMs Is a Asianl Wlr «f 
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But the poles, in which the meridians meet, would appear to 
B as the oentras ol the respective parallels, while the parallels 
theniMlw would appear to be eiroles. Now I am at a lose to 
■06 wlittt diffioalty would uitB, to ii^ in mppooi^g two diffieiont 
ciiolea to havo dlffnmit oentras*. Wo muat^ tbeioldiob take 
tlw lint altematm^ that B would have no aori of knowledge 
aa to the direction in wbieh the tangent planes converged 
Here Lotze attempts, if I have not misunderstood him, to prove 
a reducHo ad ahsurdum: B would think, he Hays, that he wa8 
describing two paths wholly the same in direction, and then 
be might regard both patha aa circles in a pkna It may be 
obaerved that direction, when applied to a oirdo aa a whole, 
IB mwmtngieaa; indeed direotion, in all Metagoometrjrt oan oniy 
mean, oven wkon applied to eteaighi linear diveotion towavda 
n point To speak of two lineSi wluoh do not meel^ aa having 
tho aamo diioetkNi, it a auiroplitioua introdnetion of the axiein 

of parallels. Apart from this, I cannot conceive any objection, 
on Bb part, to such a view — one should say must, not might. 
The whole argumentation, therefore, unless its obscurity has 
led me astray, must be pronounced fruitless and inconclusive. 

M. After tbia preliminary discussion of Sphoroland, Lotab 
pmeeda to the quealion pf a fourth dimenaion, and thenoe to 
iphenoal and paeiido-apheHbal apaoe. Aa before, he appean to 
loiow only the more oarelesa and popular utteianoea of Helm- . 
holta and Riemann, and to htWe taken no trouble to undevstand 
even the foundations of mathematical Metageometry. By this 
neglect, much of what he says is rendered wholly worthless. 
To begin with, he regards, as the pui*poso of Helmholtz's fairy 
tale, the suggestion of a possible fourth dimension, whereas 
the veal purpose was quite the opposite— to make intelligible 
n purdy three-dimensional non*Suclidean space. Helmholtz 
introdaoed Flatkuid only beoanae ita relation to Sphereknd 
ii anakgoaa to tho relation of ooia to apherioal apaoe*. But 

> II has been laggectod to me that LotM regmrdi the meridiaos m projected 
«■ to a piAae, m la s map. If this be ao, ihmn ia an oMoaa^ illagitimata 
iaMaaltai ef fht thM 4iBNBaloa. 

• Tl^ is fMfii Ir BiliBbate*k MBiik al llM iaa «f a dataiM aMmpt la 
BHba apharieal aai fWiia lihiitoal ipaaas ina^iiahla (La. p. 38)! "Andara 
111 ia ail daa dial fWaaaalniiwi daa Baomaa. Da alia oosere Mittal sinnltoher 
AaateMB^ Ml aor'aaf siaaa Baan foa diai Ptmaaakwian a tate aakaa, oad 
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Lotie my9: The Flatbndm wovkl find no difliculty in a third 
diniensioQ, since it would in no way contradict their own 
Geometiy, while the people in Sphereland, iix>m the contra- 
dictions in their two-dimensional system, would already have 
been led to it. The latter contention I have already tried to 
answer; the former has an odd sound, in view o£ the attempt^ 
ft few pi^pBB ktsTy to pnm d priori that all iamm of mtnitMi^ 
in anj wiy anakgous to ipooe^ mmi have three dimuMMiMt. 
One cannot help aospeotiqg that the Flatlandon^ with two 
instead of three dinMiMMMii^ wouM make a amilar attend 
But to return to Lotee'e aigument: Neither analogy can he 
used, he says, to prove that we ought perhaps to set up a 
fourth dimension, since, for us, no contradictions or otherwise 
inexplicable phenomena exist. The only people, so far as I 
know, who have used this analogy, are Dr Abbot and a few 
Spiritualists — the former in joke, the latter to explain certain 
phenomena more simply explained, perhaps, by Maskelyne and 
Cooke. But although Lotze's conclusion in this matter is 
sound, and one with which Helmholti might have agreed, hia 
aigaments» to my mindt ere imlerent end aneonnndi^ 
There is this diibrenes^ he my% between us end the Sphere* 
londera: the letter were kgicelly foreod to a new dimension, 
and found it po»siblo ; wo aro not forced to it, and find it, in 
our space, impossible. I have contended that, on the contrary, 
nothing would force the Spherelanders to assume a third dimen- 
sion, while they would find it impossible exactly as we find a 
fourth impossible^ — not logically, that is to say, but only as 
a prcsenti^ eonstruction in given spaoe. 

After a somewhat elephantine pieoe of humour, about 
soeiaUstio whales in a foumtimeneional sea of FounMs snti 
sttonj^ Lotee prooeede to a preo( by logic, that eireij tan of 
intuition, whidi embraoes .the whole system of cfdered rdatione 
■ of a coexisting manifold, must have three dimensions;. One 
might object, on d priori grounds, to any such attempt: 
what belongs to pure intuition could hardly, one would haTo 

Jiiftorti DIsMBitoa aWit Um Sias AMadtw^ tea V t rinafl i B M B b ips ina 

ktfriMrikhiB Orgftnintion in dcr absolslin VamH^UhUk, MS siss An* 
MlMNBi^pnNiM fisar vMm Duaiarioa taamMmT 
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thought, he cletttiiiiMd hy A primi reaioning'. I will moi, 
hovrmr, develop thi* aigumenl heie, hot endemroar to point 
€mt, as fiu" A8 its obscurity will allow, the particular fiillacy of 
the proof in question. 

Lotze's argument is as follows. In this discussion, though 
our terminology is necessarily taken from Rpace, we are really 
CODoemed ¥rith a much more general conception. We assume, 
in Older to preserve the honMjgeneitjr of d^ensions, that the 
dtflferenoe (diitanoe) between any two elements (points) of our 
manifold— to boimr Bienuam's word— is of the Mune kind asi 
end oommensoimble with, the diffiavnoe between any other 
tivo ekmentft Let na take n aeriea of elementa at anooeasiTe 
dialancaa • audi thai the diataaee between any two ia the anm 
ef the dislanoea between intof mediate elemental Sim4i a aonos 
eorresponds to a straight line, which is taken as the or-axis. 
Then a seriea OF is called perpendicuhir to the ^c-axis OX, 



r 




when the distances of any element y, on OY, from + and 
~-Tnx are equal. By our hypothesis, these distances are com- 
parable with, and qualitatively similar to, x and y. So long 
as OF is defined only by relation to OX, it is conceptually 
unique. But now let us suppose the same relation as that 
between OX and OT9 to be possible between OF and a new 
•ariaa OZ; we then get a thiid aeriea 0^, peipendioular to OY, 
•and Bgm oonoeptnally nnique^ ao long aa it la defined by 
niation to OY ahmei We might proceed, in the aame wi^» 
Id a fenrth Uae or perpendieukHT to OJR Bat it is neeeaaaiy, 
Ibr our purposes, that OZ should be perpendicular to OX as 
well as OF. Without this condition, OZ might extend into 
* PL OMWiiB, AMdihnimgitohft von 180. tod JMtticB, 9, niii. 
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anoiher world, and have no coiToqionding relation to OX — this 
in a poflribility onfy oxolndod by our unavddftble spatial imageiL • 
Al this point oomM the emx of tho Aigament Thai OM, my 
Lolae, whkli, bosidoi being perpendiealar to 0F» it alee parpen- 
dienbur to OX, rnuat be among the aeries of OT^b, Ibr these 
were defined only by pcrpendicuhuitjr to OX. Hmu$, he eon- 
eludes, there can only be even a third dimension if OZ coincides 
with one, and — as soon as OX is considered fixed — with on/y 
one, of the many members of the OY series. 

In this argument it is difficult — to me at any rate—to see 
any furco at all. The only way I can account for it ib, to 
iuppoHC that Lotzo has neglected tho possibility of any but 
sii^e iniinitieflp On this interpretation, the ailment might 
be slated thus: There is an infinite series of oonlinnonsly 
varying OFs; to the oommon proper ty of theie, we add another 
property, whieh will divide their total number by infinity. The 
remaining OZ, therefore, must be uniquely detemimed. The 
same form of argument, however, would prove that two surfaces 
can only cut one another in a single point, and numberless 
other absui-ditics. The fact is, that infinities may bo of different 
ordciu For cxaniplo, tho number of points in a line may be 
taken as a single infinity, and so may the number of lines 
in a plane through any point; hence, by multiplieation, the 
number of points in a plane is a doable infinity, «e^ and if we 
divide this number by a single infinity, we get slill an infinite 
number left. Thus Lotie's ai^iment assumes what he has 
to prove, that the number of lines perpendicular to a given 
line, through any point, is a single infinity, which is equivalent 
to the axiom of three dimensions. The whole passage is so 
obscui-e, that its meaning may have esctiped me. It is obvious 
d priori, however, as I pointed out in the beginning, that any 
proof of the axiom must be fidlaoious somewhere, and the abov» 
interpretAtion of the aigument is the only one I have been 
able to find. 

M. Tho rest of the Ohapter is devoted to an attaek on 

spherioal and pseudo-spherical space, on the ground that thegr 

interfere with the homogeneity of the three dimensions, and 
with the similarity of all pai-ts of space. This is simply. fiUse. 
Such spaces, like the surfiBMse of a sphere, an exact^ aliko 
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Ibroughoalb LoIm ihawa, here end eleewhev^* tlia* h» hee 
iio4 teken tlie peine to find mk% whe* Metageometiy ree% m. 
I hold myself, and hare tried to prove hi this Esny, the* 

^ Congruence ia an d priori axiom, without which Qeometxy 
would he impoflsihle; but the wish to uphold this axiom is, 
a8 Lotze ought to have known, the pi^iso motive which led 
Metageometry to limit itself to spaces of constant measure 
of curvature. We see here the importance of distinguishing 
between Hehnholts the philosopher end Helmholtz the mathe- 
metiden. Though the philoeopher wiehed to dispense with 
OongnMDoe^ the methematieienf ae we brw in Chapter L, 
retehied and atrangly emphaeiaed il A little later Lotae 
shows, again, how he has been misled by the unlortunate 
analogy of Spherehmd. A spherical turjkoe, he says, he can 
understand ; but how are we to pass from this to a spherieal 
space ? Either this surface is the whole of our space, as in 
Sphereland, or it generates space by a gradually growing radius. 
Such concentric spheres, as Lotze triumphantly points out, of 
course generate Euclidean space. HiH disjunction, however, is 
utterly and entirely false, and could never have been suggested 
by any one with even a superficial knowledge of Metageometry. 
This point is less laboured than the former, which, in all ite 
nakednea^ ia thoa ve-atated in the last sentence of the Chapter; 
*I eennot penoade mynlf that one oould, withoat the ekmente 
of homogeneous space, even fimn or define the presentation of 
heterogeneoos epaeee, or of each aa had tariaVIe measurea of 
curvature." As though such spaces were ever set up by non- 
Euclidean mathematics f 

In conclusion, Lotze expresses a hope that Philosophy, on 
this point, will not allow itself to be imposed upon by Mathe- 
matics. I must, instead, rejoice that Mathematics has not been 
imposed upon by Philosophy, but has developed freely an 
Important and self-consistent syatem, which deserves, for its 
anhtie analyaia into k^gieal and fiustual elements, the gratitude 
afaU who aeek Ibra phOoaophj of apnea 

ML The eljeotiotta to non-EoeUdeaa Qeonietiy wUeh hafo 
jwl been diiooMd fiill under fimr heada: 

L Non-Euclidean spaces are not homogeneous; Meta- 
geometiy therelbre unduly reifies space. 
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IL They involve a refei-euce to a fourth dimension. 

ITT. They cannot be set up without an implicit referenoe 
to Euclidean space, or to the Euclidean atraight Une^ on which 
iliey are therelbre dependent. 

IV. They are self-contFadictory in oie or more ways. 

The reader who has ibUaired me in regarding thme fiMir objeo- 
tUNMiMfiUlafiioiii^inU hftftiiodiflkmltyindiqpoai^ofaayollier 
eritie of M«tegeoaietty, m thm are the col/ malhemaAieMl 
Mgmnenti^ao fiur m I know^evor uiged agatml non-Endidetns** 
The logieel intliditj ef Ifetageometry, and the methemeticel 
possibility of three-dimensional non-Euclidean spaces, will there- 
fore be regarded, throughout the remainder of the work, as 
sufficiently established 

97. Two other objections may, indeed, be ui^ged against 
Metogeomctry, but theso arc rather of a philosophical Uian of 
A* Strictly mathematical import. The first of these, which has 
been made the base of operations by Delbceuf, appliea equal!/ 
to all non-Euelidean ipaoes. The leeond, which haa not^ ao fiur 
aa I know, been much emplojed, bat jet eeema to me lieanrving 
of notioe^ bean diieotly agamat apaeea of poeitive enmtuve 
alone; bat if it conld diaoradit the a e ^ it m^t throw doubt on 
the method by which all alike aie obtained. ThetwoobjectionB 
are: 

I. Space must be such as to allow of similarity, t.e. of the 
increase or diminution, in a constant ratio, of all the lines in a 
Agure, without change of angles; whereas in non-Euclid, linc^ 
like angles, have absolute magnitude. 

U. Space muat be infinite, whereaa aj^Mtieal and elliptie 
spaces are finite. 

I wiU diaenee the fiiat oineetion in comieoticn with Belbcsufa 
artidea refeifed to abore. The aeoon^ which haa not^ to 
knowledge, been wklely need in eritidem, will be better deftned 
. to (Aiqpter in. 

■ See espeoUIljr SteOo^ Owwipls of Motea Fhjiloe, Intematioiua SeienM 
Seriea, VoL mx. Obapi. zm. and xxr.; BenooTier, "Pbiloiopbie d« k et 
da com pas," Aim^e Fhiloeophiqiie, n.; Delbonif, "Ti'inniiii ft ks mommttm 
Otem^thet," BsTM PhOoiophi^Mb Yoli. nm-smi. 
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D^lbCBUf. 

981 M. MbcBttft four articles in the Revue Philoeophiqae 
oontein rnnoh nwtter that has ahnead/ been dealt with in the 
cfitioMii of and mnoh that is inrslewit fo our pw s on t 
puiposa. The only point, whioh I wish to disouss hovob is tiio 
quefltioD of aboolute mAgnitudo, as it is ealled^the question, 
that 18, whether the possibility of similar but unequal geometri- 
cal figures can be known d prioriK 

In discussing this question, it is important, to begin with, to 
distinguish clearly the sense in which absolute magnitude %» 
required in non-Euclidean Qometiy, from another sense, in 
which it would be absurd to ngud an^ magnitado as absolute. 
^ Jofl^guMiits of nu^tude osn only result from comparison, and 
{ if Metageometiy required mi^itudes which could be detor^ 
mined without oomparisou, it would oertainly deserve condom- 
nation. But this is not required. All we require is, that it 
shall be impossible, while the rest of space is unaffected, to alter 
the magnitude of any figure, as compared with other figui^, 
while leaving the relative internal magnitudes of its parts 
unchanged. This oonstmotion, which is possible in Euclid, is 
impossible in MetageometiT; We have to discuss whether such 
ua impossibility rendem nou-Euolideaii qiacea Icgioally fitulty. 

IL DelboMirs position on this aadom— whidi he calki the 
postulale of homogeneity*— is, that all Qeometiy most presup- 
pose it, and that Metageometry, consequently, though logically 
sound, is logically subsequent to Euclid, and can only make its 
constructions within a Euclidean "homogeneous" space (Rev. 
PhiL Vol. xxxviL, pp. 380-1). He would appear to think, 
nevertheless, that homogeneity (in his sense) is learnt from 
expeiisnoe^ though on this point he is not very explicit (See 
Vol ZZXTIIL, pi 188.) Nodpribpiproo(ataayrate,isoffi9red 



fi/'^x * U, DeUMBof dflMTTM credit for hanng baaed Eaolid, already in 18G0, in 
^^^^^"^ MiTitdlgMBtass PhOoMpliiqiMf cU la GtanAtii^" on Uus axiom--e6rtain]/ 
in^.v^ atmartiriibStiiilslghtrthsaUiSMbsisepswJMs. 

^ wbkib. I havt mtd Um wocd. la Mbwafk siBiSt it ntsaf that flsans wmj be 
similar thoogh of diffonot aiMai in mj mim it mmnit that fignraa maj ba 
•imilar thoogh ia M§mmA |laoia. Ihk ptofstty d apa^t is sriled ly Dalbcwrf 
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in hit tttkleft Ab m mbH of experienoe, vmrf cm woald 
admit, nmilarity is known to be poeiible within the Hmitt of 

observation; but the fact that this possibility extends to 
Ordnance mapn, which deal with a spherical 8ur£Etce, should 
make us chary of inferring, from such a datum, the certainty 
of Euclid for largo spaces. Moreover if homogeneity be empiri- 
ofti, Motogeometry, whkh dispenses with it» is not n e oa a wuttiy 
in logieal dependence uptm Bnelkl. since homogmmltj and 
iMgenoi^ 010 UgwMjf separable. I shall aanuM^ llMiofiMO» 
as the only oonlention which can be interesting to our sign* 
msnt^ thai homogensitgr is ngaided as dpriori^mad as hgkiOj 
e s wntia l to Oeometoy* 

99. Now we saw, in disoussing Erdmsnn's yn&mn of liie 
judgment of quantity, that in non-Euclidean space, as in 
Euclidean, a change of all spatial magnitudes, in the same 
ratio, would bo no change at all ; the ratios of all magnitudes 
to the space-constant would be unchanged, and the space- 
ooostant, as the ultimate standard of compariaon» cannot, in 
any intelligible sense, be said to have ai^ particular msgnitude. 
The absolute magnitudes of Jietageometry, iken§an, are absdute 
only as against any other paHkidar nu^tudsb not as i^gatnst 
other magnitudes in general If this were not the case, the 
eomparatiye nature of the judgment of magnitude would 
be contradicted, and metrical Metagoomctry would become 
absurd. But as it is, the difference from Euclid consists only 
in this: that in Metagoomctry we have, while in Euclid we 
have not, a standard of comparison involved in the nature 
of our space as a whole, which we call the space-constant. 
We have to discuss whether the assertion of such a standard 
iuTolTes an undue reification of space. 

I do not believe that this is the case. For an undne reifi- 
cation of spsoe would onfy aiissb if we were no longer aUe to 
r^;ard position as whoUyielaftiTe, and as geometrically defi^^ i 
only by departure from other positions. But the relativity of ' 
position, as we have abundantly seen, is preserved by all spaces 
of constant curvature — in all of these, positions can only be 
defined, geometricAlly, by relationa to fresh positions'. This 
series of definitions may lead to an infinite regrem^ but it migr 
I For a fSII yieof ef lUs rnssiilioB» MsOhss^ in* 
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aiMb M in BpherioJ space, fom a tkimu fnrd§, and vetutn 
again to tiie poation from which it itarted. No reifioation of 

space, no independent existenoe of mere relationa, seems involved 
in such a procedure. The whole of Metageometry, in short, is a 
proof that the relativity of position is compatible with absolute 
magnitude, in the only sense required by non-Euclidean spaces. 
We must conclude, therefore, that there is nothing incompatible, 
in a denial of homogeneity (in Delboeufa aenae), either with the 
relational nature of space, or with the comparatiYe nature of 
mi^itudei This last djwimolgaetMn to Metag6omeli7,thfire- 
§on» cannot be maintained, and the iarae must be dedded on 
empirical gnnmda alonot 

lOOt Tlie fimndationa of Geometiy have been the tubjeet of 
much recent speculation in France, and this seems to demand 
some notice. But in spite of the splendid work which the 
French have done on the allied question of number and 
continuous quantity, I cannot persuade myself that they have 
succeeded in greatly advancing the subject of geometiical 
philosophy. The chief writers have been, from the mathe- 
matical aide, Califum and Fwneard, from the phiioaophioal, 
Rmoiwfkr and DMcn^i aa a mediator between mathematics 
and pluloaophy, LtMUu, 

OMwut in an Inteteating article on the geometrical tn- 
determinateness of the universe, maintains that any Geometry 
may be applied to the actual world by a suitable hypothesis as 
to the course of light-rays. For the earth only is known to iis 
otherwise than by Optics, and the earth is an infinitesimal part 
of the oniferae. This line of argument has been aheady diseuased 
in connecfeioa with Lotae» but Galinon adds a new sv^ggesyon, 
that tiw apace-conatant may poriiapa wy with the time. Thia 
would invetve a canaal ooimeotion between space and othmr 
things, whicli aaema hardly conceivable, and which, if regarded as 
poasible, mnat aorely destroy Geometry, since Geometry depends 
throughout on the irrelevance of Causation \ Moreover, in 
all operations of measurement, some time is spent; unless 
we knew that space was unchanging throughout the opera- 
tion, it is hard to see how our results could be trustworthy, 
and how, oonseqacntly, a oha^ge in the paiameter oouki be 
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discovered. The mane diffioaltiea woukl iiriae^ in &et|M thme 
which nmlt firom tupposi^g spaoe not honiogeneoo& 

FoimfaH nMtntains thi^ the queetion, whether Enelid or 
lietegeome ta y ehoukl be aooepfeed, ie one of convenienee and 
oonTention, not of truth; axiome tune definitiont in disguise, and 
the choice between definitions is arbitraiy. This view has been 
discussed in Chapter I., in connection with Gayley's theory of 
distance, on which it depends. 

LechaUu is a philosophical disciple of Calinon. He is a 
rationalist of the pve-Kantian type, but a believer in the 
validity of Metageometiy. He hokU that Qeometiy can dia> 
penae with all purely spatial poatnlateii^ and work with aiionui 
of magnitude akm»\ whieh> in his opinion, are purely analytic; 
The principle of cootradicUon, to him, is the sole and only teat 
of truth ; we make long chains of reasoning from our premisses 
to see if contradictions will emerge. It might be objected that 
this view, tliough it saves general Geometry fix)m being logically 
empirical, leaves it only empirically logical ; this must, in fact, 
be the &te of every piece of d priori knowledge, if M. Leehahtt's 
weretheonly test of troth. However, he oondndea that general 
Qeometiy is apodeietio^ while the space of our aetual woridt like 
all other phenomena^ ia contingent 

Delbon^ criticizes non-Euclidean space from an ultra-realist 
standpoint: he holds that real space is neither homogeneous 
nor isogeneous, but that conceived space, as absti-acted from real 
space, has both these propertietti He offers no justification for 
hie real apace, which seems to be maintained in the spirit of 
naive realism, nor doee heahow how he haa acquired his intimate 
knowledge of ita conatitation*. Hia aigomenta i^^ainafe Helft- 
geometiy, in ao aa they are not repetituma of Lolie^ have 
been difloiUBed above. 

Renouvier, finally, is a pure Kantian, of the most orthodos 
' type. His views as to the importance, for Qeometiy, of the 
distinction between ^thetic and analytic ju4gmentfl^ have 



> Vmt a sriliataB of llrft vimr, no ilis tlovt itanmoa* on Bamuui awi 
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been cBeeueeed, in ooAneetkn with Keat^ al the beginmng of 
the preeeni Chapler*. 

Id. Before b^fimiing the eonstroetiTe argument ef th« • 

next Chapter, let us endeavour briefly to sum up the theories 
which have been polemically advocated throughout the criticisms 
' we have just concluded. We agreed to accept, with Kant, neces- 
atjr for Bay poesihle ezperienoe as the test of the d priori, but « 

' Th« Ifdlawiiig ia ft Usi of the most imp<»:t«nt reoeni f renoh philotophiotl 
Aadnde: ** Ltt Isms otpflriMitalii islsftentflrietiMttitaiiM'*} Bav.PUL 

■ -lewi ii*f tai i8n« !• 

BoBiMl: ««IiM hypothAMt du» U gteniMs**; atMSUm-YttkM, Vm. 
VAM d« BrogUa: "La gloMHris sea tsdidlMmSi'' tw irtMss » AnMks dt 

Phil Chr^t. 1890. 

Xyiaoa: **Le« espaoea g^om^tiiqaea ; KeT. Phil. 1889, i., and 1891, n. 

** Bur rindtfterminAtion gfom^lriqae de raniyera ** ; ib. 1808, n. 
Costant : "L'Aim^e FhUotophiqae de F. PUion/' BeT. d« MM. el de Morale. 

Jw.iMe. 

Mt sor Is ftaiM aoB-MdidlaBat «l k NtolifM 
ft., M»j, 1898. 

£:iadei aar reapMM ei le tempe," ib. Sep. 1896. 
JMbcraf: "L'aiMiflBBt el les aiNifeUes ffamtftries,'* ioor artifliei; Bm. PhiL 

1898—6. 

Leohalaa : La gtom^trie gfoirale " ; Grit. Phil. 1889. 

Le g6om6trie gin^nle el lea Jvgameala ajnthMiqaee 4 priori** and 
«*liSB tsui fsp^hnestelee de Is itottilris''i B«r. SliiL Uge. n. 
••K.lMlbeiQfekLeprobUBwdesMoadiiMnMsUii'': iKUtd,!. 
"Note Biir la g^m^trie bob eseltdfaaas il Is prissipe de liBllltads**! 
fiev. de U4t et de Morale, March, 1898. 

**Ls ooorbue el k distance en g^omltrie ffininU"} ib„ Manh, 
1896. 

La gfom^trie efalnls si llSlailion ** ; Anaaks de Phil. Ohi^t , 1890. 
•«Mssarl<iM9ssssllslssVS*'i Psriib A]osa,lB06» 
Uiii: "I>ead«finitioa8itoaalld4aneldisdd<BitaBMspMqQes,*Me^ 
Parii, Aloan. 1888. 

MsaeioQ : "Premiere prindpee de la m^tagtom^trie"; two articles in Ber. ^ 
l^^BchoIastiqae, 1896. Separately published, Gaathier-ViUars, 1896. 
■ Milh a nd t **L« gtomdtrie aoa-eacUdienne et la tbtorie de la eonnaiieanee**! 

Bsf . mL 1888» I. 
MsMli "Msa^lMMha OsQSNlqr'*! Hilsn^ ToL wu^^ 1881-4. 

«IiFtapsis il te eioaMs"; Bsv. is Hit si dt IMib 11^. 188^ 
*• B«ponee i qoelqaee eritiqoes,** ta. 1897. 
Basovieri «« Philoeophie de la r^gle el da sasq^**| Cdk ML, 1888, sad 

L*Ann^ Phil., n»» ann^ 1891. 
Boiel t *' Bar la gtom6trie Boa^ooUdienne ** ; Ber. Phil., 1891, i. 
Tw a wy t **Tliterie de la oonnaiaNUMe math^matiqae'*; Ber. Phil., 1894, n. 
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we rofuBcd, for the present, to ditcuaeT the coDDection of the 
A priori with Uie sul^eotive, r^gpuniing the purely logical test 
• M mffioieot for our immediate purpose. We also refused to 
tttMsb importMioe to the dktnictkNa oC Mialjtie and ayntheticb 
mot it aeemed to apply.iiot to difftrant jwlgiiieiiti^lNit onlf t» 
dtfiiBNiit aapeeU of any judgment 

We then dieemwd Raemaim'a attempt to identiQf the 
empirieal element in Geometry with the element not de- 
ducible finom ideas of magnitude, and we decided that this 
identification was due to a confusion as to the nature of magni- 
tude. For judgments of magnitude* we said, require always / 
some qualitative basis, which is not quantitatively expressible. 

pramppoeee Geometiy, though space preeoppoeee matter; but 
that the matter whidi space preeuppoeee, and to whksh Oeometij 
indireetly lel^ is amore abatraet matter than that of Medianiei^ 

a matter destitute of force and of causal attributes, and possessed 
only of the purely spatial attributes required for the possibility 
of spatial figures. But we conceded that Geometry, when applied 
to mixed mathematics or to daily life, demands more than this, 
demands, in fact, some means of discovering, in the more concrete 
matter of Mechanics, either a rigid body, or a body whose do- 
parture from rigidity follows some empiiically disooVetaUe kw. 
Aetual measorement^ thersfora» we agreed to regard as «b»- 
pirioal. 

Our oondusions, as regards the empirieism of Biemann and 

Helmholtz, were reinfoixied by a criticism of Erdmann. We then 
had an opposite task to perform, in defending Metageometiy 
against Lotze. Here we saw that there ai'e two senses in which 
Metageometry is possible. The firet concerns our actual space, 
and asserts that it may have a veiy small space-constant ; the 
ssoond concerns philosophical theories of space, and asMrts A 
. ' purely logical possibility, whioh leaves the deoision to eipen- 
enoe. We saw also that Lotie's mathematical strictures arasn 
fimm insufficient knowleclge of the snljeot^ and eouU all hn* 
lefhted by a better aequaintanoe with Metageometry. 

Finally, we discussed the question of absolute magnitude, i 
and found in it no logical obstacle to non-Euclidean spacetiL 
Our conclusioD, then, in so £Mr as we are as yet entitled to a 



Digiiized by Google 



lie 



iouni4tiaim or ammmr. 



conciaMWi , w Huit all aptow with a tpaoe-oonatMit an d |>riDr» 
ju8tifiaU0b mmI tliai the deeukm hetween tham must be the 
wofk of ezperienoe. Spaces withoiit a spaoe-oonstant, on 

the other hand, spaces, that is, which are not homogeneous 
througfaont, we found logically unsound and impossible to know, 
and therefore to be condemned d priori. The constmctive 
pfoof of this thesis will form the aigument of the foUowing « 
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•mUmi a. 

t 

THE AXIOM8 OF rBOJECTlVE OEOMKTRY. 

Id PBOinmVB Gkmnetiy proper, m we bmt in Cluqiler 
does not employ the oonoeptton of magnitude, and does noli 

therefore, require those axioms which, in the systems of the 
second or metrical period, were required solely to render possible 
the application of magnitude to space. But we saw, also, that 
Cayley's reduction of metrical to projective properties was 
purely technical and philoaophically iirelevank Now it is in 
motrioal properties alone — a\y\ri from the exoeptioo to the 
axiom of tho atraight line, whioh itaolf, however, prefmppoiee 
metrical propertiea'— that non-Eudidean and Eudidoan apaeee 
difo. The propordea dealt with by projective Qeometiy, 
therefore, in' so far as these are obtained without tiie nae of 
iinaginaries, are properties common to all spaces. Finally, the 
differences which appear between the Geometries of different 
spaces of the same curvature — e,g. between the Geometries of 
the plane and the cylinder — are differencee in projective pro- 
perties*. Thus the necessity which arises, in metrical Qeonieli7» 
for further qualificationa beaidea those of eonetant eiirvatai% 
diaappeam when our general space is defined bgr pvanAy pro- 
jeetive propertiea . 

10& We have good gix>und for expecting, therefiite, that 
the axioms of projective Geometry will be the simplest and 
most complete expression of the indispen8iU>le requisites of 

* Soo luftm, Axiom of Diatanoo, la 8m. el thfai Ohnpter. 

* Thui on a oyliudor, two KoodMios, f.g, a generator «nd a helix, uiaj iMfs 
ugr nombtr ot intonsotioM— a my impoiUui diflervooo (roiu tbt pUMi 
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any geomotrical reasoning: and this expectation, I hope, will 
not be disappointed. Projective Geometry, in so £eu: as it 
dei^B odIj with Ihe properties common to ail space8» will be 
Ibond, if I am not mistaken, to be wholly d priori, to take 
nothinig finm eiperienoe^ and to have, like Arithmetic, a creatue 
of the pme iafeelleot for ita olgeet. If thia be ao^ it ia that 
hnneh of DoatheflMtica which Qniewnann» in hia Antitl^ ' 
tm^wMfv of 1844, Iblt to be poanU^ aad endeavoaied, in m 
brilliant fiulure, to construct without any appeal to the apace of 
intuition. 

104. But unfortunately, the task of discovering the axioms 
of projective Geometry is far from easy. They have, as yet, 
found no Kiemann or Heimholti to formulate them philo- • 
aophically. Many geometers have constructed systems, which 
thegr intended to be^ and whiohi with suflteient care in interpre- 
tation! leally are, fiee ftom metrical preanppositiomL But 
theae pteauppoeitioiia are so rooted in all the elements - 
of Geometi7» that the task of eliminating them demanda a 
rsconstraetfan of the whole geometrical edifice. Thus Euclid, 
for example, deals, from the start, with spatial equality — ho 
employs the circle, which is ncceHsarily defined by means of 
equality, and he bases all his lattr propositions on the con- 
gruence of triangles an discussed in Book I.* Before we can 
use any elementary proposition of Euclid, therefore, even if 
thia expresses a projective property, we have to prove that the 
property in qnestion can be deduced by projective methodn 
Thia has not^ in generali been done 1^ prqjeoti?e geometenb * 
wlw have too often assumed* for exanqil^i that the qnadrikleral 
eonstmction— by which, aa we saw in Chap. l» th^ introduce 
projective coofdinates— or anhamoaic ratio, which is primd 
/iMcie metrical, could be satisfactorily established on their prin- ' * 
ciples. Both these assumptions, however, can be justified, and 
we may admit, therefore, that the claims of projective Geometry 
to logical independence of measurement or oougruence are . 
valid. Let us see, then, how it prooeeds. 

lOBi In the tot places it is important to naliae that 

* Of* Ormnonft, ProjeeUre Oeometry (Ulareodon Prm, Snd ed. 18V8) p. 50 1 
*lfo0t of ibe propotitioat in BooUd'f SlemmU are nMlrioal, and it is nol mit^f • 
ts i a i aBO B slhi^aaisaaylsslapBiily di ii Mlpll ts I Iw oi s bii * 
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wfaeo coordinates are used, in projectivie Qeomekiy, theiy ^re 
noi imimKiMitff in tlie oidinniy metrical WDse, ii. tlie mmierical 
nMMiM of Mflain ipalial HfBitBifcwL On the oonlnuj, tlMgr I 
M n aet of ttnnlMia» ailnlnMril/ ha% ytamatiffnlly assigned \ 
to difibwl pointy, Uln tlM nomben of \ 
aerving only, from a fihilooopliieal atandpoint, aa convaniani 
dcsigiialions for pomU which the investigation wishes to dis» 
tinguifih. But for the brevity of the alphabet, in fiust, they 
might, a8 in Euclid, be replaced by letters. How they are 
introduced, and what they mean, has been discussed in Chapter L 
Uoie we have only to repeat a Qattlioii» whoae Mgleofc haa led 
to much misunderstanding. 

• IM The dietinotiop between wunm pointoi Iheiii k not 
n randt, but n oondilion. of the projectivo oooidinato ^yetem. 
The eooidinale syatom ia a wboUy extnneooa, and menly oon> 

venient, set of marks, which in no way touches the 
of projective Geometiy. What we must begin with, in thia 
domain, is the possibility of distinguishing various points from 
one another. This may be designated, with Veronese, as the 
iimt axiom of Geometry \ How we are to define a pointy and 
how we distinguiah it from other points, ia Ibr the moment 
imIevaDt; for here we only wkh to diaeoter the natoie of 
ptojeetivo Qeometiy, and the land oCpiopertiea triuobi it uaea 
and demonafentea. How, and with what joitifieation, it naea 
and demonatratea them, we will diaeiiaa later. 

107. Now it is obvious that a mere collection of points, 
distinguished one fix)m another, cannot found a Geometiy: 
wo must have Home idea of the manner in which the pointa 
are inten-elated, in order to have an adequate subject-matter 
for discussion* But sinoe all ideas of quantity are exoluded, 
the relationa of pointa oannot be relationa of distance in the 
oidinaiy eenae, nor even, in the-aenae of ontinaiy Qeometiyt 
anbarmonie mtioe, for anhannonio ntioa are nanally defined 
aa the ntioB of four diatonoea, or of four rinea^ and are tbna 
quantitative. But since all quantitative comparison presupposes 
an identity of quality, we may expect to find, in projective Geo* 
metry, the qualitative Hubstmta of the metrical superstructure. 

And this, we shall see, is actually the oaae. We have not 
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dirtiiice, but we hem the atoMght Knc ; we htffn aolqnanlilrtiw 
•nhnniionio iwtio^ bat we kam the property, in maf foar poiiitt 
on m Mm, of be^ the intewie e lio n ii with the nye of a given 
poDcil. And horn this baHia, we can build up a qualitative 
science of abstract extonvality, which is projcotivo Geometiy, 
Uow this happens, I shall now proceed to show. 

108. All geometrical refksoning is, in the last resort, cir- ' 
cular : if we atari by assuming points, they can only be defined 
hf the lines or pliUMe which relate them; and if we start 

mniinimt lines or pknen^ thqr een only be defined by the 
points thraajgfh whksh they |Mm. This is an inefiteble diele» 
whose gnrand of nsossnty will ^ piooeed. It 

therefore, somewhat arbitnuy to start either with pointo or 
with lines, as the eminently projective principle of duality 
mathematically illustrates; nevertheless we will elect, with 
most geometers, to start with points*. We suppose, therefore, 
as our datum, a set of diaorete points, for the moment without 
regard to their intaroonneetions. fiat since connections are 
fftmtiftl to any reasoning about them as a system, we intro- 
dnoe^ to b^gm with, the axioni of the strsight line, A^y two 
of ear points^ we say, lie on a line which those two pointo com- 
pletely define. This line^ being determined by the two points, 
may be i-egarded as a relation of the two points, or an adjective 
of the system formed by both together. This is the only purely 
qualitative acyective — ah will be proved later — of a system of 
two points. Now projective Geometry can only take account • 
of qualitative adjectives, and can distinguish between different 
pointo only by their relations to other points since all pointsi 
jMT are qnalitottve^ simibur, Hsnoe it comes thnfe^ for 
projective Qeomekqr» when two pointo only are given» th^ «e 
qnalttali?ely indistii^guiehsble fimn any two other pointo on - 
the same straight line, since any two such other points have 
the same qualitative relation. Reciprocally, since one straight 
line is a figure determined by any two of its points, and all 
pointo are qualitatively similar, it follows that all straight lines 
are qualitatively similar. We may regard a point, therefore, 
nsdetarmined bgr two stosight lines which meet in it^and the 

* SoDM ground lor ibU eboioe will ajppMur wbto wt oomt to metrio«l 
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point, OQ Uiis view, becomes the only qualitative relation 
bolweon the two straight linen. Uenoe, if the point ouly be 
ngudod as givcii, the two Mtmight linus aro qualitativel|jr 
iiitliiftlw|piiih>Mip fironi other pMr thuMigh Iho p^»*t t 

IMl The oxtoniMQ of thoMe two reciprocal principlw k 
the eewnoe of «11 projective tmuffomuitioiia^ and indeed of all 
pnjeetive Geometry. The fundamental operations, by which 
figures are projectively transformed, are called projectioa and 
section. The various forms) of projection and section are defined 
in Cremuna's "Projective Geometry/' Chapter L, from which 
I quote the following account. 

'* To project from a fixed point 8 (the centre of projectUm) 
» (ABCD, . ,abcd. . .) compoeed of points and straight lines, 
ii to oomtmot the otndglit liaeo or prymHtig mjio SJi, 83, 8G, 

thus obtain a new 6gare eompoaed of itnught lines and planes 
whioh all pass through the eentre 8. 

** To cut hy a fixed pUtiie 9 {traneversal pUifie) a figure {ojSyB 
»,.abcd...) made up of planes and stiiiight lines, is to construct 
the stmight liucH or traces aa, <rfi,oy,.. and the points or traces 
aa^ ab, <rc ...^ By this means we obtain a new ^gure composed 
of straight lines and points lying in the plane a, 

" To project from a fijced etmigki .Um § (the am) a figure 
ABCD oomposed of pointB« is to eonstmot the planes a4, 
«(/.••• The figure ihus obtained is oomposed of planes wlii^ 
all pass through the aiis * 

*To eal 6y a fitM etratghi Uno § (a tnmnormd) a figure 
tLfiyB... compost of planes, is to construct the poiutti ^a, sfi, 
ey.,,. In this way a new figuro is obtained, composed of points 
all lying on the fixed ti-ansversal $, 

"If a figure is composed of stitnght lines. a, b, c... which all 
pass through a fixed point or centre S, it can bo projected from 
• a straight Une or aaifff passing through the reitUt is alegars 

"If a figure is composed of straight lines Oi h, e*** all lyii^ 
in a fixed pkne, it may be out by a straight line (transvenal) 

> Th« itmiglit line ea donotei tho straight line common lo the plaaM ir and 
a, the point ra denotes the point common to thi pUttS # Mid tbt SlnU^ lias 
a, and aimilar^ toi lh« net of tUa notatioif. 
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• )^fmg in tho Mine plane ; the 4gttie whiofa ramlte is Ibnned 
Iqr the pointi §0^ ^ to. 

lift Tlio mmmivt npplieiilioa, to eny figuro, of two 
reciprocal opomtions of projection and eeetion, in rcgonied as 

pixxiucing a figure piqjootively indiHtiugubhable from the first, 
provided only that the dimensions of the original figure were 
the same as those of the resulting figure, that, for example, 
if the second operation be section by a plane, the origiiifU 
figure ahell heve been e plane figure. The figuree obtained 
fiom n given fignre^ hf pngedion or eeolion akne^ are related 
to tliat 4gare 1^ the pnndple of dnalitgr, of ivhioh We ahall 
have to ipeak kter en. 

I ahall endeaivoiir to ahow, in whal fbllowa, firat^ in what 
sense figures obtained from each other by projective trans- 
formation are qualitatively alike; secondly, what axioms, or 
adjectives of space, are involved in the principle of projective 
transformation ; and thirdly, that these adjectives must belong 
to any form of exteniality with more than one dimension, and 
aiOb therefore, d priori properties of any possible space. 

For the sake of simplicity, I shall in general confine myself 
to two dlmsnaions. In so di^g, I shall introduoe no important 
diflbrenoe of imnciple, and shall greatly simplify the mathe- 
matks involved. 

111. The two mathematically fundamental things in pro- 
jective Qeometry are anharmonic ratio, and the quadrilateral 
construction. Everything else follows mathematically from 
these two. Now what is meant, in prqjeotive Geometiy, by 
anharmonio ratio? 

If we start finom anharmonio ratio as ordinarily defined, 
we are met by the diffienlty of its qnantilattve natnte^ Bnt 
among the properties dedneed fimn this definition, many, if 
not mostk are purely qualitative. The most ftindamental of 
these is that, if through any four points in a stmight line 
we draw four straight lines which meet in a point, and if we 
then dinw a new straight line meetiiig these four, the four new 

* Orsmon* (op. dU Ohap. ix. p. 60) dtfioea anharmonio ntio m a inalri«d 
pcoparty wkkh fa assHwi by projootfon. Tbii, bowmr, jfai lwj f i tho losloil 
iadinndUaoi si f r^lnMie Oseawfay, ebfah smi mdj >e ■shifaiaii ty a pnti^ 
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pointi of intaiMQiiMii hm the «um anlMniioiiie mlio m Hm 
Ibtur pointi we ateled with. ThiM» In the figuie^ «M» oWdT, 




lelatioii holds fbr the anhamuHiic ntio of hat straight liiM& 
Here we have, plainly, the required heeki for « qualitative 
definition. The definition must be as follows: 

Two BotA of four iK)int8 each are defined as having the same 
aiihannonic mtio, when (1) each HOt of four lies in one Htmight 
line, and (2) correHponding points of dilferent setH lie two by two 
on four straight lines through a single point, or when both sets 
have this relation to any third set*. And recipiocaUy: Two sets 
of four straight linesm defined as having the same anhannoniD 
ratio when (1) each set of four passes through a single point, 
and (2) con^esponding lines of different sets pass, two by two, 
through four jjoints in one straight line, or when both nets have 
this relation to any third sot. 

Two sets of points or of lines, which have the same anhar- 
monio ratio, are treated by projective Geometry as equivalent: 
this qualitative equivalence replaces the quantitative equality 
. of metrieai Qeometiy, and is i^viously induded, by its deliitt- 
tion, in the above aooount of pngeotive traiidbinialioiia in 
generaL 

118» We have next to coosiiler the gundrilntowil eon- 

* Thers is no eomtpODdmg properijr o< thne poinU on A.Unt, b<e> o ie tliqr 
sia bt pnjtelivt^ tnuMfonasd Into mf oUmt ibnt psiali sn lbs tmm llMk 
iiif m. 
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irtraotkn'. This htm a doable puipow: fin^ to defino tho 
impoi1»nfe flpeoMl known as » hannonio 
toafibnlan wMmbiguoiw and eiliaiuikive method of anaigping 
diUmit nninbeiv to diffiBrent pobta. This last method ha^ 

again, a doable purpose: firat, the purpoee of giving a con- 
venient symbolism for describing and distinguishing different 
points, and of thus affording a means for the introduction of* 
analgia ; and secondly, of so assigning these numbers that, if 
they had the ontinaiy metrical significance, as distaooes from 
some point on the nmnbered straight line^ thigr voold yield 

range, and that, 

if liMnr points have the same anhatmonie latio as four othem, 
so have the oomspooding namben. This last puipose is dae 
to pareljr technical uoliTes: it avoids the concision vnth oar 
pie e oncq p tions which would resolt fimn any oth«r value for 

. a harmonic range ; it allows us, when metrical interpretations 
of projective results are deijired, to make these interpretations 
without tedious numerical transformations, and it enables us 
to perform projective transformations by algebraical methods. 
At the same time, from the striotly projective point of view, 
as observed above^ the numbom introduced havo a purely 
ecnventional meanii^; and until we pass to metrical Qeometiy» 
no reason can be shown Ibr aswgning the value — I to » har- 
monie magB, With this prdindnaiy, let us sse in what the 
quadrilateral constructioa conaistBL 

• 1 — J = — ' — ? 

■ 

lis. A harmonic range, in elementaiy Geometry, is one 

whose anharmonic ratio is — 1, or one in which the three 
segments formed by the four points are in harmonic pro> 
• gression, or again, one in which the ratio of the two internal 
segments ia equal to the ratio of the two external segments 
If a, ff$c, d the four poiiiti^ it is easily seen that these 
dsfinitioDs are equivalent to one another : thugr give re* 
■peetivellyt 

1 Dsi t< v« >tie<t% «« q iD Mn lili d» Us»* 
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But AH they arc all quantitative, they cannot be used for oiir 
present purpofie. Hot are any definitions which involve bi> 
section of lines or iinglcM available Wo must have a definition 
whieh piooeeds ontiraly by the help of sinight lines nod 
points, withoni msssavement of distances or angtoiL , Now ftom 
the above definitions of a harmonio mnge, we see that a^b, e, d 
have the same anharmonio latio as o, 6, a, d This gives ns 
the property we require for our definition. For it shows that, 
in a harmonic range, we can find a projective transformation 
which will interchange a and c. This is a necessary and suf- 
ficient condition for a harmonic range, and the quadrilateral 
oonstruction is the general method for giving effect to it. 

Given any three points A, B, D in one straigfat Une, the 
quadriktend ooostmetion finds the point 0 hannonie to A 
withrespeettoll, J> by the fidtowiiig method: Tlake any point 
0 outside the straight line ABD, and jmn it to B and JK . 
. Through A draw any straight line cutting OD, OB in F and Ql 




Join DQ, BP, and let them intersect in R, Join OR, and let 
OR meet ABD in 0, Then C is the point required 

To prove this, let DJZQ meet OA in and draw AR^ 
meeting 0J> in A Then a projective transfixrmation of ApB^O^D 
firam on to 02) gives the points 8, P, 0, A whieh, projected 
from A on to DQ, give R, Q, T, A Bnt these again, projected 
from 0 on to ABD, give B, A, D, Hence A, B, C, D can 
bo piojectively transformed into A, D, and therefore 

form a harmonio mngo. From this point, tho proof that the 
oonstniotion is unique and general follows simply*. 

> Sm Oftmoaat op. oil. Ohipltr nsu 
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The introduction of nnmbere, by this construction, offers 
no difficulties of principle — except, indeed, those which always 
attend the application of number to continua — and may be 
studied satisfactorify in Klein's Nicht-Euklid (L p. 337 £). The 
prindple of it in^ to ssqgn the nmnben 0» !» «o to AgB^D sad 
tlMrafbfs the nmnber 2 to C, in order thst the diffwenoes AB, 
AO, AD may be in bsnnonic progr^on. By taking B, 0. D as* 
a new triad comqponding to A, B, D, we find a point hannonio 
to B with respect to C,D and assign to it the number 3, and so 
on. In this way, we can obtain any number of points, and 
we are sure of having no number and no point twice over, 
so that our coordinates have the essential property of a unique 
ootrespondence with the points they denote, and frie$ vena, 

UC The point of importsnoe in the aboTe construction, 
however, and the leason why I have leprodnced it in detsil, 
w thai it prooeeds entirely by mesas of the genersl principles 
of tnmsibrmslion enunciated aboTo. From this stsge onwsrds, 
eveiything is effboted by means of the two fundamental ideas 
we have just discussed, and everything, therefore, depends on 
our general principle of projective e(jui valence. This principle, 
as regards two dimenHions, may be stated more simply than 
in the paamge <^uoted from Cremona. It starts^ in two 
dimeosionfl, from the following definitions: 

To project the points A, B, 0, 2>... from a centre 0, is to 
eoostmet the stn^g^t lines OA, OB, 00, OD.... 

Tb eot a numb^ of strMgfai lines a» ^ il*.* by a trsnsveisal 
is to coostroct the pcints «a, sh, 9d*,.K 

The successive application of these two operations, provided - 
the original figure consisted of points on one straight line or 
of straight lines through one point, gives a figure projectively 
indistinguishable from the former figure ; and hence, by ex- 
tension, if any points in one straight line in the original figure 
lie in one straight lins in the derived figure^ and reciprocally 
for strsight lines through points, the two operations have 
given projective^ similar figoies. This general principle may 
bo Mgsided as consiiiting of two parto» seoording to the order 
of the operationB: if we begin with projection and end with 

* Tba oomsponding deflnitioni, for the two^immriwial Manifold of UaM 
Iteooik a poialt follow by Um ycinoiplo of diudity. 
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Bection, we transform a figure of points into another figure of 
points; by the converse order, wo tniQslbnn m figure of lines 
into another figure of Unie& 

110. Befbra we een be dear as lo the metning of our 
prinoiple, we must have eome notion m to our definition of 
points and atn^ghi linea. Bat this definition^ in fog/etAwe 
Qeometiy* cannot be given without aome diaonasion of tha 
principle of duality, the malhematioal form of the philoeophieal 
circle involved in geometrical definitions. 

Coatining ourhclves for the moment to two dimensions, 
the principle asserts, roughly speaking, that any theorem, 
dealing with lines through a point and points on a line, remains 
true if these two terms^ wherever they occur, are interchaogecL 
Thus : two pmntii lie on one straight line which they completely 
detennine; and two ttraigbt linea meet in one point* whkh 
th^ completely determine* The four pdnta of intaiaection of • 
a tnmavenal with four linea through a point have an an- 
harmonic mtao independent of the particular tnnaveiaal; and 
the four lines joining four points on one straight line to a 
fiftih point have an an harmonic ratio independent of that fifth 
point. So also our general principle of projective transforma- 
tion has two sides : one in which points move along fixed iine% 
and one in which lines turn about fixed points. 

This duality suggests that any definition of points must ^ 
be effected by meana of the atraight line, and any definition \ 
of the straight line muat he effected by meana of pointa When A 
• we take the thud dimenaion Into account^ it ia tnB, the dually 
la no longer ao aimple ; we have now to take account abo of 
the plane, but this only introduoea a circle of three terms» 
which is scarcely preferable to a circle of two terms. We now 
say : Three points, or a line and a point, detennine a plane : 
but conversely, three planes, or a line and plane, determine 
. a point We may regard the atraight line as a relation between 
two of its points, but we may also regard the point as a relation •* 
between two straight linea through ik We may ngud the 
plane as a rektion between three pdnti^ or between a poinit 
and a line, hut we may alao ngud the point aa a lektion 
^M^ween thiee pbmco^ or between a line and a plane, whkk 
meet in it 
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lid. How iv« lo get outeide this circle 7 The fiusft 
M Ihetk in pm Geomeliy, we eeiniol get mita^ Forepnoei 
■■ wo iheN tee moie fliUjr heteafter, is nothing but felat&»e; 
it tbevefeie, we tifte any spfttinl 4giir6^ end eeek Ibr the terms 
be t ween wbieh it is a lelstion. we Afe eonpelledi in Oeouietfyi 
to »eek these terms within space, since we have nowhere else 
to seek them, but we are doomed, since anything purely spatial 
is a mere relation, to find our terms melting away as we grasp 
them. 

Thus the relativity of speoe, while it is the essence of the 
principle of duality, at the same time renders impossible the 
e x p ro ssi o p of that prineiple, or of any other principle of pure 
Geometry, in a manner wliieh shall be free from eontiadietions. 
Nemthekei^ if we are to advanee at ail with onr analysis of 
geometrieal reasoning and with ear definitions of Knee and 
points^ we most, for a while, ignore this eontiadietion ; we 
mnst eigne as though it did not exist, so as to free our science 
from any contradictions which are not inevitable. 

117. In accordance with this procedure, then, let us define 
our points as the terms of spatial relations, regarding whatever 
is not a point as a relation between points. What, on this 
view, most our points be taken to be ? Obviously, if extension 
is mere relatifity, thsy must be taken to contain no extension ; 
hat if thegr m to supply the tenns ht spatial rektions, 0^* 
hr stosight Unes^ thess idatioaB most exhibit them as the 
tenns of the flguiee they relate. Li olher words, sinoe what 
esa really be taken, withoat eontndielion, as the term of 
a spatial relation, is unextended, we must take, as the term 
to be used in Qeonietr)*, where we cannot go outside space, 
the least spatial thing which Qeometiy can deal with, the 
thing which, though in space, oontawi no space; and this - 
tiling we define as the point*. 

N^eoting, then, the fundamental contradiction in this 

dsfintiMi, the rest of oar definitions follow without difficulty. 

>]| ishspofM •» Dtini Ihslfidi MaMai «f Hm Fdm iatMdMM 
■Matel Mms. Wilhoat nMtrieal idcM, we saw, nothiog KppeMt lo give the 
Poisi preeadflllM of Um tirftight line, or indeed to diitinguish it conceptnally 
from tht ttnight lino. A referenoe to qaantity is therefore inevitable in 
defining the PoiBt» if the definition Is to b« geometrioai. A non-metrloal 
definition. wotUd havt to b« alio Don-gaooMtrioaL Baa Ghap. tr. |f 190-199. 
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The BteMghl line it the reUlioii befewoen tmo pointy and liio 
plme ii tibe relatimi between three. Theie definitions will be * 
lugued and defended at length in eeotaon B of this Chapters 

where we can diacuss at the BAmo time the alteniative 
metrical deBnitionB ; for our present purpose, it in mifficient 
to observe that projective Qcometry, from the first, regards 
the straight line as determined by two points, and the plane 
aa determined by three, from which it follows, if we take points 
AS possible terms for spatial relations* that the stanaight lin« 
and the plane may be regarded as relations between two and 
three points respeelively. If we agree on these definitional 
we ean prooeed to disenss the fiindamental ptUMiple of pre- 
jecti^e Qeometry, and to analyse the axiome implicated 'in 
its troth. 

118. Projective Geometry, we have seen, does not deal 
with quantity, and therefore recognizes no difference where 
the difference is purely quantitative Now quantitative com- 
parison depends on a recognized identity of quality ; the recog- 
nition of qualitative identity, therefore, is logically prior to 
quantity, and presapposcd by every jodgment of quantity. 
Henoe all figures, whose difierenoes esn be ezhanslively de- 
scribed by quantity, ml by pars measnrsment^ must have aa 
identity of quality, and this must be recognisable without 
appeal to quantity. It fellows that, by defining the word 
quality in geometrical matters, we shall discover what sets 
of figui-es are projoctively indiscernible. If our definition is 
correct, it ought to yield the general projective principle with 
which we set out. 

119. We agreed to regard points as the terms of spatial 
relations, and we agreed that different points could be dis- 
tinguished. But we postponed the discussion of the cooditioos 
under which this distinction could be eflfected. This disensrion 
will yield us the definition of quality and the proof of oar 
general projective principle. 

F^nnts, to begin with, have been defined as nothing but • • 
the terms for spatial relations. They have, therefore, no in- 
trinsic properties; but are distinguished solely by means of • 
their relations, l^ow the relation between two points^ we saidt 

> m ies-i7i. 
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11 the stn^t line on wlueh they lie. This gives that identity 
ef qnalitj for all pain of pmnte on the eame straight line, 
which is required both by our projective principle and by 
metrical Qoomotry. (For only where there is identity of 
quality can quantity be properly applied.) If only two points 
are given, they cannot, without the use of quantity, be dis- 
tinguished &om any two other points on the same straight 
line ; Ibr the qualitative relation between any two such points 
is the ssme at Ibr the original pair, and only by a differenoe 
ef lelatioii ean points be distinguished bom one another. 

Bot eonmMly, one straight line is nothing but the relation 
between two of its points, and all points are qualitatively alike. 
Hence there can be nothing to distinguish one straight line 
finom another except the points through which it passes, and 
these are distinguished from other points only by the fact that 
it passes through them. Thus we get the reciprocal trans- 
formation : if we are given only one point, any pair of straight 
lines through that pdnt is qualitatively indistinguishable from 
any other. This again is, on the one hand, the basis of the 
second part of our general projective principle, and on the 
otiier hand the eondition of applying quantil^, in the measure- 
mant ef angles, to the departnre of two intersectai^ straight 
lines. 

120, We can now see the reason for what may have 
hitherto seemed a somewhat arbitrary fact, namely, the neces- 
sity of /our collinear points for anharmonic ratio. Recurring 
to the quadrilateral construction and the consequent intro- 
duction of number, wo see that anhannonio ratio is an intrinsic 
pnjeolive relation of four collinear points or concurrent straight 
lines^ sneh that given three terms and the relation, the fourth 
tenn can be uniquely determined by projective methods. Now - 
eonsider fimt a pair of points, fiknoe all stnught lines are 
projectively equivalent^ the relation between one pair of points 
is prseisely equivalent to that be t wee n another pair. Given 
one point only, therefore, no projective relation, to any second 
point, can be assigned, which shall in any way limit our choice 
of the second point. Qiven two points, however, there is such 
a relation — the third point may be given collinear with the 
first two. This limits its position to one straight line, but 
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nnce two points determine nothing but one ifen^glit liiie^ the 
third point cannot be furthor limited. Thus m wo why no « 
intrinsio projective relatkm ma be fiMmd between three pointer 
whiehehall enable iiibftw twobiiii^iie1ytodoleniiiiiethethiid» 
With three gifiii eoUiaeer pointB. hewem. ive have mm 
given then a mere etraight Une, and the quadribfeeral eon- 
etmction enaMee oe nniqaely to determine any nomber of 
fresh coUiDear points. This shows why anharmonic ratio 
muHt be a relation between four pointa, rather than between 
three. 

121. We can now prove, I think, that two figures, which 
are projectively related, are qualitatively similar. Let ua begin 
with a colleotion of points on a etraight line. So long as theee 
are eoneidered without reference to other pointe or figures, they 
are all qualitatively eunihHr. They ean be distingiiiahed hy 
immediate uituition, but when we endeavoiu; without qnantitgr, 
to diatii^guifih them oonceptually, we find the teak impoanble^ 
einee the only qualitative relation of any two of them, the 
straight line, is the same for any other two. But now let us 
choose, at hap-hazard, some point outside the straight line. 
The points of onr line now acquire new adjectives, namely their 
relations to the new point, x.e. the straight lines joining them 
to this new poink But these straight lines, reciprocally, alone 
define our external poin^ and all stnugfat lines are qualita- 
tively flimilar. If we take some other estenial pointy therefiNPe^ 
and join it to the eame pointa of onr original atnaig^t line^ we 
obtain a Bgm in whioh, eo long as quantity ia exoluded» there 
Is no oonoeptual dillbrenoe tnm the (brmor figure. Immediafte 
intuition can distinguish tho two figures, but qualitative dis- 
crimination cannot do so. Thus we obtain a projective trans- 
fr^rmation of four lines into four other lines, as giving a figure 
qualitatively indiRtinguishablo from the original figure. A 
> similar aigument applies to the other projective transforma- 
tiona. Thus the only reason, within projective Geometry, £or 
not regarding projective figorea aa aotually identical, is the 
intuitive pemption of diffnenoe of poaition. Tlua ia lundn- 
mental, and must be aooepted aa a daimL It ia prmnppoaad 
in the durfinetion of varioua pointi^aad ixma tfae.vmy Kfe uf 
Geometer. Itli^infeet^ the meenpeof thenotionof a form nf 
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eiteniaU^, wlueh natkn fenns the toljeoi-iiiittar of pvqjeetiTe 
€l60iiiMliy« 

. 1S8. We wmj now mm up the reiahs of our aaalyrii of 

projective Geometry, and state the axioms on which its reeson* 
ing ia based. We shall then have to prove that these axioms 
are necessaiy to any form of externality, with which we shall 
peas, from mere analysis, to a transcendental argument 

The axioms which have been assumed in the above analysis, 
and which, it would seem, suffioe to found projective Qeometiy, 
nay be RKighly stated as follows : 

h We can distinguish different parts of space, but all parts 
an qnalttefctTely aunilar, and are disfeii^guiBhed only by tlie 
immediate fiust that they lie outside one another. 

JL Space la eontinaoaa and infinitely diviaible ; the result 
of infinite division, the zero of extension, is called a pamt\ 

m. Any two points determine a unique figure, called a 
straight line, any throe in general determine a unique figure, 
the plana Any four dotcrminc a corresponding figura of throo 
dimensions, and for aught that appears to the contraiy, tho 
aune may be true of any number of points. But this process 
comes to an 6nd, sooner or later, with some number of points 
which detennine the whole of spaoa For if this were not the 
csasb no nnmber of reUtions of a point to a colleetion of given 
pointa oonkl ever determine its rshition to fresh points, and 
CtoouMtiy would beoome impossible'. 

This statement of the axioms is not intended to have any 
exclusive precision : other statements equally valid could easily 
be made. For all these axioms, as we shall see hereafter, are 
philosophically interdependent, and may, therefore, be enun- 
ciated in many ways. The above statement, however, includes, 
if I am not mistaken, ererything osscntiai to projective " 
Geometry, and everything required to pme the principle of 
pngeetive tranalbnnation. Belbrs discussing the apriociCy of 
these axioms, let us once more briefly reoapitulate the ends 
whieh thsj are intended to attain. 

188L From the exolusively mathematical standpoint, as we 

I On this axkNB, homtmr, ootnpara 1 181. 

* For ibf jvool of Ibis pcqpodtiMi, ms Gbap, m. 8<o. a^ Aikm of 
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have seen, projective Qeometiy diaouases only what figures can 
be obtained ton each other by projective transfonaafciona^ %£, 
hy the operationa of projeation and aection. These opeiatioiii^ 
in all their kaoM, pmtt]»poae the pointy atnight liaa^ and 
plane*, whoae necoaaity for pojeetife Qeometiy; from tfao paxtfy 
mathematical point of view, ia thiia aelf-evideiil from the ataik 
But philoeephically, projeetive Geomeby liaa, aa ire aaw, a 
wider aim. This wider aim, which gives, to the investigation 
of projoctivcly equivalent figures, ita chief importance, consists 
in the determination of qualitative spatial similarity, in the 
determination, that in, of all the figures which, when any one 
figure is given, can be distinguished from the given figure, so 
lo^g AS quantity ia oxoludodi unly by the mere fooi lliat Ihiy 
are external to it. 

194. Xow when we conaidor what ia inYolml in audi 
abaoliite qualitative equivalenoo, we find at onoe^ aa ita moat 
obvioua prerequisite, the porfoet homogeneity of space. For it 
is assumed that a figure can be completely defined by ita 
intcnial relations, and that the external relations, which con- 
stitute its position, though they suffice to distinguish it from 
other figures, in no way affect its internal properties, which are 
i^garded as qualitatively identical with those of figures with 
quite different external relatioDS. If this were not the case^ 
anything analogous to pfojeetive tranafonnation would be im- 
poosible. For such tranafocmation alwaya altem the poattioo» 
tA the extenial relallona^ of a figure, and eoukl not^ therefoie, 
if figurea were dependent on their relatioiia to other figuiea or 
to empty space, be studied without reference to other fi^gurea^ 
or to the absolute position of the original figure. We require 
for our principle, in short, what may be called the mutual 
passivity and reciprocal independence of two parts or figures of 
space. 

This passivity and this independence involve the homo- 
geneity of apaoe, or ita equivalent^ the relativity of poai t i o o. 

* Th« rtrftight line and pUne« in all diaoauions of general Geometry, are aol 
neoesnrilj EacUdean. They are aimp^ figarea deiermined, in geiiMal, hj two 
■aa fcy ttma painto wapeflttTaly; lAaAmUhit^maiatm to thssaiBicgfsisllih 
' tad «• Badi4*b iDm «l llM MioM sT «hi itny^^ liasi ii aol to W soaril^ 
IhiamnlMiiliM. 
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For if the mtemal properties of a fignro are tlie eome, what- 
ever ita external relations may be, it follows that all parts of 
space are qualitatively similar, since a change of external 
relation is a change in the part of space occupied. It follows, 
also, that all position is relative and extrinsic, %.e., that the 
pontion of a pointy or the part of apaoe oc o u p ied by a tigure, 
is not, and has no effect upon, any intrinsic property of the ' 
point or figure, bat ia exdusively a relalion to oth«r points 
or figures in spaoe, and remains without effiwt except where 
■obh rdatioos are oonsklerBd. 

iS0L The homogsneitj of apaoe and the relativity of 
position, therelbre^ are presupposed in the qualitative spatial 
comparison with which projective Qeometiy deals. The latter, 
as we saw, is also the basis of the principle of duality. But 
these properties, as I shall now endeavour to prove, belong of 
necessity to any form of exteniality, and are thus d priori 
properties of all possible spaces. To prove this, however, we 
must first define the notion of a form of externality in general. 

Let us observe, to begin with, that the distinolion between 
non-Euolidean Geometries, so important in me- 
triotl investigatlooi^ diaappesn in prqjeotive Geometry proper. 
This suggests that projective Geometry, though originally 
invented as the scienoe of Euolidesn spaoe, and subsequently of 
non-Euclidean spaces also, deals really with a wider conception, 
a conception which includes both, and neglects the attributes 
iu which they differ. This conception I shall speak of as a 
form of externality. 

126. In Grassmann's profound philosophical introduction 
to his AimdehnungsM^re of 1844, he suggested that Geometry, 
though improperly regudod as pure, was really a branch of 
i^lied mathematics, smce it dealt with a subject-matter not 
created, like number, by the intellect, but given to it, and there- 
fim not wholly sulgeet to its laws alone. But it must be possible 
•»«o be eontended— to eonstmet a brsnbh of pure nmthematicB» 
a sdenoe^ that is» in which our olgeot should be wholly a crsatuie 
of the intelleot^ which should yet deal, as Geometry does^ with 
eKtensMn--extenBkm as conceived, however, not as empirica% 
perceived in sensation or intuition. 

From this pcunt of view, the controversy between Kantians 
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and anti-KaDliMM beoooM wholly mH/m/kt, hum the distine- 
iioii hefewem pore «id mixed mathemaiice does not lie ia tiie 
distiaolioii between the subjective and the oljeetive, hat 
between the purely intelleetual on the one hand, and everythn^ 

else on the other. Now Kant had contended, with great em- 
phasis, that space was not an intellectual construction, but a 
subjective intuition. Geometry, therefore, with Grassmann's 
distinction, belongs to mixed mathematics as much on Kant's 
view as on that of his opponents. And Grassmann's distinction, 
I contend, is the more important for Epistemology, and the one 
to be adopted in distinguishing the d priori from the emjnricaL • 
For what ia merely intoitional can change, without upsetting 
the laws of thought, withoat making knowledge Ibimally im* 
possible : hot what is purely intelleetaal cannot ehange^ nnleas 
the laws of thoi^t should change, and all our knowledge 
simultaneously coVh^pse. I shall ther^bre fellow Grusmami'n 
distinction in constructing an d priori and purely conceptual 
form of externality. 

127. The pure doctrine of extension, as constructed by 
Gmssmann, need not be discussed — it included much empirical 
material, and was philosophically a £ulure. But his principles, 
I think, will enable us to prove that projective (ieometiy* 
abstractly interpreted, is the science wldch he foresaw, and 
deab with a matter which can be constructed by the pore \ 
intellect akna If this be so^ however, it must be observed 
that projective Oeometiy, for the. nmient^ is rendered purely 
hypothetical'. All necessary truth, as Bradley has shown, is 
hypothetical* and asserts, primd facie, only the ground on 
which rests the necessary connection of premisses and con- 
clusion. If we construct a mere conception of externality, and 
thus abandon our actually given space, the result of our con- 
struction, until we return to something actually given, remains 
without existential import — if there he experienced externality, 
it asserts, then there must be a Ibnn of externality with suck 
and such properties. That there must be experienced exter- 
nality, Kant's first aigument about space provei^ I thinly to 

■ Thai projeotire Geoowiqr nuisl haw titltiittal iaipof^ I ■tttmpl to 
prove in Gbapter nr. 

* Loctou Book I* GhsalHF iL 
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tliom who admit wpeduM of a worid of divone ha% inter- 
related things. But this is a question which belongs to the 
next Chapter. 

What we have to do here is, not to discuss whether there is 
a form of externality, but whether, if there be such a form, it 
must possess the properties embodied in the axioms of pro- 
jective Qeometiy. Now first of all, what do we mean hy such 
a form ? 

128. In any world in which perception presents us vritb 
firioos things, with discriminated and differentiated contentB^ 
llMie maal be, in penseption, at least one "piinoaple of diffsfen* 
tiatumS" an etement, that is, which the things presented are 
distinguished aa variona. This element, taken in iwlation, and 
aibebnaeled fimn the content which it diffinpsntiates, we may call 
a form of externality. That it must, when taken in isolation, 
appear as a form, and not as a mere diversity of material 
content, is, I think, fairly obvious. For a diversity of material 
content cannot be studied apart from that material content; 
what we wish to study here, on the contrary, is the bare 
possibility of such diversity, which forms the residnnm, as | 
shall try to prove hereafter*, when we abstract fnm any sense- 
peioeption all that is distinetive of its particular matter. This 
possiliility, then, this prine^e of bare divenity, IS our fonn €^ 
eitCRialitj. Hbw fiur it is nocessaiy to assume snob a form, as 
distiiiet from intervslafeed thmgs, I shall consider later on*. 
For the ptc s en t> since space, as dealt with 1^ Geometry, is 
certainly a form of this kind, we have only to ask : What 
properties must such a form, when studied in abstraction, 
necessarily possess? 

129. In the first place, externality is an essentially relative 
conception — nothing oan be external to itself. To be external 
to something is to be another with some relation to that thing. 
HeacebwheD we abstract a form of externality from all material 
eontent^ and ato^y it in isolation, poBiticn will appear, of 

iOI,lnllmr^Iiosie,i>.68. it wiU be taen thst ths mbm la irideh I h«T« 
■polM of tpftoe at ft prindple of diflerwtisltoa is asl IIm HBSi ol a 

il jadiTidiutioD » wbioh Bndk^ ofc^Mls to. 
• ClMp. IT. li 186-191. 
•GhiqpLiv. ItOlff. 
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tteeeMity, m pavBl/ veklivt— ft ponlMiii ma have no mteuni f 
qailttj«foroiirimooiiaatoofiNira«zlenid , 
eoDteiiw no tliidoir <ir Inee of an inkinie qnality. Tims we 

obtain our fundamental postulate, the relativity of position, or, ^ 
as we may put it, the complete absence, on the part of our 
form, of any vestige of thinghood. 

The same argument may also be stated as follows: If we 
abstract the conception of externality, and endeavour to deal 
with it per se, it is evident that we must obtain an object alike - 
destitute of elements and of totality. For wa hate abstraoted 
ftom the difme mailer whieh filled onr form, while any 
element^ or any whole, would retain aoma of the qnaUliea of a 
mailer. Either an element or a whole, in fiwi, woold have to 
be a thing not external to itedf, and would thus oonlain some- 
thing not pure exiemality. Henee arise infinite divisibifity, 
with the self-contradictory notion of the point, in the search 
for elements, and unbounded extension, with the contradiction 
of an infinite regress or a vicious circle, in the search for a 
completed whole. Thus again, our form contains neither 
elements nor totality, but only endless relations — the terms of 
these relations be^ excluded by our abstraction firam the 
matter which fills our form. 

180. in like manner wo can deduoe the homogeneily of 
our fonn. The divernty of content^ whieh was possiblo onty 
within lha form of externality, has been abstmctsd fimn* 
leaving nothing but the bare possibility of divernty, the bare 
principle of diffBrentiation, itself uniform and undifferentiated. 
For if diversity presupposes such a form, the form cannot, 
unless it were contained in a fresh form, be itself diverse or 
differentiated. 

Or we may deduce the same propeity from the relativity of 
position. For any quality in one position, by which it was 
marked out from another, would be necessarily more or less 
intrinsio, and would contradict the pure relativity. Henos all 
positio n s ars qualitative^ alike^ ml the foim is homo|;sneoaa 
thvougfaoutb 

18L From what has been said of homogeneity and rsla- 
tivity, follows one of the strangest properties of a form of 
externality. This property ii^ that the relation of externality'^ 
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between any two things in iniiA^I'/.j-\.4 elation thus 

regarded, consequer * ^S^AsAe up of an infinite nue we obtain 
would-be elements ».r!ur form, or agaia an.oit AoM a fadU 
relations of oxternality \ To speak of dif* ^ ^ 
ktioot may well sound absurd — indeed it tieveals the lu^^ked 
prietgr of tho word rektion in this eonneiiop. li is diffioi an 
howeTor, to find an expraenon which shall be less improper- 
The Ihel seems to be, that externality is not so mueh a reladimt 
I as bare relativity, or the bare pHSsibility of a relation. On this 
subject, I shall enlarge in Chapter iv.* At this point it is 
only important to realise, what the subsequent argument will 
assume, that the relation — if we may so call it — of externality 
between two or more things must, since our form is homo- 
geneous, be capable of continuous alteration, and must» aincf^ 
ewr infinitely divisible form is constituted by such tution, would 
capable of infinite division. But the result of inL and its 
is defined as the element of our fenn. (Our fimn has no 
dements, but we have to imsgine elements in order to reason 
about 1%, as will be shown more fiilly in Chapter nr.) Henoe 
it fiilkws, that every relation of externality may be regarded, 
for scientific purposes, as an infinite congeries of elements, 
though philosophically, >he relations alone are valid, and the 
elements are a self-con tudictory result of hypostatizing the 
form of oxtemality. This way of regarding relations of ox- 
teniality is important in undontondixig the meaning of suoh 
ideas as three or four coUinoar points* 

As this point is difikmit and iroportaati I will repeat^ in 
■emewhat greater detail, the explaaatien of the manner in 
which straight lines and planes come to be regarded as oongeries 
of pointfli Fkom the strictly projective standpoint^ thoo^ all 
other figures are merely a ooUeotion of any required number of 
points, Lines or planes, given by some projective construction, 
straight lines and planes themselves are given integrally, and 
•re not to be considered as divisible or composed of parts. To . 

I It ia important to ohwrr; howem, that thif way of rtgarding ipftti*! 
jBlationi if OMtrioai ; (rom (he projeoUra atandpoint, tha relation bettraan two 
VsMs ii Om lihoto iiAoaaM ilrai^t Um ea iiUsb thij Ua, and 1^ 
iSSMlii as MAto lale fsili «r as MIt ep of poials. 

•«ICr«10l. OtHiirttirataqjMossyhmtM. 
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\iLuylSoS^7r ''^ line*iiieaiui» for projective 
that the straight ! 'a relation between 
s|^er point. Here the ^ w.ts concerned, if our 
Veed from contradictions, must be regarded, 
7nay une 8uc.« an expression, as real points — t.^. as un- 
(mded material centoes*. Straight lines and planes are then 
• between theeo material atoms. They are relationi^ 
Tiowever, whieh may undoigo a inetrieal alteralum while n- 
mainiog pngeotlveljr unehailgod When tlie pngeetive idalion 
between the two points A,B uiAM same as that between the 
two points At Ct while the metrieal relation (distance) is 
different, the three points A, B, C are said to be collinear. 
Now the metrical manner of regarding spatial figures demands 
gt ^ thev sh ould be hypostatized, and no longer regarded as 
For when wc regai-d a quantity as extensive, 
.e into parts, wo necessarily regard it as more than 
a mere I'elation or adjective, since no mere relation or acyective 
can be divided. For quantitative treatment, thofefote, spatial 
relations most be liypostatised*. When this is done, we obtain, 
as we saw abovQ, a homogeneons and infinitely divisible fimn of 
externality. We find now that distance^ for example, may be * 
eontinnottsly altered without changing the straight line en 
whieh it is measured. We thus obtain, on the straight line in 
question, a continuous series of points, which, since it is 
continuous, wc regard as constituting our straight lino. It is . 
thus solely from the hy}K)8tAtizing of relations, which metrical j 
Geometry requires, that the view of straight lines and planes \ 
as composed of points arises, and it is from this hypoetatising 
that the difficulties of metrical Gcometiy spring. 

132. The next step, in defining a form ^ extemalilyt is 
cA>lained from the idea of dunsMMiM. Positifln% we have seei^ 
are defined solely by their relations to other positions. Bat m 
order that such definitioQ may be possible, a finite number of 
relations most suffice, since infinite numben are philosophically 
inadmissible. A position must be definable, therefore, if know* 
ledgo of our form is to bo possible at all, by some f nite integral - 

1 Bee Chap. nr. H IM-IM. 

' See a forihooming artiola on ** Th* nlitiooi ol B— >wSaitpMatf^y''ty 
Um pNMok wiitar ia MiMi, Jdj, 2S97. 
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j number of relations to other posiuouo. — n^veiy 
• necessary for definitiDn we call a dimension. Hencl 
the proposition : Any form of etctemalitif im^"^ 
integral number of dimensxonB. — ' — ^ 

133. The above a]:gumeiit, it may be urged^ has overloo 
% poiiibUity, It has used a tinnscondental argument, bo\ | 
qyponent may oontend, without mffieienUy proving that knoi|| 
k^gB about eztomali^ miut be ponible without leferenoe 
to tho maltera eztenwl to eaeh othor. The* definition of a 
positioii may be impossible* so long as we neglect the matter 
whieh fills llie fbrm» but may become poonUe when this matter 
is taken into account. Such an objection can, I think, be 
successfully met, by a reference to the passivity and homo- 
geneity of our form. For any dependence of the defin iticm 
a position on the particular matter filling that p(^' 
involve some kind of interaction between the maw. 
position, some effect of the diverse content on tlie homogeneous 

Ifimn. But since the Ibrm is totally destitute of thinghood, 
perfectly impossive, and perfectly void of differences between its 
partit any audi eflfeet is inoonoeivable. An efibot on a position 
would have to alter it in some way, but bow could it be altered ? 
It hsa no qualities except those which make it the position it 
is, as opposed to other positions; it cannot change, therefoi-e, 
without becoming a different position. But such a change 
contradicts the law of identity. Hence it is not the position 
which has changed, but the content which has moved in the 
form. Thus it must be possible, if knowledge of our form can 
be obtained at all, to obtain this knowledge in logical indcpen- 
denoe of the particular matter which fills it. The above 
aignmentk theiefefe^ gnmted the possibility <tf knowledge in 
the department in qneetioo, showa the necessity of a finite 
nutegml number of dimeneiona 

184. Let us repeat our original aignment in the light of 
this elucidation. A position is completely defined when, and 
only when, enough relations known to enable us to deter- 
mine its relation to any fresh known position. Only by relations 
within the form of externality, as we have just seen, and never 
by relations which involve a reference to the particular matter 
filling the femit can each a definition be eiiMted. But the 
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pombiliiy of luch a definition foUowi from the Law of Exduded 
lliddUflb wbm this law is intefpieted to mMO, w Bonnqiioi 
makoe it meUt tlutt ''B6iUiy...iB a system of ndpmallj 
determinala parta^" For Ilua impliaa that, given tbo fdatuma 
of a part A to olhflr parta B, 0..., a auffidmit wealth of Bneh 
relations throws light on the relations of B to C, eto. If tiiia 
were not the cone, the part8 A, B, (7... could not bo said to ^ 
form such a system; for in such a system, to define ii is to 
define, at the same time, all the other members, and to give 
an aciyective to iL, is to give an acyective to £ and C. But the 
relations between pontiona aroi when we restore the matter 
fiom which the poaitionB were abstracted, relations between 
the things oocapymg thoee positioiis, and these relatkma^ we 
have seen, can he studied without reference to the particnlar 
nature, in other reapecta^ of the related thii^ It feUowa thal^ 
when we apply the goneial principle of systematic unity to 
these relations in jmrticular, wo find these relations to be 
dependent on each other, since they are not dependent, for 
their definition, on anything else. This gives the axiom of 
dimensions, in the above general form, as the result, on our 
abstract geometrical level, of the reiativitjr of position and the 
law of excluded middle. 

130. Before proceeding further, it is neceesaiy to disease 
the important apedal case where a fenn of externality haa cnfy 
one dimenaicn. Of the two anch Ibmu^ given in experinceb J 
one, namely tune, presents an instance of thw special caaeu 
But it may he shown, I think, that the fiinction, in constitatii^ 
the possibility of experience, which we demand of such forms, 
could not be accomplished by a one-dimensional form alone. 
For in a one-dimensional form, the various contents may be 
Arranged in a series, and cannot, without interpenetration, 
change the order of contents in the series. But interpene- 
tration is impossible, since a Ibrm of externality is the mere 
expression of diveruty among thipge, from which it feUowa 
that thinge cannot occnpy the same pooiticn in a Ibnn, vnleaa 
there ia another Ibnn by which to diffinentiale them. For i 
without estemaUty, there ia no divenily*. Thoa two hcdiea ( * 

^ Logic, YoL u. Oh*p. tii. p. 911. 

■ BmO, m oppoMd to logiMl, diTtni<if is ihroocfaoiit inttnded. Diywnm 
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may occupy the same space, but only at different times: two 
things may exist simultaneously, but only at different places. 
A form of one dimension, therefore, could not, by itself, allow 
that change of the relations of externality, by which alone 
a Yaried world of interrelated things can be brought into 
oonsoiousness. In a one-dimenrionftl tpAoe, for example, only a 
mngle ol^ect. whiob must appear as a pointy or two objects at 
moilk ono in fircnit and ono belkiiid» ooakl ever be perceived. 
Tlniii two or more dimendons eeem an enentlal oenditioii of 
•DTthing worth ealling an ezperienoe of tnterrelated things. 

1$8L It may be oVjeeted. to titis argument, that its 
validity depends upon the assumption that the change of a 
relation of externality must be continuous. Both to make and 
to meet this objection, in a manner which shall not imply time, 
seems almost impossible. For wo cannot npcak of change, 
whether continuous or discrete, without imagining time. Let 
ue, therefore, allow time to be known, and discuss whether the 
temporal change, in any other form of externality, is necessarily 
oontiniioua^ We muet reply, I think, that oontinaity ia 
aeeeweiy. The oha^ge of rektion, in onr non-temporal fbrm, 
mi^ he lali^y denribed aa motion, and the kw of Carnality^ 
abee we have already amumed time— may be applied to this 
motion. It then foUowf that discrete motion would involve a 
finite effect from an infinitesimal cause, for a cause acting only 
for a moment of time would be infinitesimal. It involves, also, 
a validity in the point of time, whereas what is valid in any 
form of externality is not, as we have already seen, the 
infinitesimal and self-contradictory element resulting from ' 
infinite diviaLon, but the finite relation whioh mathematics 
analyiea into vanishing elementa. Henoe change most be ' 
aontinnmii^ and the possibility of seiial amu^^ement holds - 

good* 

In a one-dimensional Ibrm other than time, the same 

argument must hold. For something analogous to Causality 
would be necessary to experience, and the relativity of the 
form would still necessarily hold. Hence, since only these two 

mftn^ tmj m&M in s lUsg si soi IIm ubA pits^ M Ise ihmm nsl 
ttiBgi eaonot to eo«ziflt. 

1 OathiisidariMy<Ctossloiit.iesOii>pttrrr.|MI. 
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prapertiM ol time have been assumed, tlie aboye ooDientaon 
would tmaiii vaUd of any oeoond form wfaooe ralationB vera 
ooRolatad with ihoie of tho finl» aa tho analogiio of OMMlity 
would require them to be. 

137. The next atep in the ai^g^metit, which assomes two 
or more dimonsioM, Ih concerned with tho genoral analo^cs of 
straight lines and planes, i.e. with figures — which may be 
reg'ftpded cither as relations between positions or as series of 
positions — uniquely determined by two or by three positiona. 
If this step can be suooessfuUy taken, our deduction of the 
above projective axioms will be complete, and descriptive 
Qeometij will be eetabliBhed aa the abetiuet d priori doetrine 
of forma of externality. 

To prove thia oontentioii, oomider of wlial natuva the 
relations oan be by which positiona aie dofined. We have aeeo / 
already that our form is purely relational and infinitely ( 
divisible, and that positions (points) arc the self-contradictory \ 



outcome of the search for something other than relations. ^ 
What we really mean, therefore, by the relations defining a 
position, is, when we undo our previous abstraction, the 
rclntions of externality by which some thing is related to other 
thingv. But how» when we lemain in the abetiaet form, mnal 
auoh relations appear f 

188. We have to prove that two positiona must have a 
relation independent of any referenoe to othor positionfli To 
prove thi^ let ua recur to what was said, in oonneetion with 
dimensioiiB, as to the passivity and homogeneity of our form. 
Since positiona are defined only by relations, there must be 
relations, within the form, between positions. But if there are 
such relations, there must be a relation which is intrinsic to 
two positions. For to suppose the contrary, is to attribute an 
interaction or causal connection, of some kind, between those 
two positions and other positiona—* aappoeition which the 
perfect homogeneity of our form renden ahaord, since all 
positions are qualitatively similar* and oinnot be changed 
without ksbg their identily. We may put this aigumenfc / 
thus: since poeitionB are only defined by their rdatioMy aach f 
definition eooM never begin, unkss it began with a rsjatiQii 
between only two positions. For suppose three poationa 
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B, C W6f6 neoeMiy, and gave riae to the lelfttion abc between 
tlie thvMi Thai there would remein no meeas of defining the 
pain BO, OA, AB, tinoe the only felation defining 
them ipoald he one eommon to ell three peia. Kotbing would 
be gninod, in thia oaae, by reference to finoflh points, for it 
fullowB, from tho homogonoity and passivity of the form, that 
theso fresh points could not affoct tho intonml relations of our 
triad, which relations, if they can give definitcncss at all, must 
giye it without the aid of external reference. Two positions 
annst, therefore, if definition is to be possible, have some 
lektion which thej by themselYea aaffice to define. Precisely 
the aame aignaunt applies to three positions, or to four; the 
atgoflMiii kesB ita scope only when we have exhausted the 
dimeiuioiia of Ae Ibrm eonsidered. Thus^ in three dimeneions^ 
five positions have no ftesh relaticn, not dedoeible from those 
already known, for by the definition of dimensions, all the 
relations involved can be deduced from those of the fourth point 
to the first three, together with those of the fifth to the first three. 

We may give the argument a more concrete, and perhaps a 
more convincing shape, by considering the matter arranged in 
our form. If two things are mutually external, they must 
aince they belmig to the same world, have some relation of 
externality; there is^ therefore, a relatioii of extemalil^ between 
two things. But sinoe our foim is homogeneons, the some 
vektioii of externality may subaiBt in other parts d the form, 
ia. while the two things eonsidered alter their relations of ex- 
ternality to other things. The relation of externality between 
two things is, therefore, independent of other things. Hence, 
when we return to the abstract language of the form, two 
poeitioDB have a relation determined by those two positions 
alone, and independent of other positions. 

Fkecisely the same argument applies to the relations of 
three poaitiopa^ and in each case the relation must appear in 
the ftnn aa not * mere iafoieiioe from the poaitiona it relates. 
For ielatioii% as we have aeeiit aetually oonatitnte a form of 
externality, and are not BMre inforeneea firom termi^ whioh are 
ttowhsre to he found in the form*. 

* 0«oai«triMUj, th* aikm of ihm pl«ii« is, not that three poiate determine 
aSgartAlftU, whMilBlkwaflnaitfMaidoai of tht itnigfat Um, but that the 
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mn ap: Sboe pontko in lekliva, two poriikNiB mwi 
have $m$ relaftum lo eidi other; and nnoe our fenn of 

ff^ n tHjiii liBi Joteiag !«• immI poiate of Um pbM Um wholly in Um pImm. 
Wi ftxiom rtqalrta a projMtiv* method of oonitrnetiog tho plane, i.e. of 
flttdlng ftU the trUdi of pointa which determine the imdo projeoiire ggurt M 
the given triad. The required oonatructloii will be obUined {f we een find eny 
pcojeotivc figure determined by three poiute, end any proJectiTt method 
of mohing other poinU whioh determine the eeme Agnrt» 

Lei 0, P, g to tht IhiM potali viwtt pioiMllft nMIm to nfrfni. 
1lM«ti»MatfwitflMllMilni||illiMiPQ,M0A M tl ito i n y,Ae 




iMon hitWMB flMM poiBto to ttidt «F of flM ftNti na Iht 

■idei Mid ngtoi, of llM IriM^ jwl M Ibo itdiUfoa tol^ 

in diftanoe. B«l piD|ielifily, fh« igint to uMhaaiad vim P tad Q trnvd 

•kag OP end OQ, or when OP and OQ tara tboot O in rach a way ae etill to 

meet PQ. Thia ia a reealt of the general principle of projective eqniTalcne* 

ennnoiated above (|§ 106, 109). Hence the projective reUktion between 0, P. Q 

ie the aame aa that between 0, p, 9 or O. P', ; that ia, p, g and P', lie ia 

«!• ftoat OPQ. In thia way, any aamtor 9t yofaili m «he plane may fee 

o>liiaia,aadhyifpeMfagftiwa a teiirt to airfthtoeAtrin^ 

plane can be reaehed. Wo htim to prove that, when the plane is no eonitrwiti* 

tlw atrught line joining any two pointa of the plane liee wholly in the piano. 

It ia evident, from the manner of oonatniction, that any point of FQ, OP9 
OQ, OP' or 0^' Ilea ia the plane. If wt ean prove that any point of pf lies in 
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wteniAlity is homogeneoiii, this relation can bo kopt un« 
changed while the two poifitionif ohnngo thoir rolations to other 
fomtkaB, HenM their relalieii Is intriui^ and indepondeiit el 
elher pofiiliooa. Since the ibrm is a neve coinples ef vohitionBi 
the lelslioii in ipiestion nmst, if the ibrm is sensuous or 
intuitive, bo itself sonBuous or intuitiye, and not a mero 
inferenca In this case, a unique relation muBt be a unique 
figure — ^in spatial terms, tho straight lino joining the two 
points. 

189. With this, our deduction of pi-ojcctive Qcometry 
from the d priori conceptual properties of a form of externality 
' is completed. That such a form, when regarded as on in- 
dependent thing, is self-oontrodictoiy, has been abundantly 
evident thronghoui the discnssion. Bnt the seience of the 
hm has bsen fimnded on the opposite way of regarding it: we 
have hehi it tfanmghoat to be a mere eomplei of lelalioDS, and 
have dednoed its properties exeUisively finom this view of it 
The many didiculties, in applying such nn d prion deduction 
to intuitive space, and in explaining, as logical necessities, 
properties which appear as sensuous or intuitional data, must 
be postponed to Chapter iv. For the present, I wish to point 
out that projective Oeometiy is wholly d priori ; that it deals 
with an object whcfc properties are logically deduced from its 
definition, not empirically discovered from data; that its 
definition, again, is founded on the possibility of experienoiiig 
diversity in relation, or multiplicity in unity; and that our 
whole seiencSb therefors, is k{g^ly implied in, and dedudble 
from, tiie po Bs ib il i ty of such expensnoei 

1401 In metrical Geometry, on the contrary, we shall find 
a very different result. Although the geometrical conditions 
which render spatial measurement possible, will be found 
identical, except for slight differences in the form of statement, 
with the d priori axioms discussed above, yet the actual 

Ihs pUoflb ^ >lutll bftve proftd all fth«t ii rvqaind, sinoe pq nsgrbttmufonnad, 
by ■oeoMtiTt nfMtiUoDi of the Mme oooitniotion, into ukj itnigbt line 
poising two potnU of tho piano. But we have leen that the eame plene i« 
Aotemined by 0, f and bjr 0, P, Q. The ilnight linee PQ, pq heve, therofore, 
Mit SMBS wl i t liB to tfceflsaa Bel Pg lite whoUj in tho pkne t UierefoM j»f 
shsMisfilMijriBllMSlMMi BsaseoaraiioailtrnfMi. 
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nMMaroinont — which deals with actually given space, not tho 
mora intollootottl construction wo havo boon jutit diflctissing— , 
givw fotttltt whioh oaa only be known ompirically and 
ii|i|imimatofy, and oin be dodnood hy no nooenity of UMMghk 
Tk$ Bnelidoan and non-Buolidean spaoet give the Tarione 
lesttlts whioh eie d priori poemble; the axioms poottliar to 
BuoKd— which ate properly not aiimna, bat ompirioal remits ^ 
of moatiuroment— determino, within the errors of observation^ 
which of thcso cl pnoti possibilities is realized in our actual 
'space. Thus measurement deals throughout with an em- 
pirically given mattor, not with a creature of the intellect, and 
its (I pnon elementA arc only the conditions presupposed in the 
possibility of measurement What these conditions are^ we 
shall see in the second ssetion of this ohaptcr. 



Section B. 

THE AXIOMS OF MITBICAL OEOMSTBT. 

141. We have now lOTiewed the asnoms of projective \ 

Qeomotry, and have seen that they are d prioti deductions 
fi'om the fact that wo can experience externality, i>. a co- , 
existent multiplicity of different but interrelated things. But 
projective Geometry, in spite of its claims, is not the whole 
science of space, as is sufficiently proved by the fiact that it 
cannot discriminate between Euclidean and non-Euclidean I 
spaces'. For this purpose, spatial measurement is leqnired: 
metrical Geometry, with ite quantitative test% can akne effect 
the disoriminatioo. For all sfipliGalion of Qeometiy to ph|iioi^ 
alsa, measnvement is requtred; the law of giavitation» te 
eiample, requires the detisfmination of actual distancea. For 
' many purposes, in short, projective Geometry is wholly in* 
sufficient: thus it ia unable to distinguish between different 
kinds of conies, though their distinction is of fundamental im- 
portance in many departments of knowledge. 

> ▲ MOM iraoT hM tun gtiw lAofs, Chii. l art ptMu II ii te 
btoUmii thit aay wl i P m s t ts laartMyatitMit i k ^M ti jswdtw wslrisrt 

10-i 
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Helrieal Geometiy is» then, a nocoi w u y pari of llie B0IWI06 
of space, and a part not inoliided in deaoripUire Goometey. 

Its d priori element, nevertheless, so far as this is spatial 
and not arithmetical, is the same as the postulate of pro- 
jective Geometry, namely, the homogeneity of space, or its 
equivalent, the relativity of poBition. We c^n see, in fact, that 
the d priori element in both is likely to be the same. For 
tho d priori in metrical Geometry will be whatever is pre- 
Mpposed in the pombiUty of spatial meaenfement, %je» of 
qnantitattTO epatiii] oomparim. Bat nidi oompariMm pre-' 
mppoees limply a known identity of quality* the determination 
of idueh is pieoieely the problem of projective Qeometiy. 
Henee the eonditiona ibr the possibility of meaanrement, in 
so far as they are not arithmetical, will be precisely the same 
as those for projective Geometiy. 

142. Metrical Geometry, therefore, though distinct from 
projective Geometry, is not independent of it, but presupposes 
it, and arises from its combination with the extraneous idea 
oifuantity. Nevertheless the mathematical form of the axioms, 
in metrical Geometry, is slightly diffsrent from their form in 
prqjeetiTe Geometiy. • The homegeneity of spaoe is replaced 
by its eqaivalent|» the axiom of Free Mobility. The axiom of 
the straight line is rsplaoed by the axiom of distance; Two 
pointa determine a unique quantity, distance, which is unaltered 
in any motion of the two points as a single figure. This axiom, 
indeed, will be found to involve the axiom of the straight line — 
such a quantity could not exist unless the two points de- 
termined a unique curve — but its mathematical form is changed. 
Another important change is the collapse of the principle of 
duality : quantity can be applied to the straight line, because 
it is divisible into similar parts, but cannot be applied to the ' 
indivisible point We thus obtain a reason, which was wanting 
in desciiptifo Gecmetqr» Ibr p te fe n aq g points^ as spatial ele* 
msnli^ to straight lines cr pknes^ FiDsUy, an entirely new 
idea b introduced with quantity, namely, the idea of MMm. 
Not that wa stoc^ motion, cr tliat any of cor results have 
refisrenoe to motion, but that they cannot^ though in projectm 

• Of. BtsUaa A, M llf-117. 



Digitized by Google 



THE AXIOMS or lOBTBIOAL OlOIUmiT. 149 

Geometry they ocwid, be obtained wilhoai al kesi an ideal 
motion of our t^gurai tlinmgh epaoei. 

Lei Of noir eiamine in detail the pfeiequintae of qiatial 
roeaaaremenii We ihall find three aadoin% without whioh aodi 
meaBiiFenient would be impoeeible, but with whioh it is ade- 
quate to decide, empirically and approximately, the Euclidean 
or non-Euclidean nature of our actual space. We shall find, 
further, that these three axioms can be deduced from the con- 
ception of a form of externality, and owe nothing to the 
evidence of intuition. Thoy arc, therefore, like their equivalento 
the axioms of projective Qoovaetay, priori, and deducible from 
the oonditiooB ci epatial experienoe. Thie expefience, 
eofdingly, can new diqmm thm» mioe ita vety eiiitMiob 

I The Amam 0/ Fm MMH^. 

143. Metrical Geometry, to begin with, may be defined as 
the science which dealu with the comparison and relations of 
spatial magnitudes. The conception of magnitude, therefore, is 
necessary from the start. Some of Euclid's axioms, aooordingly, 
have been classed as arithmetical, and have been suppos ed to 
have nothing partiouiar to do with spaoe. Such are the axioino 
that equals added to or subtracted firom equals give equally and 
that things which are equal to the same thi^g are equal to one 
another* Theee axioms, it is said, are purely arithnietical^ and 
. do notk like the othen^ ascribe an a4if90tive to space. Asnfsrdi 
thoir use in arithmetic, thie is of oourse true, Sut if an aiilh* 
metical axiom is to be applied to spatial magnitudes, it must have 
some spatial import*, and thus even this class is not, in Geometry, 
iii&ely arithmetical. Fortunately, the geometrical element is 
the same in all the axioms of thiH class — we can see at once, in 
iaci, that it can amount to uo more than a definition of spatial 
magnitude*. Again, since the space with which Geometry 
deals is infinitely divudbleb a definition of spatial magnitiMb 

> Coamtt Mmbb, 09b «it ^ IM. 
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nduoet itoelf to • delbition of spilial equalilgr, for, as aoon as 
we hare tins lart^ ire can oompare two spatial magnitodes hy 
dividing each into a nninber of equal iiiiit% sad eouating tibie 
number of such units in each The fatio of the number of 

units is, of course, the ratio of the two magnitudes. 

144 We require, then, at the very outset, some criterion 
of spatial equality : without such a criterion metrical Geometry 
would become wholly impossible. It might appear, at first 
slight^ as though this need not be an axiom, but might be a 
mere definition. In part this is true, but not wholly. The part 
which is merely a definition is given in Euclid's eighth axiom : 
" Mi^todes whioh exactly ooindde are equal" But this gives 
n snffident oriterion only when the magnitudes to be oomparad 
already occupy the same position. When, as will normally be 
the case, the two spatial magnitudes are eiternal to one another 
— «8, indeed, must be the case, if they are distinct, and not 
whole and part— the two magnitudes can only be made to 
coincide by a motion of one or both of them. In order, there- 
fore, that our definition of spatial magnitude may give unam- 
h^guoas results^ ooinoidence when superposed, if it can ever 
occur, most ooenr alwnyi^ whatever path be pursued in bringing 
it aboak Hence, if mere motion could alter shapes, ear cri- 
terion of equality woold break down. It IbUows that the 
* application of the conception of magnitude to figures in space 
involves the following axiom': SpaUtU moffnikidm can b$ mosed 
yrofu place to place wWunU diitotium; or, as it may be put, 
Shapes do not in my way depend upon a^oltUe pomition in 
tpace. 

The above axiom is the axiom of Free Mobility I propose 
to prove (1) that the denial of this axiom would involve logical 
and p h il o so p hical absurditicsi so that it must be classed as 

* Strietly ipeftklng, thii method ii only Applicable where the two magnitndos 
Are oommenaarable. But ii wc takt infinite diriaibiliky rigidij, the onito can 
thiWitlsrijybsklWBsswwIlists oHita layitqaind dfffii sf ^^pvoiiM* 
llsB. — -r f"'ini!^ It mtlTmil irrt trf nnrtiit ^ iniulinsi thi mmitoHjr 
liMreto oonoifllea ei mmh&t, 

* Ot Erdmann, op. olt p. 60. 

" Alio eaUed the axiom of ooniprnenoe. I have taken eongnience io be th« 
di^niUcn of ipatial eqaality bj wip afpo ti tioa, aadahaU thtidloitenMnUjiptikk 
o( 11m «E<0M M Fiw Mobility. 
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whoUjr d priori ; (2) that metrical Cbometiy, if it refused this 
•liom, would be unable, without a logical absurdity, to establish 
the noftioa of qnlial magnitikle M aU. The eooolaaion will be^ 
thai the ajdom eaimol be proved er disproved by «ipeMiee^ . 
bai M uk d prion eonditioii of melrioal Geomeliy. As I ihell 
thus be maintaining a position whidi has been nndi eontro- 
▼erted, especially by Helmholis and Erdnianii» I shall have to 
enter into the ailments at somo length. 

140. A. Philosophioal Argument The denial of the axiom 
involves absolute position, and an action of mere space, per se, 
on thingH. For the axiom docs not assert that real bodies, as a 
matter of empirical fact, never change their shape in any way 
during their passage from plaoe to place ; on the oontiaiy* we 
know that such changes do oconr, sometimes in a very notioe* 
able degree, and always to some extent But soeh ohai^ges aro 
attribnted, not to the change of phee as sodi* but to piqr* 
sical causes: changes of temperature, pressure, ete. What our 
asiom has to deal with is not actual material bodies^ bvi 
geometrical figures \ and it asserts that a 6gure which is pos- 
sible in any one position in space is possible in every other. Its 
meaning will become clearer by reference to a case where it 
does not hold, say the space formed by the sur&ce of an egg. 
Here, a tnangle drawn near the equator cannot be moved 
without distortioa to the pointy as it would no longer fit the 
greater curvature of the new position ; a triangle drawn near 
the point cannot be fitted on to the flatter end, and so cn» 
Thus the method of superposition, such as Buolid employs in 
Book L Fkopb nr., becomes impossible; figures cannol be ftee^ 
moved about^ indeed, given any figure, we can deteimine n 
certain series of possible positions Ibr it on the egg, outside 
which it becomes impossible. What I assert is, then, that 
there is a philosophic absurdity in supposing space in general 
to bo of this naturo. On the egg wo have marked points, such 
as the two ends ; the space foimed by its surfiu» is not homo- 
geneous, and if things are moved about in it, it must of itself 
exercise a distorting effect upon them, (|tttto independently of 
pl^ysical causes; if it did not oxerdse sudi an offMt^ the things 

>lw tto s«N la whkh Omm ifsiw am to Is m|mM as Mirisl, 
■M wttite of HdidMlls, Ctoplar tk II 0» & 
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ooold Doi be mofed Thus aaoli a space wxmld not be homo- 
X. gBowam, bat would liaye merked points, by velbieiioe to wbieh 
bodies would heve absohite position, quite independently of 

any other bodies. Space would no longer be passive, but 
would exercise a definite effect upon things, and we should 
ha?e to accommodate ourselves to the notion of marked points 
in empty space ; these points being marked, not by the bodies 
which occupied them, but by their effects on any bodies which 
might from time to time oooupy thorn. This want of homo* 
genoity and paMvily ii^ howavor, abmird ; spaoe must, since it 
b a form of extemality, allow only of relative^ not of abMoiato» 
poiition, and most be oompletoly bomogeneouB thiovghottt. 

I To sttppose it otherwbe, ie to give it a thinghood which no 

' form of externality can possibly possess. We must, then, on 
purely philosophical grounds, admit that a geometrical figure 
which is possible anywhere is possible eveiywhereb which is the 
ajuom of Free Mobility. 

146. Bb QmnetrioalAt'gunienL Let us see next what sort 
of Geometry we could oonatruct without this axiom. The ulti- 
mate standard of comparison of spatial magnitudes must, as we 

, aaw in intradudng the axiom, be equality when superposed but 
need we. fiom this equality, infer equality when separated ? It 

' bas been uiged by Entmann that, for the more immediate pur- 
poses of Geometry, this would be unnecessary \ We might 
construct a now Geometry, he thinks, in which sizes varied with 
motion on any definite law. Such a view, as I shall show below, 
involves a logical error as to the natui'e of magnitude. But 
before pointing this out, let us discuss the geometrical conse- 
quences of assuming its truth. Suppose the length of an in- 
finitesimal arc in some standard position were ds ; then in any 
other position /» its length would hedi.f where the form of 
tim fbniolMn/(p) must be sopposed known. But howaraweto 
deleimine the position p ? For this purpoae, we require p's 
eonrdinate^ ie., eomo measurement of distance from the origin. 
But the distance from the origin could only be measured if we 
assumed our law / {p) to muaauie it by. For suppose the 
origin to be 0, and Op to be a straight line whose length is 
required. If we have a measuring rod with which we travel 

V 
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•king the line and measure sacoeanve mfinitasuiial arca^ the 
measurii^ rod will ehaoge its size as we move, so that an are 
wfaioh appeMn 1^ the measuie to be dt will really be /(t).dt^ 
where « is the previously travened distsnoOi I( on the 
other hsiid» we move oar line Cp slowly through the origin, sod 
measiire each piece as it pssses through, our measure^ it is true, 
will not alter, but now we have no means of discovering the law 
by which any clumcnt haa chaugcd its length in coming to the 
origin. Hunco, until wu lUj^umo our function /(p), wo have 
no moiuis of dutenniniiig p, i'ov wo havu just seen that distances 
from tho origin can only bo estimated by means of the law 
/(p)» It ibllows that oxperionco con neither prove nor diiiprove 
the oonstency of shapes throughout motuuit sinoe, it shapes 
were not constant^ we should have to Offimie n law of their 
variation befiofe messurement beoame posrible, and theiefim 
measurement oovtld not itself reveal that vsriation to ub\ 

NeverthelesH» such on avbitraiily assumed law ilosi^ at fin* 
sight, give a mathematically possible Geometry. The fund** 
mental proposition, that two magnitudes which can be super- 
posed in any one position can be superposed in any other, still 
holds. For two inAnite.siinal arcs, whose lengths in the standard 
position are dsi and would, in any other position p, have 
lengths f{p).d8i and /(/>). dib» 00 that their ratio would be 
unaltered From this constancy of ratio, as we know through 
Biemann and Uebnholt^ the above proposition lbUowBi» Henoe 
all that Qeomotiy require^, it would soem, as a basis Imt 
measurement^ is an axiom that the altemtkm of shapes durii^ 
motioa ibllows a definite known kw, sudi as that assumed, 
above. 

147. Thero is, howovor, in such a view, as I remarked above, 
a logical error as to the naturo of magnitude. This error ham 
been already pointed out in dealing with Erdmami and need 
only be biieBy repeated hero. A judgment of magnitude is 
essentially a judgment of comparison: in unmeasured quantity, 
oomparison as to the mere more or lees, but in measured mag* 

* The Tiew of HelmboUs and Erdmaim, khat meohAnioal experience toffioes 
here, kboogh geometrioU ta p e ri eaee fiuls u, has been ditwmed a bg ii ^ 
Chapter n. 19 7S, S3. 

* CiMsltrii. i Si. 
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nitnde, oompiittoii m to llie pndse how many timea To 
ipetk of difeonew of mi^iiitade, therefbro, in a case whore 
oonqparieon cannot rercal thorn, Is logically sbsunL Now hi 

the case contemplated above, two magnitudes, which appear 
equal in one position, appear equal also when compared in . 
another position. There is no sense, therefore, in supposing 
the two magnitudes unequal when separated, nor in supposing, 
consequently, that they have changed their magnitudes in 
molkML This sonseloBBneaB of our hypothesis is the logical 
groand of the mathematical indettfminatoness as to the Uw of 
variation. Sinoe^ then, theie is no means of comparing two 
spatial ^[uos, as vefaids magnititde, except superposition, the 
only logioally possible axiom, if spatial magnitude is to be self- 
oonaiBtent^ is the axiom of Free Mobility in the fotm firet given 
above^ 

1481 Although this axiom is d priori, its application to the 
measurement of actual bodies, as we found in discussing Uchn- 
holtz's views, always involves an empirical element'. Our 
axiom, then, only supplies the d priori condition for carrying 
out an opeiatioa which, in the concrete, is empirical— just as 
arithmetic supplies the d priori condition for a census. As 
this topio has been discussed at length in Chapter IL, I shall 
say no mom about it here. 

14flL Thera remain, however, a few objections and dif- 
fionlties to be discussed. Firsts how do we obtain equality in 
solids, and In Kant's cases of right and left hands, or of right 
and left-handed screws, where actual superposition is impos- 
sible ? Secondly, how can we take congruence as the only 
possible basis of spatial measurement, when we have before us 
the case of time, where no such thing as congruence is con- 
ceivable ? Thirdly, it might be urged that we can immediately " 
estimate spatial equidity by the eye, with more or less accuracy, 
and thus have a measure independent of congruenea Fourthly, 
how Is metrical Qeometiy pMnble on non-congraent surfaces, 
if ooqgnuooe be the bads of qwlial measurement I I will 
diaoun theaa d^jectiona s u ce esri vely. 

. 10Ol (1) How do we mflasuro the equality of eolidsl 
naae ooold'only be brought into actual coDgnienoe If wo liad 
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• foiifUi dimennon to oponite and from whaft I hm wU 
befbto cC Ibe abaolttto neoenity of thk teafep it might aeem as 

• Ihoogli wo thoiild bo loft bon in ottor ^gnonuiooii Bndid io 
lUmil on Uio subject, and in all irailBiODGoomotryit laaaraoMd 
asaelf-ovidMittfaaltivomibaoofoqoalndoaioeqaaL Thbao- 
sumpticm BuggeBta that we are not so badly off as we should have 
been without congruence, as a test of equality in one or two 
dimensions ; for now we can at least be sure that two cubes have 
all their sides and all their faces equal. Two such cubes differ, 
then, in no sensible spatial quality save position, for volume, in 
thia oaae at any rate, is not a sensible quality. They are, 
therefore, as &r as such qualities are oonoemed, indiscemibla 
If their plaoea woio mtorohaiiged, we m^gfat know the cha^go 
by their eoloor, or by aomo other noopgoometrioal p topet ty ; 
but ao fiv aa any ptoperty of wbieh QoooMtiy oao take oogt> 
niaaaoa ia ooDoerned, everything wooki aaem as before. To 
auppoae a diffinonoo of Tolume^ theo^ would bo to aaeribo an 
effect to mere position, which we saw to be inadmissible while 
discussing Free Mobility. Except as regards position, they are 
geometrically indiscernible, and we may call to our aid the 
Identity of Indisccmibles to establish their agreement in the 

• one remaining geometrical property of volume. This may 
seem rather a atnunge prineiple to use in Mathematics, and for 
Geometry their equality is, perhaps* best regarded as a defini- 
tion; but if we demand a philoeophical ground for this definition^ 
it ii^ I beUove, ooly to bo found in the Xdontity of Indiaoeiw 
mUaa. Wo can, without enar, make our 

dimensional equality rest on two-dimenaiooal oongrueim For 
ainoe direot oomparioon as to Tolume ia impossible, we are at 
liberty to define two volumes as equal, when all their various 
lines, surfaces, angles and solid angles are congruent, since 
there remains, in such a case, no measurable differenoe. between 
the figures composing the two volumes. Of course, as soon as 
we have established this one case of equality of volumes* the 
rest of the theoiy follows ; as appears finom the ordinary method 
of integrating volumes, by dividing them into small cubesL 
Thuaoongroonooi^fw to eatabliah thrao-dimflnaionaloqttality, 

• * OotttoMi D«lboto(; L'MMiann* •! ka noaTeiks gtonkiriaa, n. B«f . niL 
18N|V«LxiBfii.p.ai4. 
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tiioiigh i% cunot direetly tuoh equality; mmI the same 
phikeophkti principle, of the homqgeiieity of space, by whioh 
eongruenoe was proved, eomee to our feteoe here. But how 

about right-handed and left-handed screws ? Here we can no 
longer apply the Identity of Indiscemibles, for the two are very 
well discernible. But as with solids, so here, Free Mobility can 
help UH much. It can enable us, by ordinary ineaaurement, to ' 
show that tho internal relations of both screws are the samo, 
and that the diflforenoe liee on|y in thoir relation to other 
things in space. Knowing these internal relation^ we oan 
ea tea lat e, by the Qeometry whioh Free Mobility has rendered 
possible, all the geometrioal properties of these sorews— radius, 
pitch, eto^— end can show them to be severally equal in both. 
Bat this is all we require. Mediate comparison is posrible, 
tfaoui^ immediate comparison is not Both can, for instance, 
be compared with the cylinder on which both would fit, and 
thus their equality can be proved. A precisely similar proof 
holds, of course, for the other cases, right and left hands, 
spherical triangles, eta On the whole, these cases cod firm my 
argument ; for they show, as Kant intended them to show', the 
essential relativity of space. 

161. (2) As regsidf time^ no congruence is here con- 
ceivable, for to effect coqgrttence requires always — as we saw in 
the case of soUds— one more dimension than belonj(8 to the 
mi^tades compared. No day can be brought into tempwal 
coincidence with any other day, to show that the two exactly 
cover each other ; we are therefore reduoed to the arbitrary 
assumption that some motion or set of motions, given us in ex- 
perience, is uniform. Fortunately, we have a large set of mo- 
tions which all roughly agiee ; the swing of the pendulum, the 
rotation and revolution of the earth and the planets, etc These 
do not exactly agree, but they lead us to the lawg of motion, by 
which we are able, on our arbitrary hypothesis, to cHtimnte 
their small departures from uniformity ; just as the assumption 
el Free Mobility enabled ua to measure tb» departures of actual 

' Pkplesoaiens, S 18. See Vaihinger'a CommenUr, n. pp. 518 — esp. 
pp. SSI — f. Th« aboTe was K«nt'B whole purpose in 17t>8, but only part of his 
pofpoM in iht fvoifligoiiiMi*, when Um intoitiTe oAloxe of qp*oe wm *1m Io be 
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bodies from rigidity, Bui here, m there, another possibility is 
mathematically open to iaa» and can only be excluded by its 
phileeophio abeovdity ; M n^ght h*ve Atniiiied that the above 
Ml of Approiiiiuitely tgreeing molkiis all had vebeitieB whioli 
varied iqiproiiinately as aome arbitrarily assamed luoetkn of 
the tuiie,/(0 iay, neasnred ftom some arintnury origin. Sadi 
an amnmption would still keep them as nearly synchnmoiis aa 
before, nnd would give an ei|ually possible, though more com- 
plex, Hystem of McchanicH ; instead of tho first law of motion, 
wo flhould hftvo tho following: A paHicle pcrwvei-es in its 
state of re8t, or of rectilinear motion with velocity varying as 
/(t), exoept in so far as it is compelled to alter that slate by 
the action of external forces. Such a hypotheria u mathe* 
matically possible, but, like the similar one for space, it ia. 
excluded logically by the compamtive nature of the j/adgBu^' 
of quantity, and f^ilosophksaUy by the iaot that it involna 
absolute time, aa a determining agent in ehange» wheteas timo 
can never, philosophically, be anything hnt a paasivo titm^ 
abstrseted from change. I have introduced this parallel finm 
time, not as directly bearing on the argument, but as a simpler 
case which may serve to illustrate my reasoning in the more 
complex case of space. For since time, in mathematics, is one- 
dimensional, the mathematical difficulties are simpler than in 
Geometry; and although nothing accurately corresponds to 
congruence, there is a very similar mixture of mathematical 
and philosophical necessity, giviqg, finally, a thorough^ definite 
axiom aa the basis of time-measurement^ c o ties p oiidiiy to 
eongmenee aa the baaia of qMce-measurement*. 

152. (8) Thecaaeof time-measuxementaoggestathetlufd 
of the above objeotiona to the absolute necessity of the aiimn of 
IVee Mobility. Psycho-physics has shown that vra have aa 
approximate power, by means of what may be called the sense 
of diuntion, of immediately estimating equal short times. This 
establishes a rough measure independent of any assumed 
uniform motion, and in space also, it may be said, we have a 
simiUr power of immedis^ comparison* We can see, by im- 



> Ou ths BsfeM 0f tiaM aMMmsBNOl, st BomhM^ i. 
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mwiHite UHpeelioii, thai the ralMliTsnoiiB <m a foot rule an 
Bofc gmriy inaooiwile; abd ao, it may bo aaid, we bothlia¥e a 
meaniie indapendflnt of ooDgraono^ and also ooold diaoofer, by 
•iparieDoe. any graaa departure fifom Fkeo liobililgr* Against 
tliii Tiew, however, there is at the outset a very fiindamental 
psjrchological objection. It has been urged that all our com- 
pariflon of spatial magnitudes proceeds by ideal Huperposition. 
Thus James says (Psycholog}*, Vol. ii. p. 152): "Even where we 
only feel one sub-division to be vaguely larger or less, the mind 
must pass rapidly between it and the other sub^livision, and 
receive the immediate sensible shock of the more,** and *' so fiur as 
the sab-divisions of a sense-spaoe are to be mMSttrad exactly 
a^MDSt each other, objective forms ocenpying one subdivison 
nnst be directly or indirectly snpeiposed npon the other'." 

Even if we waive this fiindamental objection, however, others 
remsan. To b^n with, soeh judgments of equality are only 
very rough approximations, and cannot be applied to lines of 
more than a certain length, if only for the reason that such 
lines cannot well be seen together. Thus this method can only 
give us any security in our own immediate neighbourhood, 
and could in no wise warrant such operations as would be 
required for the construction of maps &c, much less the mea- 
sofement of astronomical distanceSi They might just enable 
tis to say that some lines wore longer than otheni^ but they 
wonhl leave Oeonetry fai a position no better than that of the 
Hsdonical GWhmlus, in whidi we depend on a purely subjective 
measure. So inaccurate, in ihct^ is such a method aeknow* 
lodged to be^ that the foot-rule is as muoh a need of daily lifo 
as of science. Besides, no one would trust such immediate 
judgments, but for the fact that the stricter teat of congruence 
to some extent confirms them ; if we could not apply this test, ' 
we should have no ground for trusting them even as much as 
we do. Thus we should have, here, no real escape from our 
absolute dependence upon the aiiom of Froe Mobility. 

IMi (4) One last eluddatciy remark is necessary before - 
oar proof of this axiom can be considered complete. We spoke 
abofO of the Qeometiy on an egg, where Free liobililgr does not 
hold* Vhat^ I nmf be admd, is there about a thovou^^ non- 
* Ct8twB|pf. UnpnasivBssBnppnMliug, p. SS* 
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congruent Qeometiy, more impomible than this Oeometry on 
the egg ? The answer is obvious. The Oeometry of non- 
congruent surfaces is only possible by the use of infmitesimaLs, 
and in the infinitesimal all surfaces bewme plane. The funda* 
mental formula, that for the length of an infinitesimal arc, is 
only obtained on the aasumption that such an arc may be teMtad 
as a straight line, and that Euclidean Plane Qeomeby may be 
apipUed in the immedieto neigfaboarhood of any pointb If we 
had not our Bndidean meesuie, whkh oodd be moved vitfaout 
distortion, we ahouhl haTO no method of oomparing small ene 
in diSbrent places, and the (leometry of non-oongment auHaeee ' 
would break down. Thus the axiom of Free Mobility, as 
regards thrce^imensional space, is necessarily implied and 
presupposed in the Oeometry of non-congruent surfaces; the 
possibility of the latter, therefore, is a dependent and derivative 
possibility, and can form no argument against the d priori 
necessity of congruence aa the t^t of equality. 

154, It ia to be observed that the axiom of Free Mobility, 
as I have enunciated it^ includes also the axiom to which 
Hehnholts gives the name of Monodvomy. This aanrts that 
a body does not alter its dimensions in eooseqnenee of m 
oomplete levolntion through four light angles, bat oocupiee 
at the end the same position as at 1^ beginning. Hie sap- 
poaed mathematical necessity of making a separate axiom of 
this property of space has becu dittpiuvod by Sophus Lie (v. 
Chap. I. § 45); philosophically, it is plainly a particular case 
of Free Mobility*, and indeed a particularly obvious case, for 
a translation really does make some change in a body, namely, 
a change in position, but a rotation through four right angies 
may be supposed to have been performed any number of times 
without iqipearing in the leanlt, and the absurdity of ascribing 
to space the power of making bodies grow in the process is 
palpable; eveiythiii^ that was said above en eongmeiioe us 
general applies with even greater evidenoo to tibis qjieeiil 

150. The axiom of Free Mobility involves, if it is to be 
true, the homogeneity of space, or the complete relativity of 

1 A« is Helmholto'i other axiom, that the posubU^f of SSp^MlliHi 
is indtpsatetef theoomparraedaiibriiigiivttabMil. 
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pontkm. For if any shape, which is poflsible in one part of 
space, be ahmys possible in another, it follows lhat all parts 
ef spaee aie qai^MMiy siinilar, and caonofe^ therefoire, be 
distingnlwhed by any intrinrie property. Hsnoe positions in 
spaoe, if our axiom beHme, must be wholly defined by external 
lelalions, is. Paitkm ii noi an iniriniie, hui a pwrtfy rMive, 
property of things tn ipac$. If there could be snch a thing 
as absolute poflition, in short, metrical Geometry would bo 
impoflfiible. This relativity of poAition ia the fundamental pos- 
tulate of all Qeoroetry, to which each of the necesflary metrical 
axioms leads, and from which, conversely, each of these axioms 
can be deduced. 

lOOi This converse deduction, as regards Free Mobility, is 
not very difficult, and foUowH from the argument of Seotion A*, 
which I will fariiiy recapitiilate. In the first plac^ externality 
Is an essential^ ralative oonoeplion— nothing can be external 
to tlael£ To be external to sometliing is to be an other with > 
some relation to that thi^g. Henoe, when we abstiaot a Ibim 
of externality from all material content, and study it in iso- 
lation, position will appear of neccHsity as purely relative — 
it can have no intrinsic quality, for our form consists of pure 
externality, and externality contains no shadow or trace of 
an intrinsic quality. Hence we derive our fundamental pos- 
tulate, the relativity of position* From this follows the homo- 
geneity of our form, for any quality in one position, which 
naiked out that position from anotiier, would be necessarily 
mors or less intrinsic, and would contradict the pore relativity, 
FinaUly Free Mobility foUows Unm homogeneity, ibr our form 
would not be bomogeneoas nnlsss it allowed, in every part, 
shapes or systems of relations, whidi it allowed in any other 
part Free Mobility, therefore, is a necessary property of every ~ 
possible form of externality. 

167. In summing up the argument we have just con- 
cluded, we may exhibit it, in consequence of the two preceding 
paiagraphs, in the form of a completed circle. Starting from 
the conditions of spatial measavement, we found that the com- 
psiison, reqinived for measurement^ oould only be efieoted by 
sopsfpoaition. But wis found, fturther, that the result of sudi 
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eonpuTMon win cn\j be niiainbiguoiis, if spatial magnitudes and 
pea are unaltered by motion in space, if, in other words, 
Hha|K'M do not depend upon absolute position in space. But 
this axiom can only be true if space is homogeneous and 
position merely relative. Conyenely, if* position is lifwnmfti 
to be meceiy relative, a diange of magnitade m motioii — 
infolniig M it doe% the aaertion of abeolnte position — is 
impoenUa, and our teit of wptML eqiuailj it timrefoe ade- 
qiMto. Biitpontioiiin«qrftimof «xteiiMdiljniu( ^ 
raMf^ mSimo exlemftltty OHmol be mi intriorie property of 
■aythiqg. Our Mioro,iheraliie,ied|irM in * do^b^ 
It ie prewippoeed in all spatial measiironient, and it is a 
necessary property of any form of externality. A similar double 
apriority, we shall see, aj^pears in oiur other necessary azioma. 

■ 

158. We have seen, in discussing the aziom of Free llo- 
bility, that all position is relative, that is, a position eziste / 
only by virtne of lelationa'. It foUowa that^ if positiona can 
be defined at aU, they most be uniquely and ezhanst&vnly 
defined by some finite number of sueh relalioML If Geometiy 
ia to be possible, it roust bappra that, after enough rdations 
have been given to determine a point uniquely, its relations 
to any fresh known point arc deducible from the relations 
already given. Hence we obtain, as an d priori condition of 
Geometry, logically indispensable to its existence, the axiom 
that Space must havs a finite integral number of JHmeneione, | 
For every relation required in the definition of a point oon* 
stitutes a dimension, and a faction of a relation is mennii^lw. 
The number of relatiooB required must be finite, ainoe an 
infinite numbor of dimenaiona would be piaetieany impomible 
to detennine. If we remember our aadom of IVee Uobility^ 



1 lUsdtdiietionispneUoAUjthsiimsasfintiaSss. A,balltamsl^ 
It lim irtfh mon ipiM lilraM to spaM and to iMlrfail 

* The tetHioBs ««BttalloBi lo wfaatT" is a ^ as rt faa tevriving nmaj 
iUMtiM. It wm b« toached on Uter ie Hilt ehapter, and aamrad, m fur as 

poMible, in the fourth ohapter. For the preR«nt, in spite of tbo ^tafiaf iiiiie 
inrolTod, I iliaU teka tha niatioM M MlMioiii to oth« poai^^ 
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and remember also that space is a continuum, we may state 

our axiom, for metrical Geometry, in the form given by Helm* 

Mtz (▼• Chap. L § 25): "In a space of n dimensiom, the 

poehwn of emy point » nniqnely dBtenained by the measure- 

■MOt of fi eontinnoas'independent variaUeB (ooofdtnatesV 

m So nradi, then, is A priori neeewwy to metiieal 

Geometry. The rwtrietion of the dtmeiimons to three seems, 

on the contrary, to be wholly the work of experience'. This 

restriction cannot be logically necessary, for as soon as we have 

formulated any analytical system, it appears wholly arbitrary. 

Why, we are driven to ask, cannot we add a fourth coordinate 

to our ar, y, s, or give a geometrical meaning to d;* ? In this 

moro special form, we are tempted to regard the axiom of 

dimensicms, like the number of inhabitanta of a town, aa a 

piiiely atalMtiGal fiMtk with no gieater neoeanty than 80^ fiwto 
have. 

Geometiy tfffofda tntrinne evidenee of the truth of my . 
difiaion of the axiom of dimenaiooa into an d priori and 
empirical portion. For while the extension of the number 
of cUmensions to four, or to n, alters nothing in plane and 
solid Geometry, but only adds a new branch which interferes 
in no way with the old, sorne definite number of dimensions 
is assumed in all Geo.netries, nor is it possible to conceive of 
a Geometry which should be free from this assumption*. 

160. Let U0» sinco the point seems of aome interest, repeat 
our proof of the apriority of this axiom from a slightly diSerant 
point of view. We wiU begin, this time, from the most ab- 
■tniet eonoeption of spaoe^ aneh aa we find in Biemann'a dimer- 
tation, or in Erdmann'a extents. We have here, an oidered 
manifoU, infinitely divisible and allowing of Free Mobility*. 
Vno Mobility involves, as we saw, the power of passing con- • 
tinuously from any one point to any other, by any course which 
may seem pleasant to us; it involves, also, that, in suoh a 

« Wia«. Abh. VoL n. p. 614. 

* Cp. anunuum, Anidehnangslehre tod 1844, 2Qd ed. p xxin. 

• Mb0M( It fitiM, qMiksol GMm«fcriM with mjn dimcasionf, bot giNss 
assrfMMi(Bsf«na.T.sssvLp, 4Ktt^ 

la a SMMH^ fiqpit^ «| Us MBii^ tfMMgh ht aofli aol lilMd tt M fsoh. 
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ooQft^ no ohanges occur exoopt ohanges of mm poaiion, ic, 
potttions do not differ from one another in any qoalitetm 
my. (This abioiioe of qwditative difieranoe is the diatrngaiali- 
ing mafk of apooe m oppooed to other maiulbldfl^ anoh as the 
oolottr- and tone-ayitems: in theoe^ every element hoe s definite 
qnelitetive senaitioiMl velne, whereas in space, the sensational 
value of a position depends wholly on its spatial relation to i 
our own body, and is thus not intrinsic, but relative.) From 
the abBence of qualitative differeticea among p<^itions, it follows 
logically that poflitions exist only by virtue of other positions ; 
one position differs from another just because they aie twOp 
not because of anything intrinac in either. Position is thus 
defined simply and solely hy relation to other positSonsi Any , 
position, thereftnre» is completely defined when, and on^ when, 
enough snoh relations have been given to enable ns to do- . 
termine its relation to any new position, this new position \ 
bebg defined by the same number of relations. Now, in order 
that such definition may be at all possible, a finite number 
of relations must suffice. But every such relation constitutes 
a dimension. Therefore, if Geometry is to be possible, it is 
h priori necessary that space should have a finite integral 
number of dimensions. 

161. The limitation of the dimensions to three is, as we i 
have seen, empirical; nevertheless, it is not liable to the in- ^ 
aoouracy and uncertainty which usually belong to empurical 
knowledge. For the alternatives which kgie leaves to sense 
are discrete— if the dimensions are not three, tlMy must be 
two or four or some other number — so that 9maU emns are 
out of the question ^ Hence the final ceitatnty of the aiicm 
of three dimensions, though in part due to experience, is of 
quite a different order from that of (say) the law of Gravitation. 
In the latter, a small inaccuracy might exist and remain un- 
detected ; in the former, an error would have to be so consider- 
able as to be utterly impossible to overlook. It follows that 
the certainty of our whole axiom, that the number of dimensioDs 
is thiee, is ahnost as great as that of the d pnori o l ement ^ 

* OC Rhmann, Hypottmi wikhe im OsmmMs aa. Oisals >«VM» 
Oiimimns Wsrt% 16S> ab»BiisnaB,of.sil.F.lM. 
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tSnob M» eleiiMni hvm to wmm « definite diirjiiiielioii of 
ditcrete po68ibiliiie& 

« 

IIL Tk$ Amom ^ DiakoM. 

162. We have already seen, in discussing projective Geo- 
metry, that two points must determine a unique curve, the 
straight line. In metrical Geometry, the corresponding axiom 
11^ thtkt two poiote must detennine a unique spatial quantity, dis- 
tenoa I prapoee to prove, in what follows, (1) that if distanoe, 
M a qnaality eonpleleljr determined by two points, did not eidst, 
apfttisl magnitude would not be meesnniblo; (2) tbni distance 
can only be determined by two points, if there is an aetoal 
eoTFe in space determined by thoee two points ; (3) that the 
existence of such a curve can be deduced from the conception 
of a form of externality, and (4) that the application of quantity 
to such a curve necessarily leads to a certain magnitude, namely 
distance, uniquely determined by any two points which de- 
termine the curve. The conclusion will be, if these propositions 
can be successfiiUy maintained, that the axiom of distance is 
d priori in the same double sense as the axiom of Free Mobility, 
isL it is pnsapposed in the possibility of measurement^ and 
it is neoeisarily true of any possible form of externality. 

168L (1) Thib possibility of spatial measurement allows 
us to infor the existence of a magnitude uniquely detennincd 
by any two pointa The proof of this depends on the axiom 
of Free Mobility, or its equivalent, the homogeneity of space. 
We have seen that these are involved in the possibility of 
spatial measurement ; we may employ them, therefore, in any 
aigument as to the conditions of this possibility. 

Now to begin with, two points must, if Geometry is to 
be poesible, have nme relation to each other, for we have seen 
that such lelatioas ah»e constitute position or localisation* 
But if two points have a rebtion to each other, this must be 
an intrinsic lelatico. For st foUow8» from' the axiom of Free • 
Mobility, thai two points, foiming a figure congruent with the 
given pair, can be constructed in any part of space. If this 
were not possible, we have seen that metrical Geometry 
could not exist. But both the figures may be regarded as 
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oompmed of two points and their relation ; if the two fignvw 
are confpnient^ Uimfore, it followi that the leklioii is quan* 
titalively the laiiie for both figuvee* aiiioe ooqgrueDm is iIm 
tM4 of ■palial equdi^. Heofie the two points have m quiiti* 
tatifo relation, which is suflh that thflty can timvene all space 
in a oombioed motion without in any way alterit^ that 
ktioii. Bat in snoh a geneial motion, any external lelatMNi 
of the two points, any relation involving other points or figures 
in upaco, must be altered'. Hence the relation between the 
two points, being unaltered, mu»t be an intrinsic relation, a 
relation involving no other point or figure in space; and this 
intrinsic relation we call distance*. 

164 It might be objected, to the above aignment, that it 
involves a ptUHo principii. For it has been assumed that 
the two points and their relation form a fignrob to which other 
figures ean be eongment Now if two points have no intrinsie 
relation, it would seem that they eannot form such a ^guie. 
The argument, therefore, apparently assumes what it had to 
prove. Why, it may be asked, should not three points be 
required, before we obtain any relati(»n, which Free Mobility 
allows us to construct afreflh in other parts of ftpace ? 

The answer to thin, as to the corresponding question in the 
first section of this chapter, lies, I think, in the passivity of 
space, or the mutual independence of its porta. For it follows, ^ 
from this independence, that any figure, or any assemblage { 
of pointii may be discussed without reference to other figures 
or points. This principle is the basis of infinite divisibitity, of 

* This is BUbjeot, in spherical space, to the modifieation pointe<l ont below, 
in dealing with lbs tioeptioB to the axiom of tht stiaight iino. 8co 
U 168—171. 

' In speaking of distance at once as a quantity and as an inthnaie 
loUtioii, I am anxionfl to goard against an appaftal fawoBrfilia^f. I hats 
■pdkoa 9i Um JodgBMil of qwatilir, thMSghoot, m ooi of ooaipiiiMBi hsir, 
ttMB, OiB a qualilgr ho hitHaiiot Tho nply ii lhs«» allhoasb aimsiWBurt 
and tfat Judgment of quantity ezpien Ifao mslt of oomparison, jnl Iho tonus 
compared must exist before the oompariffon ; in this case, the terms eomparsd 
in measoring distances, i.e. in comparing them inter $e, are intrinsic relations 
between points. Thus, although the meaturement of distanoe inTolvm a 
lilmBOt to olhor distanoea, and ita e^qpcMaion aa a magnitode raquina oadi a 
nfmaao, yuk Ho wKkUam do« aol dspsad oa asgr ostml wtlmmm hat 
oaMfity OB Ao tee pdato ehoM dtalaaoi ft la 
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(ha use of qiuuilily id Qmnetiy, mkI of all poaaibiUtjr of 
urftlfiting pttriioobr figum for dimunoii. It foUowi th«l Iwo 
poiats OMmol bo dependent! m to thdr relatiant on nny otlunr 
points fsr figuvw, for if HImj wore lo dependent! wo should have 

to suppose some action of such points or figures on the two 
points considered, which would contradict the mutual indo- 
pendence of different poeitions. To illustrate hy an example : 
the relation of two given points does not depend on the other 
points of the straight line on which the given points lie. For 
only through their relation, through the straight line which 
they determine, can the other points of the straight line be 
known to have any peculiar connection with the given pair. 

16ft Bat why, it maj be asked, should thete be only one 
sneb lebtioa between two points t Why not sevenl f The 
answer to this lies in the foot that pants an wholly oonsfeitnted 
by velalioQS, and have no intrinsio nature of their own'. A 
point is defined by its relations to other points, and when onoe 
the relations necessary for definition have been given, no fresh 
relations to the points used in definition are possible, since the 
point defined has no qualities from which such relations could 
flow. Now one relation to any one other point is as good for 
definition as mora would be, sinoe however many we had, they 
would all remain unaltered in a combined motion of both 
points. Haooe thsfo can on^ be one relation determined by 
any two pobts. 

166. (S) We have thns estabUahed oor fimt proposition— 
two points have one and only one rebtion uniquely determined 
by those two points. This relation we call their distance 
apart. It remains to consider the conditions of the measure- 
ment of distance, i.e., how far a unique value for distanoe in- 
Tolves a ourve uniquely determined by the two points. 

In the first plaoe, some ourve joining the two points is 
involved in the above notion <^ a oombined motion of the two 
points, or of two other points forming a figure oongment with 
thefiisttwa For without some suoh ounre^ the two point-pairs * 
cannot be known as congruent, nor can we have any test by 
widoh to dinover when a point-pair is moving as a single 

> Sm ih« tod or tiM MrguoMai on Vm Mobiiit/, | IM il. 
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ligiii«\ DirtapM mntt be meMoved, tiienfim^ hf mmm Ium 
wliioh joint the two pomtaL Bat need this be s line wliidi the 
two poiiili oompletel/ detenniiie f 

107. We ere eoeoitoiiied to the definition of the eln^t 

line «• the sfwrtett distance botweon two points, which impliee 
that diHtaiice might oi^ually well be measured by curved lines. 
Thin impIicAtion I believe to be false, for the following reasons. 
When we speak of the length of a curve, we can give a meaning 
to our words only by aupposiug the curve divided into infinites- 
imal rectilinear arcs, whose sum gives the length of an eiquiva- 
lent stmight line ; thus unless we presuppose the straight line^ 
we have no meens of eompering the lengths of different curves, 
and een therefore never discover the npplioebilitjr of our defini- 
tion. It might be thought, perhnpa, thnt eome other Une» enjr 
n ewole, might be need ee the beeis of meesoiement But in 
Older to eetimnte in thie wiy the length of angr curve olher 
than a drole, we ehould have to divkto the curve into in- 
fiuitcsimal circular aim Now two successive points do not 
detennine a circle, ho that an arc of two points would have au 
indeterminate length. It is true that, if we exclude infinitesi- 
mal nvdii for the meoHuring circles, the lengths of the in- 
finitesimal aix» would bo dotenninate, evou if the circles 
variod, but that it ouljr because all the small circular ares 
thfough two ooneeoutive pointe coincide with the straight line * 
through thoee two pointe. Thuii oven with the help of the 
aibitiaiy leetriction to a finite nidiuSk all that happene is that 
we aie brought back to the stmight line. IS, to moid matten^ 
we take three consecutive points of our curve, and reckon 
dibtance by the arc of the circle of curvature, the notion of 
distance loses its fundamental proi>erty of being a reUtion be- 
tween tm points. For two consecutive points of the arc ooukl 

* In Frischauri *' Abtoluto Goomotrio uach Johftna Doljrai," Anhang, thert 
fa • serlM of d«fiQllioiM, iiUrting from (be •pbere, u Ui« looui of coogracBt 
poini-paiis what MM point ol tb« ptirii Sitj^ and hinat sMal«f ths slnlt 
■oA fths •IraliM lias. Vkom IIm alMVS tt lbll0W% fhal IIm iplM 
Alvsftdj ittTolres a beiwMa tilt potato of the poinft-poiff tj wliioh 
varionfi point-patrs can be known m OOngnMOt ; and it will app«ftr, as we • 
prooeed, that this oarve must be a atraighft line. FriMhaofB deHnttion 1^ 
meant oi (he sphere iovolves, therefore, a Tieioiu oirele, ainoe the wgbmm 
pnrappoiii tbt tknlgbl Une, m tho teal of ooogmoot poiat-pain. 
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not thon be said to hmr^ any oorresponding distance apart^ 
three points would be necessary before the notion of distance 
became applicable. Thus the circle is not a possible basis for 
measurement^ and similar objections apply, of course, with 
increased force, to any other curve. All this argument is 
designed to show, in detail, tho logical impossibility of measur- 
ing distance by any curve not oompletely defined by the two 
points whose dittoaee mpui is nquired. If in the above we 
had taken distaooe m measured by circles of ffiven raditu, we 
•heald hm iDtroduoed into its defiaitioD « rslslioii to oilier 
• points bsflidss the two wbose distsnoo was to be meesund, 
whioh ws saw to bo • logiosl fidlsoy. Mbieowv axe wo to 
know tliat all the droles have equal radii, until we have an 
independent measure of distance? 

168. A straight line, then, is not the shortest distance, but 
is simply the distance between two points — so far, this con- 
clusion has stood firm. But suppose we had two or more 
curves through two points, and that all these curves were 
congruent inter se. We should then say, in accordance with 
the definition ol spatial equality, that the lengths of all these 
corves wore eqnaL Now it might happen that^ although, no 
one of tho oortes was aniqnely determined by the two end- 
points^ yet the common length of all the curves was so deter- 
mined. Li this case, what would hinder us from calling this 
common length the distance apart, although no unique figure 
in space corresponded to it ? This is the case contemplated by 
spherical Geometry, where, as on a sphere, antipodes can be 
joined by an infinite number of geodesies, all of which are of 
equal length. The difficulty supposed is, therefore, not a 
purely imaginary one, but one which modem Geometry forces 
us to £Ekce. I shall consequently discuss it at some length. 

IM To begin with, I must point out that my axiom is 
not quite equivalent to Buelid's. Budid's axiom states that 
two straight lines osnnct ondose a spaoe^ iA, cannot have 
mors than one common poini Now if evwy two points, 
without oiooption, determine a unique straight line, it follows, 
of course, that two different straight lines can have only one 
point in common— so (ar, the two axioms are equivalent. But 
it may happen, as in spherical space, that two points in gfnmU 
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detemiiie a unique sbraigfat line, Imt fioi to do so when they 

have to each other the special relation of being antipodes. In 
Buch a system every pair of straight lines in the same plane 
meet in two points, which are each other's antipodes ; but two 
points, in ff€neml, still dotcrmine a unique straight line. We 
arc still able, therefore, to obtain distances from unique straight 
lines* except in limiting cases ; and in such cases, we can take 
any point intermediate between the two aDtipodes^ join it hy 
the soins straight line to both antipodes^ aiid messoie its 
distance from those antipodes in the usual way. The sum ef 
these distances then gives a unique value lor tbe distanoe 
between the antipodea 

Thus even in spherical space, we are greatly assisted by the 
axiom of the straight line ; all linear measurement is effected 
by it, and exceptional cases can be treated, through its help, by 
the usual methods for limits. Spherical 8p<ace, therefore, is not 
so adverse as it at first appeared to be to the d priori necessity 
of the axiom. Nevertheless we have, so far, not attacked the 
kernel of the objection which spherical space sai^ggested. To 
this attack it is now our duty to proceed. 

170. It will be remembeied that, in our d priori ipswii 
that two points must have one definite rsiatiott» we held ii 
impossible for those two points to have, to the lest ef spaoe» 
any relation which would be unaltered by motion. Kow in 
spherical space, in the particular ease where the two points are 
antipodes, they have a relation, unaltered by motion, to the rest 
of space— the relation, namely, that their distance is half the 
circumference of the universe. In our former discussion, we 
assumed that any relation to outside space must be a relation 
of position — and a relation of position must be altered by 
motion. But with a finite space, in which we have absolute 
msgnitude, another relation becomes possible, namely, a rela- 
tion of msgnitude. ikntipodal pomts, aeowdini^y, like eoinei* 
dent points, no loiiger determine a unique straight line. And 
it is instructive to observe that there is, in conssquenoe^ an 
ambiguity in the expression for distance, lilrn the Ofdinaiy 
ambiguity in angular measurement. If l/A;* be the space con- 
stant, and d be one value for the distance between two points, 
^nrkn ± d, where n is any integer, is an equally good value. 
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Distance is, in short, a periodic function like angle. Thus such 
a state of things rather confirms than destroys my contention, 
that distance depends on a ourve uniquely determined by two 
pointe. For m sood as we drop this unique determination, we 
■ee smUguitieB ereeping into our expression for distance. 
Distance sftiU has a set of duenU nduesi corresponding to the 
iaet thatp given one pointy the stnu|^t line is uniquely deter- 
mined ht all other points but one, the antipodal point It is 
tempting to go on, and say : If through even/ pair of points there 
were an infinite number of the curves used iu measuring distance, 
distance would be able, for the same pair of points, to take, not 
only a discrete series, but an infinite continuoHS series of values. 

17L This, however, is mere speculation. T come now to 
the pihe d§ rMiianoe of my arguments The ambiguity in 
spherical space arose^ as we saw, from a relation of nuignUude 
to the rest of space-Hmch a relation being unaltered by a 
motion of the two points, and therelbre foiling outside onr 
introdnotoiy reasoning. But what is thu relation of magni- . 
todef Simply a relation of the diikum between the two 
points to a dUtance given in the nature of the space in question. 
It follows that such a relation presupposes a measure of distance, 
and need not, therefore, be contemplated in any argument 
which deals with the d priori requisites for the possibility of 
definite distances ^ 

172. I have now shown, I hope conclusively, that spherical 
space affords no objection to the apriority of my axiom. Any 
two points have one relation, their distance, whieh is inde- 
pendent of the rest of spaos, and this relation requires, as its 
measure, a curve uniquely determined fay those two points. I 
might have taken the bull by the horns, and said: Two points 
oan bave no relation but what is given by lines which join 
them, and thercfore, if they have a relation independent of the 
rest of space, there must be one line joining them which they 
complet^y determine. Thus James says*: 

' Nor in U17 argnmeni which, like those of projeoUTe Geometry, aToids the 
notion ol maguitade or distanoe altc^ther. It followi that the propoeitioni of 
frojMliT* 0«onMtx7 %nktt withoak nMrre, to fpharioal spMe^ sinoe kbt 
Mpllia ts «w ssiem er fhi flidihl lias sliiM ssily sa BNMasl 
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^ Jnit as* in tlie field of qnaality, (he nktioiir b etfrwii Iwo 

numbers is another number, so in tlie field of epeoe the rela- 
tions are facts of the same order with the facts they relate 

When we speak of the relation of direction of two points 
towards each other, we mean simply the sensation of the line 

that joins the two points together. The line is the relation 

The relation of position between the top and bottom points of 
e vertical line is that line, and nothing else." 

If I had been willing to use this doctrine et the begimui^, 
I mtght heve evoided ell diMnanon. A unique lektion between 
two points muii in thie eese, involve n nnique line between 
thett. But it seemed better to avoid • doetrine not vnivemally 
aeeepted, the moie so es I was approaching the qoeetioii from 
the logical, not the peyehologioal, mde. After disposing of the 
objections, however, it is interesting to find this confirmation 
of the above theory from so different a standpoint. Indeed, I 
believe James's doctnne could be proved to be a logical neces- 
sity, as well as a psychological fact. For what sort of thing 
can a spatial relation between two distinct points be ? It must 
be something spatial, and it must, since points are wholly 
eonslitnted by their reUtions, be something at least as real and 
taiigible as the points it relates. There seems nothing whieh 
ean satisQr these requirements, exeept n line joining thess. 
Henoe, once more, a unique relation must involve a unique 
line. That is, linear magnitude is logically impossible, unless 
space allows of cui*ves uniquely determined by any two of their 
points. 

173. (3) But farther, the existence of curves uniquely 
detennined by two points can be deduced from the nature of 
any form of externality'. For we saw, in *"g Free 

Mobility, that this axiom, together with houM^geneity imd the 
relativity of position, ean be so deduoed, and we saw in the 
beginning of our disrassion on distance, that the existenee of n 
unique relation between two points oouM be deduced fieom the 
homogeneity of space. Sinee position is relative^ we may say, 
any two points must have eome relation to each other: since 

* This rtep im llw titSMrt has been pat rery bri«flj, dnm it it a Btra 
repetition of thecorreepondingargament in Beciioa A, tadisiBHrtiAkSBSSB^ 
tor tlKi lake of logioai toiaplelemn. 8M|lS7ff. 

I r 
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oar form of externality ia liomogHiioa% this relation can be 
kepi muchuag&A while the two pointe mo^e in the form, ie., 
ehM^ their fektioos to other points; henoe their relation to 
eeeh other is an intrinsie rektion, independent of their reb* 
tioos to other points. But sinoe our fonn ii merely a complex 
of rsbtiooB, a relation of extenmlity must appear in the form, 
with the same evidence as anything else in the form ; thus if 
the form be intnitive or sensational, the relation must be 
immediately presented, and not a mere inference. Hence the 
intrinsic relation between two points must be a unique figure 
in our form, i$, in spatial terms, the straight line joining the 
two points. 

174 (4) Finally, we have to profe that the existenee of 
ineh a eonre neoeseaiily leads, when quantity is applied to the 
velalioo between two points^ to a unique magnitude, which 
thoee two pointe completely determine. With this, we shall be 

brought back to distance, from which we started, and siiall 
complete the circle of our argument 

We saw, in section A § 119, that the figure formed by two 
points is projectively indistinguishable from that formed by any 
two other points in the same straight line ; the figure, in both 
esseSb is, from the projective standpoint, simply the straight 
Ime on which the two points lie. The difference of relation, in 
the two cases, is not qualitative^ since projective Qeometiy 
cannot deal with it; nevertheless, there is some difference of 
relation. For instance, if one point be kept fixed, while the 
other moves, there is obviously some change of relation. This 
change, since all parts of the straight line are qualitatively 
alike, must be a change of quantity. If two points, therefore, 
determine a unique figure, there must exist, for the distinction 
between the various other points of this figure, a unique ' 
quantitative rshition between the two determining pointe^ and 
theieforeb auioe these points are arbitimy, between only two 
pointsL This reiaticn is dutanot, with which cur aigument 
be^n, and to which it at least retuns. 

176. To sum up : If points are defined simply by relations 
to other points, ie,, if all position is relative, evert/ point muH 
have to every other point one, and only one, relation independent 
^ tkeretioif epaoe. TkU reiaiUoh ie the diitanoe between the 
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two points. Now a relation between two points can only be 
defined by a line joining them — nay further, it may be eon- 
ieiided that a relation can only b$ a line joining them. Hence 
it vniqiie relation involfee » onlque line^ ml, a line determined 
by any two of its point*. Only in a apaoe which admite of 
anoh a Une ie Knear magnitude a k^gieally poorible eooeeptioii. 
fioi when once we have eatablished the pombility, in ffmmral^ 
iif drawing mieh lines, and therefore of measuring linear mag- 
nitudes, we may find that a certain magnitude has a peculiar 
relation to the constitution of space. The straight line may 
turn out to be of finite length, and in this case its length will 
give a certain peculiar magnitude, the space-constant Two 
antipodal points, that ie, points which bisect the entire 
straight line, will then have a relation of magnitude whieht 
though unaltered by motion, ie rendered peeuliar by a eeitatn 
eonslant relation to the reet of epeoe. Thie peculiarity pre- 
Bupposee a measure of linear megnitude in geneial, and cannot^ 
therefore, upeet the apriority of the axiom of the stndght line. 
But it destroys, for points having the peculiar antipodal rela- 
tion to each other, the argument which proved that the relation 
between two points could not, since it was unchanged by 
motion, have reference to the rest of space. Thus it is intel- 
ligible that, for such special points, the axiom breaks down, and 
an infinite number of straight lines are possible between them ; 
but unless we had started with assuming the general validity 
of the axiom, we oouhl never have reached a position in whidi 
antipodal pmnte oould have been known to be peeuliar, or» 
indeed, a position whidi would have enabled ue to give any 
quantitative definition whatever of particular points. 

Distance and the straight line, as relations uniquely deter- 
mined by two points, are thus d priori necessary to metrical 
Geometry. But further, they are properties which must belong 
to any form of externality. Since their necessity for Geometry 
was deduced from ho mogeneity and the relativity of position, 
and since these are nec ee s e iy properties of any form of exter> 
nality, the same aigument proves both eonolusiona. We thua 
obtaUi, as in the esse of Fkee llobifity, a double apriof^y : 
The aidom of Bietenee* and its inqpUoetion, the aadom of 
the 8tn4ght Line^ eicb eo the one himd, presuppoeed m tke 
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possibility of apatial magniftiide^ and caoiiot^ therelbv^ be ooii> 
InMliotad b/ aay eiperifliioe rwnlti^g fton the measurement 
of qNwe; wbile th^ ate ooafleqaeneea, on the other hand, of 
the noceetaiy propertiee of any form of eitemality whioh ia to 
lender poHible experienoe of an external world* 

1T8L In eonneetkn with the stnaght lue, it will be eon- 
Tenient to duetiM the oonditions of a metrical coordinate 
system. The projective coordinate system, as we have seen, 
aims only at a convenient nomenclature for different points, 
and can be set up without introducing the notion of spatial 
quantity. But a metrical coordinate system does much more 
than this. It defines eveiy point quantitatively, by its quanti- 
tative apatial relationa to a certain oooidinate figure. Only 
when the ayatem of coordinatei ia thus metrical, when 
eteij eoovdinate repreaenta aome ipatial .magnitude^ whioh ia 
iteelf a relaticn of the point delfaied to aome other point or 
ligme— ean operationa with ooordinatea lead to a metrical - 
result When, as in projective Geometry, the coordinates are 
not spatial magnitudes, no amotint of transformation can give 
a metrical result. I wish to prove, hero, that a metrical coordi- 
nate system necessarily involves the straight line, and cannot, 
without a logical fisdlacy, be set up on any other basis. The 
projective system of oo<3rdinates, as we saw, ia entirely based on 
the atrajght line ; but the metrical system is more important^ 
anoe ita qoantitiea embody aetnal infinrmation aa to epatial 
magnitndea, whieh. In pngeetive Geometiy, ia not the eaae. 

In the fiiit plaoe, a point'a metrieal ooordinatea eonatitiite a 
complete quantitalive definition of it ; now a point can only bo 
defined, aa we have seen, by its relations to other points, and 
these relations can only be defined by means of the straight 
line. Consequently, any metrical system of coordinates must ' ^ 
involve the straight line, as the basis of its definitions of points. 

Thia d priori argument, however, though I believe it to be 
qmte aonnd, ia not likely to eany convietioo to any one per- 
auaded of the opponte^ Let u», theielbfe, examine metrieal 
eeotdinate qntema in detail* and ahow, in eadi eaae^ their 
dependMioe en the etndght Une. 

We have abeady eeen that the nolifln of diatanoe k im* 
possible without the straight line. We cannot, therefore, define 
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onr coordinates in any of the ordinary ways, as the distances 
from three planes, lines, points, spheres, or what not. Polar 
ooordin&tes are impossible, since, — waiving the straightness of 
tlw ndiiis Tector — the lei^h of the radios vector beoooiM 
unmeaning. Triangular coordinatot involTe not only i^gliWi 
whkh mml in the limil be veoiiUnMr, but itnight lino^ or at 
any tale M»ne weUnkfined eurvea. Now onma can only be 
metrieally defined in two ways: EUktr by lefelioQ to the 
straight line, as, a^., by the enrvatofe at any pointy er by 
purely aaalytieal eqnationi» whieh pmuppoee an intelligible 
system of metrical coordinates. What methods remain for 
assigning these arbitrary values to different points? Nay, 
how are we to get any estimate of the difference— to avoid 
the more special notion of distance — between two points? 
The very notion of a point has become illusoiy. When we 
have a coordinate system, we may define a point by its three 
eoordinates ; in the absence of such a system, we may define 
the notion of point in jwnenil tfi the intenection of tluee snr- 
laoes or of two curves. Here we take surfeoes and ennres 
as notions whieh intuition mskes plain, but if we wish them to 
give us a precise numerical definition of |Mtitc«{ar points^ we 
must specify the kind of surliMe or curve to be used. Now 
this, as we have seen, is only possible when we presuppose 
either the straight line, or a coordinate system. It follows that 
every coordinate system presupposes the straight line, and is 
logically impossible without it 

177. The above three axioms, we have seen, are d priori 
necessary to metrical Geometry. No others can be necessary^ 
sboe metrical systemsi logically as vnaasailable as Euclid's^ 
and dealing with spaces equally homogeneoos and equally i»> i 
lational, have been constructed by the metageometei% withcot | 
the help of any other axionui The remaining axioroe ef En- f 
didean Geometry— the axiom of parallels^ the axiom that the \J 
number of dimensions is three, and Euclid's form of the axiom . 
of the straight line (two straight lines caunot enclose a space) — > 
are not essential to the possibility of metrical Qe<Hnetry, ^ 
t.0., are not deducible from the fact that a science of spatial 
magnitudes is possible. They are rather to be regarded as 
empirical lawa» obtained, like the empirical laws of ethsr 
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sciences, hy actual investigation of the given subject-matter — 
in this instance, experienced space. 

178. In Bumming up the distinctive argument of this 
Section, we may give it a more general form, and discuss 

I the conditionB of measurement in any continuous manifold, 
ii^ the qualities necessary to the manifold, ia order that 
qoMitities in it may be detenninablei not only as to the mero 
er hm, hat as to the precise how nnusk 

Measumneat^ we may say, is the application of nvmber 
to eonttana, or, if we prefer it, the tvsasformation of mere 
quantity into number of units. Using quantity to denote 
the vague more or less, and magnitude to denote the precise 
namber of units, the problem of measurement may be defined 
as the transformation of quantity into magnitude. 
^ Now a number, to begin with, is a whole consisting of 
smaller units, all of these unite being qualitatively alike. 
In order, therefore, that a oontinuouB quantity may be ex- 
pressible as a number, it mult, on the one hand, be itself 
a whole, and must, on the other hand, be divisible into 
qualitatively similar parte. In the aspect of a whole, the 

. quantity is talmsttw; in the aspect of an aggregate of parts* 
H is erUniiw, A purely intensive quantity, therefore, is not 
numerable — a purely extensive quantity, if any such could be 
imagined, would not be a single quantity at all, since it would 
have to consist of wholly unsynthesized particulars. A mea- 
surable quantity, therefore, is a whole divisible into similar 
parts. But a continuous quantity, if divisible at all, must be 
infinitely divisible. For otherwise the points at which it could 
be divided would foim natural bairieis, and so destroy its 
oontiauity. But fiirthsr, it is not sufficient that there should 
be a possibility of division into mutually external parte; while 
the parte, to be perceptible as parts, must be mutually ex- 
ternal, they must also, to be knowable as equal parts, be 
capable of overcoming their mutual eitoniality. For this, as 
we have seen, we require superposition, which involves Free 
Mobility and homogeneity — the absence of Free Mobility in 
"l time, where all other requisites of measurement are fulfilled, 
renders direot measurement of time impossible. Hence infinite 
divisibility, frso nobililgr, and homogeneity are neoessaiy Ibr 
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the poesibility of measurement in any contiDaons manifold, 
and theae^ as we haye seen, are equivalent to our three aadom&j 
Tbeie mooids are neoeMuy, tlierafiNre, not only for spatial 
meastirement, but for all measuremeDt The only manifold 
given in eiperienosb in whieh these oonditions are s>tisfiei|» is 
spsMi All ether enet nessavemeat— as ooaM be proved, I 
bsUeveb for every separate ease— is eflfeeted, as we saw in the 
ease of time, by reduction to a spatial eon^tive. This ex* 
plains the paramount importance, to eiaet scienoe, of the 
mechamcal view of nature, which reduces all phenomena to 
motions in time and space. For number is, of all conceptions, 
the conicHt to opemto with, nnd science seeks everywhere for 
an opportunity to apply it, but finds this opportunity only by 
means of spatial equivalents to phcnomcoa*. 

179. Wo have now seen in what the d priori element of 
Qeometiy oonsists. This d priori element may be deAaed as 
the axioms oommon to fioclidean and non-Euelidean spaces, 
as the axioms dedneible lirom the eonoeption of a form of 
eiteinality, or— in metrical Qeometiy— es the axioms xeqnired 
for the possibility of measnfement. It remains to diseoss, in 
a final chapter, some questions of a more general philosophic 
nature, in which we shall have to desert the firm ground of 
mathematics and enter on speculations which I put forward very 
tentatively, and with little faith in their ultimate validity. The 
chief questions for this final chapter will be two: (1) How is 
such d priori and purely logical necessity possible, as applied 
to an actually given subject-matter like space? (2) How * 
csn we remove the contradictions which have haunted us in . 
tins chapter, arising out of the relativity, infinite divisibililgr* 
and unboanded extension of space f These two questions are 
forced upon us by the present chapter, but as they open seme 
of the fundamental problems of philosophy, it would be rash 
to expect a conclusive or wholly satisfactory answer. A few 
hints and sugg^tions may be hoped for, but a complete solution 
could only be obtained from a complete philoeophy, of which 
the prospects are for too slender to enoouiage a c o n fi dent 
fi»me of mind. 

> Of. BHUMVdai iMi «i«l«s» Mr nnoiMm lis ataM%Mi» IM, 

fSllfaBt 

a. «• Ifi . 
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PHILOSOPHICAL 00N8EQUSNGE& 

180. In the present chapter, we have to discues two ques- 
tions which, though scarcely geometrical, aie of fundamental 
importance to the tbeoiy of Geometry propounded abom The 
first of these questions is this: What relation can a purely 
logical and dedoetive proof, like that from the natnie of a form 
of externality, bear to an experienced subject-matter snob as 
space ? Yon have metely framed a general conception, I may 
be told, containing space as a particnlar species, and yon have 
then shown, what should have been obvious from the beginning, 
that this general conception coutained some of the attributes 
of space. But what ground does this give for regarding these 
attributes as d prion ? The conception Mammal han some of 
the attributes of a horse; but are these attributes therefore d 
priori acyectiyes of the horse? The answer to this obvious 
objection is so difficult, and involves so much general pbilo- 
Wfikjt that I have kept it Ibr a final chapter, in order not to 
iniempt the argnment on specially geometrical topics. 

181. I have already indicated, in general terms, the ground 
Ibr regarding as €^ priori the properties of any Ibrm of ex«>. . 
temality. This ground is transcendental, ie. it is to be found in 
the conditions required for the possibility of experience. The 
form of externality, like Riemann's manifolds, is a general class- 
conception, including time as well as Euclidean and non- 

spaces. It is not motived, however, like the manifolds, 
by a qmntitoHvi rssemblanoe to spacSb but by the fact that* 
it fulfill^ if it has more than one dimension, all thoee functions 
whiehy in our actual wcrid, ars ftilfilled by space. But a fom 
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of externality, in order to accomplish this, must be. Dot a mere 
conception, but an actually experienced intuition. Hence the 
conception of such a form is the general conception^ containing 
under it every logically possible intuition which can fulfil the 
fttootioa aotoaily fnlfilkd by space. And this function is» to 
render possible MperiMioe of divene but uitambiked things. 
8ome form in laine-pcweptiott, Umb, whose ooootplMNi is 
included voder oar Ibnn of estemelity, w djinbri noeeny to 
eiperienoe of diwaitgr in ralaftioDyaiid without experienoe of tlda^ 
wo tbonld, tm modeni kgio •howi, bftve no ezperieiieo at alL 
Thtsitill lomo antoacfaed the rektion of the d prieri to the 
subjective : the form of externality is necessary to experience, 
but i» not, on Uiai account, to be declared purely subjective. Of 
course, necessity for experience can only arise from the nature 
of the mind which experiences ; but it does not follow that the 
necessary conditions could be fulfilled, unless the objective 
world had certain properties. The ground of necessity, we may 
safely say, arises from the mind ; but it by no means foUows | 
that the imtk of what is neoeasaiy depends only on the coi^ . 
slituiion of the mind. Where this is not the ease, our cooda- 
iion, when • piece of hnowledge has been dedaied d priori^ 
can only be : Owing to the oonstitation of the mM, experienoe 
will be imposnble nnlcis the woHd acoepts certain adjectives. 

Such, in outline, will be the argument of the first half of 
this chapter, and such will be the justification for regarding 
as d priori those axioms of Geometry, which were deduced 
above from the conception of a form of externality. For these 
axioms, and these only, are necessarily true of any world in 
which experience is possible. 

182\ The view suggested has, obviously, much in common 
with that of the Tianaoendental Aiesthotie. Indeed the whole . 
of it^ I beliovo, can be obtained by a oertain limitation and 
interpretation of Kant's dassie arguments. But as it dtfoa^ 
in many important points, from the conclusions aimed at by 
Kant, and as the agreement may easily seem greater than it. is, 
I wHl begin by a brief comparison, and endeavour, by reference 

> Ck>oipM<t, ivitb the following pftngnplia, tha Adinir»bl« diiicnirioa in 
Mr HoUmmmi^s Tlisoiy of KoowMga (UtOuMa ISM), Put i. Chapter n. 
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to mtiiMitoliTe oritidmiii to ettaUiah the legitimMj of my 
difttj^BDM fimn hinit 

• 108L In Ilk iM plioe, the peychologicil element is mveh 
Isiger in Kenf e Iheaii then in mine. I shell eontend, it is trae^ 

that a form of externality, if it ia to do its work, must not be 
a mere conception or a mere inference, but must be a given 
element in sense-perception — not, of course, originally given in 
isolation, but discoverable, through analysis, by attention to 
the object of 8en8e-peroeption\ But Kant contended, not only 
that this element is given, but also that it is subjective. Space, 
for him, is^ on the one hand, not oonceptual, but on the other 
head, not sensational. It fimns, for him, no part of the dato of 
eensOi bnt is added hj a snljeetive intuition, whioh he regards 
as not only logically, but psychologieally, prior to oljeots in 
■psoe*. 

This pert of Kant's argnment is wholly irrelerant for ns. 

Whether a form of externality be given in sense, or m a pure 
intuition, is for us unimportant, since we neglect the question 
as to the connection of the d priori and the subjective ; while 
the temporal priority of space to objects in it has been gene- 
lally recognized as irrelevant to Epistemology, and has often 
been regarded as forming no part of Kant's thesis *. If we call 
intaitiooal whatover is given in senie-penseption, then we may 
contend that a form of externality must be intuitional; but 
whether it is a pure intuition, in Kant's sense^ or not, is 
irrelevant to us, as is its priority to the objects in it. 

That the non-sensational nature of space is no essential part 
of Kant's logical teaching, appears from an examination of his 
argument. He has made, in the introduction, the purely 
logical distinction of matter and form, but has given to this 
distinction, in the very moment of suggesting it, a psycho- 
logical implication. This he does by the assertion that the 
fotm, in which the matter of seosations is ordered, csonot 
itself be sensationaL IVom thisassumptioiiitfollow^of course^ 
that spaoe cannot be sensatbnaL But the assumption is 

> I ipeak of MiiM-peroeptioB initaad of MBMilda, « M not to pivfadst tto 
iMOt M to th€ aenMiioDAl natare of ipftoe, 

• S«e Vftihinger't OommenUr, n. j^. S6— 7, 168— 171. 

• 6m Gftini, Critioftl PhiloMphy of Kant, Vol. i. p. S87, 
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tolilljr unmipporled hj aigmnenl^ being set Ibrth, appuoitly, 
is a self-evkleiit uiom; it has been iererely eritkiaed by 

Stumpf * and others *» and has been described by Vaihinger as a 
fatal petitio prxncipii*', it is irrelevaut to the logical argumeat, 
when this argument is separated, as we have separated it, from 
all connection with psychological subjectivity ; and finally, it 
leaves us a prey to psychological theories of space, which have 
seemed, of late, but little fiiTooiaUa to the paie Kantiaii 
dootrina 

1Mb We have a rights theiefiwe, in an eplstemob^gieal 
inquiiy, to neglect Kant's psychological taarhi^y— -in ao br, 
at any nte, aa it distinguisbes apatlal intoitini torn len iatio n 
— and attend rather to the logiod aspect alone. Tliat part of 

his psychological teaching, which maintains that space is not a 
mere conception, is, with certain limitations, sufficiently evident 
as applied to actual space ; but for us, it must be transformed 
into a much more difficult thesis, namely, that no form of 
externality, which renders experience of diversity in relatioii 
INMsible, can be merely oonoeptoaL This question, to which we 
most return later, is no loqger ptyobokgical, bat beloDgs mbsSij 
to Epistemology. 

186. What^ tiien, remains tbe Jcernel, Ibr our purposes^ of 
Kant's first argument for tbe apriority of space? Wb axga* 
ment, in the form in which he gave it, is concerned with the 
eccentric projection of sensations. In oitler that I may refer 
sensations, he says, to something outside myself, I must already 
have the subjective space-form in the mind. In this shape, aa 
Vaihinger points out (Commentar, ii. pp. 69, 165X the 
ment rests on a petitio principii, for only if sensatioDS am 
necesssrily nooHqiatial does thdr projection demand a sabjeQ» 
ti?e spaoe-ferm. But» farther, is tiie logical apriority of space 
eonoemsd witb the eztemality of tilings to ourselfea I 

Space $mn$ to perform two ftrnetions: cn tbe one band, 
it reveals things, by the eccentric projection of sensations, 
as external to the "elf, while, on the other hand, it reveals 
simultaneously presented things as mutually externaL These 

* 

* Unprang der BaniiiTonUlIang, pp. 13—80. 

* 8«e tiu reforanoM in VftihiBSKli CoaoBMaw, IL 1i& 
t cSommtntar, n. p. 71 ff. 
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( two fiiiielioii% though often treated as coovdinate and almoet 
I aqnivalent*, eeem to me widely diiierent. Before we dieonie 

\ the apriority of space, we must carefully distinguish, I think, 
between these two funotione, and decide which of them we are 
to argue about. 

Now externality to the Self, it would seem, must necessarily 
laise the whole queetion of the nature and limits of the Ego, 
and what is more, it cannot be derived from epatial preeentation, 
vnleei we gi^e the Self a definite poeition in epaoe^ Bat things 
aeqoivB a poeition in apaoe only when they ean appear in eenee- 
peroeption; we are fomd, therefore, if we adopt this view of 
the fonetion of space, to regard the Self as a phenomenon 
presented to sense-perception. But this reduces externality to 
the Self to externality to the body. The body, however, is a 
presented object like any other, and externality of objects to it 
is, therefore, a special case of the mutual externality of presented 

. things. Hence we cannot regard space as giving, primarily at 

/ any rate, externality to the Self, but only the mutual externality 

[ of the things presented to sense-perception', 

I861. This, then, is the kind of externality we are to expect 
Imn space, and oar question mast be : Would the existence of 
diverse but interrelated things be unknowable, if there were 
not, in sense-perception, some form of externality ? This is the 
cniciai question, on which turns the apriority of our form, and 
hence of the necessary axioms of Geometry. 

187. The converse argument to mine, the argument from 
the spatio-temporal element in perception to a world of inter- 
related but diverse things, is developed at length in Bradley's 
Logia It is ptit briefly in the following sentence (p^ 44, note): 
"If space and time are oontmuous, and if all appeanmce must 
ocenpj some time orqpace— and it is not hard to support both 
these tts w i w e ean at once proceed to the oondusion, no mere 
partiealar exists. Every phenomenon will exist in more times 
or spaces than one ; and against that diversity will be itself au 
universalV The importance of this fact appears, when we 

■ JB.f . ty Oaird, 9f, eU, Vol. i. p. 860. 

« I luf no wiMh to d^ny, howmr, that wgtm to mmaM ia lbs ■abst^— t 

itotinetton of Self and not-8«lf. 

* 8m alto Book h Clu^ u. j^awiiB } etpeoial^ p. Al ft. wd pp. 70-1. 
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consider that, if any mere particular <^xi8tc<i, all judgment and 
inferaooe m to that particular would be imposBibl^ nnoe all 
judgment and inference neoesBarily operate by means of nni- 
fwiala. Bat all nali ty is oonstmotod horn the TkU of immediate 
pwaentalion, fipom whioh ju^giMiit and' inferenoe naoenarilj 
•pring, Owlog, liowefw, to the oontuinity and idatiYity of 
•paoe and time, no can be r^gaided eitiier as aimplo or oa | 
eelf-eabaietent Every This, on the one hand, eaa be aaalyaed 
into Thiaes, and on the other hand, is found to be necessarily 
related to other things, outside the limits of the given object 
of sense-perception. This function of space and time is pre- 
supposed in the following statement from Boeanquet's Logic 
(Vol L pp. 77 — 78): "Reality is given for me tn praent 
ienniOQt peiceptkNi, and ta the immediate feeling of my oim 
•entient ezistenoe that goes with it^ The leal werid, as a 
definite eiganiaed qfstem, isybr Me an extension of th» pnsent 
sensation and self feding by mesns of judgment^ and it is tho 
essence of judgment to eflRset and sustain sueh an extension*.. 
The subject in every judgment of Perception is some given spot 
or point in sensuous contact with the percipient self. But, as 
all reality is continuous, the subject is not merdy this given 
spot or point." 

188. This doctrine of Bradley and Bosanquet is the 
converse of the epistemological doctrine I have to advocate. 
Owing to the continuity and relativity of space and time, they ii 
say, we are able to constraet a systematio worlds by jo^gnsent l^ 
and inference, out of that finsgmentaiy and jet neesssarily 
complex existence whieh is given in sense-perception. Uy 
contention is, convenely, that since all Imowledge is necessarily 
derived by an extension of tho This of sense-perception, and i 
since such extension is only possible if the This has that y 
fragmentary and yet complex character conferred by a form of 
externality, therefore some form of externality, given with the 
ThiSt is essential to all knowledge, and is thus logically d, priori, 
Bradley's argument, if sound, already ptovee this oontentKMa; 
fer while, cn the one hand, he usse no properties cf ipace and 
time bni those which belcqg to eveiy ibnn cf externality, hm 
proves, on the other hand, that ju4gmait and inference require 
the 2%u to be neither single nor self-subsisteni ' Bat I will 
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endeavour, since the poinfe is of fundamental importance, to 
reproduce the pi-oof, in a form moie luited than Bradley's to 
tlie epifitemological questum. 

liBOL The OMMMMO of my contention 10 (hnt^ if ezperienoe is 
to be poflriUe, ovwy Mnatlionftl mnst^ when altended to^ 
be Ibnndy on tlie one handt feBolvnble into Tki$e$, and on the 
other hand dependent^ fiw eome of its a^eotiTeB, on external 
ieftfeno6^ The asoond of theae thoaos followa fixMu the fiiat» 
for if we take one of the Thises contained in the first This, we 
get A new This necessarily related to the other Thises which 
make up the original This. I may, therefore, confine myself to 
the first proposition, which afiSrms that the object of perception 
must contain a diversity, not only of conceptual content, but of 
edstenoe, and that this can only be known if sense-peieeption 
■ eonteiniy as an element* some form of externality. 

My piemiaa* in thia aignment» is that all knowledge invdvea 
• leopgniftiott of diveiall^ in xelation, or» if we prefer it, of 
identitj in diffsienoe^ lliia premiss I aooept bom Logic, as 
leaulting from the analysis of judgment and inference. To 
prove such a premiss, would require a treatise on Logic; I 
must refer the reader, therefore, to the works of Bradley and 
• Bosauquet on the subject. It follows at once, from my premiss, 
/ Uiat knowledge would be impossible, unless the object of 
1 attention could be complex, %,$, not a iMr$ particular. Now 
i eottld the mental objeot--i.0., in this connection, the object of 
a eo{gnttion— be oomplei, if the object of immediate peioeption 
were alwnya aimple f 

19a We might be inclined, at fint eight, to answer this 
qoeation affirmatively. Bnt aereial diffiealties,. I« think, would 
■ prevent aneh an answer. In the first place, knowledge must 
' start from perception. Hence, either we could have no know- 
ledge except of our present perception, or else we must be able 
to contrast and compare it with some other perception. Now 
in the first case, since the present perception, by hypothesis, is 
a mere particular, knowledge of it is impossible, according to 
our premiss. But in the second case, tlie other peroepticn> 
Willi whieh we compare our first, must have ooooned at some 
etfaar time^ and with time^ we have at once a form of ez- 
tsnialilgr* Bnt what ia moie^ our pmeni pacoeption ia no 
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longer a mere particular. For the power of comparing it with 
another perception involves a point of identity between the 
two, and thus renders both oomplex. Moreover, time niiist be 
oontinuous, and the p re s en t, as BnuUey points out, is no mere 
point of time*. Thus our present peroepti<m contains the 
oomplcxity involvwl in dnmtiiMi thxoiighoat the speeioiis pro- 
aent: its mere psrtienlarity and its aimplimijr an lost. Its 
aelf-aubaistanoe is also losl^ for b^jond the speeioaa pw s on l^ lie 
the post and the Ibture, to wfaieb oar present pereeption tiins 
unavoidably refers oa. Time al least, therefore, is essential to 
that uieutity in difference, which all knowledge postulates. 

191. But we have derived, from all thix, no ground for 
affirming a multiplicity of real things, or a form of externality 
of more than one dimension, which, we saw, was necessary for 
the truth of two out of our three axioms. This brings us to 
the question : Have we enough, with time alone aa n fonn of 
externality, for the possibility of knowledge ? 

This question we most, I think, answer in the negatirew 
With time akHie^ we have seen, our presented object mnsi be 
oomplex, but its oomploxity mnst^ if I may use sneh a phrase^ 
be merely anQeotivaL Without a seoond form of estemalitgrp 
only one thing can be given at one moment*, and this one 
thing, therefore, must constitute the whole of our world. The | 
object of past perception must — since our one thing has nothing 
external to it, by which it could be created or destroyed — be 
regarded as the same thing in a diffei-ent state. The com- 
plexity, therefore, will lie only in the changing states of our 
one thing— it will be adjectivaJ, not substantival. Moreover we 
have the folkinjag dilemma: Either the one thing must be 
ounelveSk er else sdf-eonsebusnees could never arise. But the 
ofaief difflonltyof flnohaworkl wouldlieintheeha^geaof the 
thing. What oouldeanse these ehangea, since we diinklknow' 
of nothing external to our thing? It wonid be like a Leibnilrian 
monad, without any God outside it to prsarrsnge ila duugea. 
Cau^lity, in such a world, could not be applied, and change 
would be wholly inexplicable. 

> Legid, p. S1& # 
* For Um ThU, on raoh * hjT^thirttt, hss S 
is ao4 mmIvsUs isto sonlMiflie XMmiu 
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Henoe we require also the possibility of a diversity of 
rimultaneously existing things, not merely of successive adjec- 
tives ; and this, we have seen, cannot be given by time alone, 
but only by a form of externality for simultaneous parts of one 
presentation. We could never, in other words, infer the 
eziatanoe of difme but intemlated things^ unless the object ^ 
ol tenie-iMraeptkiii ooakl hm sabatentivil oomplezil^* and for 
Mch eomplaxitjr we ntpm t form of estemftlity other than 
luna Sveh a form, moreomv «■ waa ahown In Chapter ni.» 
8eetioii A (§ 135), can only ftilfil its Ametioiui if it haa more 
than one dimension. In our actual world, this form is given 
by space ; in any world, knowable to beings with our laws of 
thought, some such form, as we have now seen, must be given 
In sense-perception. 

This argument may be brieBy summed up, by assuming the 
doctrine of Bradley, that all knowledge is obtained by inferenoe 
from the T^is of sense-pereeption. For, if this be so, the 
2%tf— in order that inferenoe whioh depends on identity in 
difforence, may be posrible at all— must itself be oompVez, and 
most^ on analysis, rofeal aiQectives having a refoienee beyond 
ilsd£ Bat this, as was shown aboire, can only happen by 
means of a form of externality. This establishes the d priori 
axioms of Geometry, as necessarily having existential import 
and validity in any intelligible world. 

192. The above argument, I hope, has explained why I 
hold it possible to deduce, from a mere conception like that of 
a form of estemality, the logical apriority of oertain axioma aa 
to ezperieneed apaoe. The Kantian aigument— -which was 
coireel^ if our reasoning has been soond, in asserting that real 
diveisity, In oor aetnal world, could only be known by the help 
of space— was only mistaken, so for as its purely logical seqie 
extends, in overlooking the possibility of other forms of 
externality, which could, if they existed, perform the same task 
with equal efficiency. In so far as space differs, therefore, 
from these other conceptions of possible intuitional forms, it is 
a mere experienced foot, while in so for as its properties are 
those which all such forms most hav^ it is d priori necessary 
to the pcasihility of oiperieiioe. 

I oaoaot hi^ how!mr» that no diffionlt^ will remain, for 
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the reid«r, in Midi * dednctioD, from aMnusfe oonoepfeioiis, of 
IIm prapertiM iof an Mlnal datum in, eeme porpcptioiL Loi 
iu oouider, hr tiMiipl«, auoh • [nuperiy m impaiwtnlrilhjr* 
To tappooe two thlngi nmiiltAiNloiialj in tlie smdo pontioa 
in ft Ibim of ntamalitgrt is a kgioal oonteMlietioa; but can m 
Bay as niiidi of aoinal spaoe and timo? Is not tilie impos- 
sibility, here, a matter of experience rather than of logic ? Not 
if the above argument has been sound, I reply. For in that 
case, we infer real diversity, %.e. the existence of different things^ 
only from difference of position in Bpace or time. It follows, 
that to HuppoHo two things in tho samo point of spaoe and 
tims, is still a logical oontiadiction : not because wo have 
constructed the data of sense out of logi^ but because logic 
is dependent^ as v^gaids its appiioatioD, on the natm of tliese 
data^ This instance illnstiates^ what I am anxioQs to make 
plain, that my aigament has not attempted to oonstniet the 
living wealth of sense-peroeption oat of ^bloodless eategones/* 
but only to point out that, unless sense-perception contained 
a certain element, these categories would bo powerless to 
grapple with it. 

193. How wo are to account for the fortunate realization 
of these requirements— whether by a pre-established harmony, 
by Darwinian adaptation to our environment^ by the sub- 
jectivity of the necesmvy element in sense-peroeption, or by 
a fundamental identity and unity between ounelvss snd the 
rost of reality— is a fbrther question, belonging lather to 
metaphysics than to our present line of ai;gttment. The A 
priori, we have said throughout* is that whidh is necesmiy Imt 
the possibility of experience, and in this we have a purely 
logical criterion, giving results which only Logic and Epi- 
stemology can prove or disprove. What is subjective in ex- 
perience, on the contrary, is primarily a question for psychology, 
and should be decided on psychological grounds alone. When 
these two questions have been separately answered, but not 
tall theni we may frame theories as to the connection of the A 
priori and the subjoetivof to allow such theories to influence 
ourdeciiion,ca either of the two prsvious qnestknu^is Uafclew' 
surely, to confhse the isiu^ and prevent a claar disnriminaticg 
between fbndsmental^ diffiMent pomts ef view* 
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191 I eome now to the Moood quettum with which this 
chapter has to dsal, the question, namely: What ova we to 
do ' with the eontradictions which obtroded themselTOS in 

Chapter III., whenever we came to point which seemed 
fundamental? I shall treat this question briefly, as I have 
^ little to add to answers with which we arc all familiar. I 
' have only to prove, first, that the contradictions are inevitable, 
and therefore form no objection to my aigument; aeoondly. 
that the fiist step in removing them is to lestofo the notion 
of matter, as that which, in the data of sense-peieeption, is 
healised and intemlated in space. 

f IM. The contiadiotions in space are an andent theme— 
as andenti in fiict^ as Zeno's refbtation of motion. They are, 
lOQghly, of two hinds, though the two kinds cannot be sharply 
divided. There are the contradiotioiis inherent in the notion 

• of the continuum, and the contradictions which spring from 
the fact that space, while it must, to be knowabie, be pure 
relativity, must also, it would seem, since it is immediately 
experienced, be something more than mere relations. The 
firrt class of contndiotionB has been encountered more fre- 
gently in this essay, and is also, I think, the more definite, 
and the more important ht oar present poipose. I doubt, 
however, whether the two classes are really distinct; for any 
CQotinunm, I helievcb in which the elements are not data^ bat 

^ intellectnal oonslnictlcns resnlting from analysis, can be shown 
to have the same relational and yet not wholly relational cha- 

: racter as belongs to space. 

The three following contradictions, which I shall discuss 
successively, seem to me the most prominent in a theojy 
of Geometry. 

(1) Though the parts of space are intuitively distin* 
goidied, no conception is adequate to differentiate them. 
Hence arises a vain search for elements, by which the dif- 
ferentiation conld be accomplished, and for a whole» of which 
the parts of space are to be components. Hins we get the 
point, or Mfo extension^ as the spatial dement^ and an infinite 
regress or a visions circle in the ssan^ ibr a whole. 

(2) All positions being relative, positiouB can only be 
defined by their relations, t^. by the straight lines or planes 
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through them ; but straight lines and planes, being all quali- 
tatively similar, can only be defined by the poaitioDB ihejr 
relate. Hence, again, we get a vicious circle. 

(3) Spatial figures must be regarded as lelationa. Bat a 
nktiMi ia nontiiwirily indivinbl^p while apatial %iiei are ^ 
neoeMurily divisible ad tii/iiidiMi. 

IM. (1) Pomit. The aatiiMmi/ of the point— wfaidi f 
arises wherever a eontinttiim is giveiit and elements have to be I 
sought in it— is fundamental to Geometry. It has been given, \ 
perhaps unintontionaliy, by Veronese as the first axiom, in the 
form: "There are different points. All points are identical** 
(op. eiL p. 226). We saw, in discussing projective Geometry, 
that straight lines and planes must be regarded, on the one hand 
' as relations between points, and on the other hand as made up 
of points^ We saw again, in dealing with mcasurcmont^ how 
space must bo regarded ais infinitely divisible, and yet as mere 
relativity. But what is divisible and eottsists of parts, as space 
does* must lead at Isst^ by oontinued ana^ysiiy to a simple and 
nnanalyable part, as the unit of differsntiation. For whatever 
can be divided, and has parts, possesses some thingfaoody and 
must, therefore, contain two ultimate units, the whole namely, 
and the smallest element possessing thinghood. But in space 
this is notoriously not the case. Afler hypostatizing space, as 
Geometry is compelled to do, the mind imperatively demands 
elements, and insists on having them, whether possible or not. 
Of this demand, all tho geometrical applications of the infin- 
itesimal calculus are evidence*. But what sort of elements do 
we thus obtain ? Ana]yns» being unable to find any earlier 
halting-plaoe, finds its elements in points^ that is^ in mo qoantn 
of spaoe. Sncfa a conception is a palpaUe cont r adictiont eolj 
rendered tolerable by its necessity and fiuniliarity* A point 
most be spatial, otherwise it would not fiilfil the fbnetien of n | 
spatial element ; but again it must contain no space, for any 1 
finite extension is capable of further analysis. Points caa 
never be given in intuition, which has no concern with the 
infinitesimal: they are a purely conceptual constniction, arisii^ / 

> Gbsptar m. SmUmi A, <| ISi). 
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out of ibe need of tenne between wbibh epetkl rektkni can 
bold. If epeoe be mm tbaa ttbltknty, spatial lelatbna rnuefe 
invelve epatial relata; but no relata appear, until we baye 

analyzed our spatial data down to nothing. The contradictory 
notion of the point, as a thing in space without spatial 
magnitude, is the only outcome of our search for spatial 
relata. This reductio ad ab9urdum surely suffices, by itaelf, to 
prove the essential relativity of space. 

297. Thus Geometry is foicedi since it wishes to vegaid 
apace aa independent, to bypoatatiM ita abatniotioiis, and 
tfaflfefefe to invent a oelfHsontradietoiy notion aa tbe spatial 
elenenti A aimihr abamdity appean, even more obviously, in 
tbe notion of a wbole of epaoa Tbe antinomy may, tbeieibie, 
be atated tbus: Space, aa we have aeon throughout, must, if 
knowledge of it is to be possible, bo mere relativity ; but it 
must also, if independent knowledge of it, such as Geometry 
seeks, is to be possible, be something more than moro relativity, 
since it is divisible and has parts. But wo saw, in Chap. III., 
Section A (§ 133) that knowledge of a form of externality must 
be Iqgioally indepeodent of the particular matter filling the 
form. How then are we to extricate ouiaelvea from this 
dilemma? 

The only way, I think, ia, not to make Qeometiy dependent 
on Pbyaioi^ which we have aeon to be erroneousS but to give 
every geometrical proposition a certain reference to matter in 
general. And at this point an important diHtinction must be 
made. We have hitherto spoken of space as relational, and 
of spatial figures as relations. But space, it would seem, is 
rather relativity than relations — itself not a relation, it gives 
the bare possibility of relations between divorse things'. Aa 
applied to a apatial figure, which can only arise by a differen* ' 
tiation of spaoe^ and hence hy the introduction of aome 
diffevnitjatii^ matter, the woid relation i% perhapa, lesa 
mlaleading tfewa aiqr other; aa applied to empty nndi^nen* 
liatad apaoe, it aeema by no meana an acoumte deaoriplion. 

Bot • bare poaiibifity cannot edat, or be given hi aenae- 
peroeptionl What becomes, then, of the arguments of the 

> Sm Ohsptw n. 1 09 ff. 
^: •0MUifa4aafthMagrMafir,|aoia. 
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first part of this chapter ? I reply, it is not empty space, but 

• spatial fi glares, which sense-perception reveab, and spatial 
figures, as we have just seen, involve a differentiation of space, 
and therefore a reforenoe to the matter which is in space. It 
ia spatial figuraib ^^^» empfy siMce, wiUi whioh 
Qeonatiy bM to daaL Tbo aatiiiomy dimisod above antes | 
then---«o it would saenH-fimtlie attempt te deal with empty / / 
spae^ laiher than with spatial figures and the matt e r towiiidi 
iiiitf neeesMiily vsfer* 

198. Let us see whether, by this ehange, we can eferoome 
the antinomy of the point. Spatial figures, we shall now say, 
are reUtions between the matter which differentiates empty 
space. Their divisibility, which seemed to contradict their 
relational character, may be explained in two ways: first, as 
holding of the figures considered as parts of empty space, which 
is itsolf not a rolation; second, as donotii^ the posubility 
of oontinuotts ehango in the relation eipressed 1^ tiie spatial 
fignrs. These two ways are, at bottom, the same; for empty 
spaoe ii a possibility of relations^ and the figm, when viewed 
in eonneotion with empty spaooi thus b eeomes a/wmUt rslatioiip 
with which other possible rehttions may be eontrssted or 
compared. But the second way of regarding divisibility is the 
better way, since it introduces a reference to the matter which 
differentiates empty space, without which, spatial figures, and 
therefore Geometry, could not exist. It is empty space, then — \ 
so we must conclude — which gives rise to the antinomy in ,i 

• question ; for empty space is a bare possibility of relation% 
undifferentiated and homogeneous, and thus wholly destitute 
of parts or of thi^ghood. To speak of parts of a possabililj ia 
nonsense; the ports and di£RBrsntiations arise only through « 
refefonoo to the matter which is diffwentiated in spaosi 

199. But what naturo must we aseribe to this matter, 
which is to be involved in all geometrical propositions? In 
criticizing Hclmholtz (Chap. ii. § 73), it may be remembered, 

, we decided that Geometry refers to a peculiar and abstract i 
, kind of matter, which is not regarded as possessing any causal ) 
; qualities, as exerting or as subject to the action of forces. And 
{ this is the matter, I think, which we require for the needs of 
f I the moment* Not that we afiinn. of ooursoi that actual matter 

< 
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can be destitute of the properties with which Physics is cogni- 
sant, but that we abstract from these properties, as being 
irrelevant to Geometry. All that we require, for our immediate 
purpose, is a subject of that diversity which space renders 
possible, or terms for those relations by which empty space, if 
spioe is to be studied at all, must be differentiated. But how 
must a matter, which is tfi fiilBl this function, be regarded 7 

Empty spsee, we have said, is a posaibility of divenity in 
relation, Imt spatial flguies, idth whioh Qeonetiy neoessorily 
dealB» ore the aetual relations rendered possible by empty spoce. 
Ow malter, therefore, must supply the terms for these retotious. 
It must be differentiated, since such differentiation, as we havo 
seen, is the special work of space. We must find, therefore, 
C ^ in our matter, that unit of dififerentiation, or atom*, which in 
^ space we could not find. This atom must be simple, t.e. it 
] must contain no real diversity; it must be a This not resolvable 
^^^^ into ThisM, Being simple, it can contain no relations within 
^ ^ itsel( and oonsequentlyi since spotiiil figures are more rebtions, 
it eamiol appear as a spatial figure ; for eveiy spatial figure 
involfes some diverrity of matter. But our atom must, have 
J spatial relations with other atoms, since to supply terms for 
» ly these relations is its only function. It is also capable of having 
these relations, since it is differentiated from other atoms. 
Hence we obtain an unextended term for spatial relations, 
' precisely of the kind we require. So long an we Bought this 
term without reference to anything more than space, the self- 
contradictoiy notion of the point was the only outcome of our 
. search ; but now that we allow a reference to the matter diffe- 
; rentiated bj space, we find at ence the term which was needed, 
1 namely, a non-spatial simple element, with spatial rehtticns to 
other elements, To Geometry such a term will appear, owing 
to its spatial relations, as a point ; but the contradiction of the 
point, 08 we now see, ib a result only of the undue abstraction 
with which Geometry deals. 

. 200. (2) The circle in ths definition of straight lines and 
planes. This difficulty need not long detain us, since we have 
already, with the material atom, broken through the relativity 
which canssd our cneleb Strsig^t linee»ip the purely geometrical 

vllii Iht ■!« ef Ohaditiar* 
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pfooedare, we defined only by points, and points only by 
straight lineoL But points, now, are leplsoed by mafeerisl 

atoms: the dnality of points and lines, therefore, has disap- 
peared, and the straight line may be defined as the spatial 
relation between two unextcnded atoms. These atoms have 
spatial adjectives, derived from their relations to other atoms; 
but they liavo no intnuiio spatial adjectives, such an could 
boloiig to thorn if thoy hod extension or figure. Thus straight 
lines and planes ore the true s|)atial units^ and points fosult 
only from the attempt to And, within spoeo, those terms for 
spatial relations wliieh exist only in n mere than spatial ' ' 
matter. Straight lines, pUuMS and Velnmes ore the spatial ^ ^> 
relations between twe, three or four nnextended atoms, and ; r - - . 
points are a merely convenient geometrical fiction, by which 
possible atoms are replaced. For, since space, as we saw, is a * 
possibility, Qcoinetry deals not with actually realized spatial 
relations, but with the whole scheme of possible relations. 

201. (3) Sjwce is at once relational and more Utan re* 
hUonal. We have already touched on the question how fiur 
space is other than reUtions, but as this qneslien is quite 
fundamental, as relaium is an ambiguous and dangerous word, 
as I have made constant use ef the rektinty of space without 
attemptbig to define a reUtion, it will be necessary to discuss 
tiiis antinomy at length. 

202. Now for this discussion it is essential to distinguish | 
clearly between empty space and spatial figures. Empty j 
space, as a form of exteniality, is not actual relations, but 1 * 
the possibility of relations: if we ascribe existential import 

to it, as the ground, in reality, of all diversity in relation, v^e at ^ 
once have space as something not itself relations, though giving 
tbo |K)ssibility of all relations. In this sense, space is to be 
distinguished from spatial order. Spatial order, it may be said, 
' presupposes space, OS that in whi<^ this order is possible Thus 
Stnmpf saysh "There is no order or relation without a positive 
absolute content, underlying it, and making it possible to order 
anything in this manner. Why and how should we otherwise 
distinguish one order from another ?... To distinguish different 
orders from one another, we must ever}'where recognize a 

> Unpranf d«r Bumfowtollanf, p. IS, 
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' particular absolute content, in relation to which the order takes 
place. And to space, too, is not a mere order, but juat that 
bj which the spatial order, side-by-sideness {Nd>0nmnmider) 

I distingnisbes itself from the vesk" 

lis/ we no^ tim, resolve the antinomy naj danffy, hy a 
foferanoe to this ambiguity of space! Bradley contends (Ap- 
peannoe and Reality, pp. d8-7) that, on the one hand, space 
has parts, and is therefore not mere relations, while on the 
other hand, when we try to say what these parte are, we find 
them after all to be mere relations. But cannot the space 
which has parts be regarded as empty apace, Stumpf's absolute 
underlying content, which is not more relations, while the parts, 
in so far as they turn out to be mere relations, are those rela- 
tions which constitute spatial oidoTi not empty space ? If this 
can be maintained, the antinomy no longer exists. 

But sttch an eiplanatlon, though I believe it to be a first 
step towaxds a solutico, will, I fear, itself demand almost as 
mnoh eiplanation as the original difficulty. For the connection 
of empty space with spatial order is itself a question fiill of 
difficulty, to be answered only after much labour. 

203. Let us consider what thin empty space is. (I speak 
of "empty" space without necessarily implying tlie absence of 
matter, but only to denote a space which is not a mere 
order of material r^hings.) Stumpf regards it as given in sense; 
Kanti in the last two aiguments of his metaphysicai deduction, 
aigues that it is an intuition, not a concept, and must be 

* known before spatial order becomes possible. I wish to main- 
tain, on the contrary, that it is wholly conceptual ; that space is 
given only as spatial order; that spatial re1ati<ni8, being given, 
appear as more than mere relations, and so become hyposta- 
tized ; that when hypostatized, the whole collection of them is 
regarded as contained in empty space ; but that this empty 
space itself, if it means more thau the logical possibility of 
space-relations, is an unneoessaiy and self-contradictory as* 
sumption. Lst us begin by considering Kant's aignments on 
this point 

Lsibnits had affirmed that space waa only velatioMy. while 
Nevtcn had maintained the olgeotive raaHty of absolute space. 
Kant adopted a middle eourw: he a ss erte d absolute spaoe^ but 
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space is the object of his wooad argument ; for if space were 
mere relations between things, it would necessarily disappear 
with the disappearance of the things in it ; but this the second 
argument denies V Now spatial order obviously does disappear 
with matter, but absolute or empty space may be supposed to ' 
remain. It is this, then, whioh Knot it arguing about^ and it is 
this whioh h» affinu to bo ft para intuilion, nooMiiifl|y pra- 
mppoood hf ipotial ofdor*. 

SOi. Biit OMi we ogiee in ngtMag empty quo^ the 
"infinite gim whole * raally given ? . Moot we not^ in spile 
of Kent's eignment, r^geid it es wholly eonoeptnel ? It is not 
rof|uircd, in the first place, by the argument of the first half of 
this chapter, which required only that every This of sense- 
perception should bo resolvable into Thises, and thus involved 
only an order among Thutes, not anything given originally 
without reference to them at all. In the second place, Kant's 
two arguments* designed to prove that empty qpaoe is not 
eonceptual, are inadequate to their purpose. The aigument 
that the parts of space ara not oontained wmKir it» bat in it^ 
proves oertainly that spaoe is not a genenl oonosption, of whieb 
spatial figures an the instances; but it hy no means ftllows 
that empty apooe is not a conception. Empty spaoe is nn- 
ditifereutiated and homogenous; parts of space, or spatial 
figures, arise only by reference to some diiferentiating matl^^r, 
and thus belong rather to spatial order than to empty Hpace. 
If empty space be the pre-condition of spatial order, we cannot 
expect it to be connected with spatial relations as genns with 
species. Bat empty space may nevertheless be a onivenal 
conception; it may be related to spatial order as the state to 
the eitiaenSi These ara ndt insUneee of the stets^ hot ara 
contained in it; they also^ in a senses presoppcse it^ a nvyi 
can only become a dtiran 1^ beiqg rabted to ether eitiasns m 
a •tate^ 

» 8MTaiUi««^OoiiHMater,ii.n^ia»-4M. 

» BssiMd. p. sue far Kant's inoowiirtwiciisoliiispolst 

• Xhs favrtfa tad ifth la the tot sdilloB, lis IhM soA fasrtk la Ihs 

SiooncL 

4 Of. YAibmeMr's Oomwatsr, n. 81S. 
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The miiqneiiMB of apaoe, again, aeems liaidly a valid aigu- 
ment for its inidtioiial iiatare; to regard it as an argument 

implies, indeed, that all conceptions are abstracted from a series 
of instances — a view which has been criticized in Chapter II. 
(§ 77), and need not be further discussed here*. There is no 
ground, therefore, in Kant's two arguments for the intuitional 
nature of empty spaoOy which can be maintained against 
oriticisnL 

200. Another ground for condemning empty space is to 
be foamd in the matiieniatical antinomies. For it is no solution, 
as LotM points out (Uetaphjnk, Bk. ii. Chap, i., { 106X to 
regard empty space as paraly subJeotiTe: oontnidiotions in a 
necessaiy subjective intnilion form as great a diffionlty as in 
anything else. But these antinomies arise only in connection 
with empty space, not with spatial order as an aggregate of 
relations For only when space is regarded as possessed of some 
thinghood, can a whole or a true element be demanded. This 
we have seen already in connection with the Point. When 
space is regarded, so fisur as it is valid, as only spatial order, 
unbounded extension and infinite divisibility botii disappear. 
What is divided is not spatial relations, but matter; and if 
matter, as we have seen that Qeometiy requires, consists of 
nnextendcd atoms wish iqpalial rehitions, there is no reason to 
regard matter either as infinitely divisible, or as consisting of 
atoms of finite extenmon. 

206. But whence ai-ises, on this view, the paradox that we 
Ciuinot but regard space as having more or less thinghood, and 
as divisible ad infinitum ? This must be explained, I think, as 
a psychological illusion, unavoidably arising from the fact that 
spatial relations ore immediately prosontod Thoy thus have 
a poouliar pqwluoal quality, as immediate experiences, by which 
quality they can be distiiigttished ikom time-relations or any 
ether ddcr in which things may be amnged. To 8tnm|4 
whose problem is peychdoi^sal, such a psychical quality would 
constitnte an absolute underlying content, and would folly 
justify his thesis ; to us, however, whose problem is epistemo- 
logical, it would not do so, but would leave the meaning of the 
spatial element in sense-perception free horn any implication 
> OC TaiUaiK's CtasMBtiri A p» 807. 
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of aa alwolnte or emptor space \ May wa not, then, abandon 
empty spaoo^ and aay : Spatial oider oonMsta of fiU lolatiopn, 
and qud felt baa, for Fqrehology, an existenoe not wboUy 
veaolvable into ralationa» and unavoidably Mmmg to be mora t 
than mere relaitionB. Bat when we eiamine the inlbnnatkii, 1 
as to space, which we derive from sense-perception, we find i 
ourselves phuigcii in contradictions, as booh aa we allow this I 
infoniiation to couNist of more than relations. This leaves < 
Bjmtial order alono in the field, and reduces empty space to a 
mere name for the logical possibility of spatial relations. 

207. The apparent divisibility of the relations which eon- 
atituto spatial ordor, then, may bo oxpbined in two ways, 
though those aro aft bottom eqnivaloni. We may. take the 
roUtion as eonsidored in connection with empty ipace, in whieh 
case it becomes more than a relation ; hut being fidsely hypo- 
statised, it appears as a oomplex thing, neeeMaiily composed of 
elements, whieh elements, however, nowhere emerge until we 
analyze the pseudo-thing down to nothing, and arrive at the 
point. In this sense, the divisibility of spatial relations is an 
unavoidable illusion. Or again, we may take the relation in 
connection with the inatenal atoms it rclates. In this case, 
other Atoms may be imoginod, differently localized by different 
spatial rohitions. If they are looalixod on the stn^ght line • 
joining two of the original atoms, this straight line appeals as 
divided by them. But the original relation is not leal^ 
divided : all that has happened is, that two or more equivalent 
relations have replaoed it, as two compounded relations of 
fiither and son may replace the equivalent relation of grand- 
father and grandson. These two ways of viewing the apparent 
divisibility arc equivalent : fur empty space, in so far as it is not 
illusion, is a name for the aggregate of possible spixco-rolations. 
To regard a figure in. empty spvco as divided, therefore, means, 
if it means anything, to rogarrl two or more other possible rok* 
tions as substituted £nr it^ which gives the eecond wi^ of view* 
ing the question. 

The same reference to matter, then, by which the antinomy ^ 
of the Feint was solved, solves also the antinomy as to tlie * 
relational nature of space. Space, if it is to be fteed fiom 

t OL Jmom, Psjrohoiogjr, VoL n., p. 148 fL 
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contradictions, must be regarded exclusively as spatial order, as 
relations between uneitended material atoms. Empty space, 
which arises, by an inevitable illusion, out of the spatial element 
in sense-perception, may be regarded, if we wish to retain it, as 
the bare principle of reUtivity» the bare logical poflnbility of 
niMiom belwetm divene thinga. In this mom, ampty space is 
whoUy conceptual ; spatial eider alone is immediately experi- 
• enced* 

Ml Bot in what sense does spatial order consist of rela- 
tions ? We have hitherto spoken of externality as a relation, 
and in a sense such a manner of speaking is justified. Extcra- 
ality, when predicated of anything, is on adjective of that thing, 
and implies a reference to some other thing. To this extent,, 
then, externality is analogous to other relations; and only to this 
extent^ in our previous arguments, has it been regarded as a 
relation. But when we take account of further qualities of 
lelationSk externality begins to i^pear, not so much as a rela- - 
tion, Imt rather as a necessary aspect or element in every 
relatioD. And this is borne out by the necessity, ibr the 
existence of relationB^ of some given ibrm of externality. 
I Every rehition, we may say, involves a diversity between 
I the related terms, but also some unity. Mere diversity does not 
give a ground for that interaction, and that interdependence, 
which a relation requires. Mere unity leaves the terms identical, 
and thus destroys the reference of one to another required for a 
rehition. Mere externality, taken in abstraction, gives only the 
element of diversity required for a relation, and is thus more 
abstract than any actual relation. But mere diversity does not 
give that indivisible whole of which any actual relation must 
eonsist»aod is thus, when regarded abstractly, not snljeot to the 
mtrietioiis of ordinary relations. 

But with mere diversity, we seem to have returned to empty 
space, and abandoned spatial order. Mere diversity, surely, is 
either complete or non-existent; degrees of diversity, or a 
quantitative measure of it, are nonsense. We cannot, therefore, 
reduce spatial order to mere diversity. Two things, if they 
QBOUff diffiaient positions in space, are necessari^ diverse, but 
are Haeewarijy somethiii^ mora; othsrwise spatial oider 
lioniiniOi vnnesiiinff. 
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Empty BpM9t tiMOf in ^ «bove aensa of tbe poanbitstgr 
«f wptiidtl reltiooa, oontaint oolj om aspect of a rBlalion» 

namely tho aspect of diveraity ; Imt spatial order, by ita f afere nea 
to matter, becomes more concrete, and contains also the element 
of unity, arising out of the connection of the different material 
atoms. Spatial order, then, consists of relations in the ordinaiy 
sense ; its merely spatial element, however — if one may mako 
auoh « diaiiiMtioii— >the element^ that is, whioh can ba abatoactod 
from matter and regarded aa oonatitatiDg empty spaca^ k only 
ono aspect of m relation, but an aspect whicb, in tiie concrete^ 
mnat ba imepaimbly bound np with the other aapeek. Hera, 
onoe morBf we ■ee Iho gronnd of the oontndieliona in omp^ 
apace, and the raaaon why spatial cfder ia ftoo from theaa 
oontradictioDS. 

Oondution. 

209. We have now completed our review of the foundationa 
of Owmetry. It will be well, before we take leave of the 
subject, briefly to review and recapitulate the results we hare 
won. 

In the first chapter, we watched the development of a branch 
of Mathematics designed, at first, imiy to establish the l<^cal 
independence of Eudid'a axiom of pandlela^ and the poaaibilitjr 
of a aelf-conai'atent Geometry which diapenaed with it. We 
ionnd the further development of the anbject entangled, for a 
while, in philosophical controversy ; having shown one axiom to 
be superfluous, the geometers of the second period hoped to 
prove the same conclusion of all the others, but failed to 
construct any system free from three fundamental axioms. 
Being concerned with analytical and metrical Geometry, they 
tended to regard Algebra as d priori, but held that those 
properties of spatial magnitudes^ which were not deduciblo 
from the lawa of Algebra, must be empiricaL In all thia^ they 
aimed aa much at diaorediting Kant aa at advaneing Uathe- 
matioa But with the third period, the intereat in Fhikeophy 
diminiahea, the oppoaition to Bodid beoomea leaa maiimd,and 
moat important of all, measurement is no longer regarded aa 
fundamental, and space is dealt with by descriptive rather than 



Digitized by Googlc 



SOO voukdahons or oioiafBr. 

quMititetiTa nethodii Bat nevarthelefli, three aiumwt «ab- 
tlMitwIlx the flune $» ihone rotained in the ieoond period, are 
•till retained by all geometers. 

In the second chapter, we endeavoured, by a criticism of 
some geometrical philosophies, to prepare the ground for a 
constructive theory of Geometry. We saw that Kant, in 
applying the argument of the Transcendental Aesthetic to 
apaoe, had gone too far, since its logical soope extended only 
to some form of extenality in general. We eaw that Riemann, 
Helmholti and Krdmann, misled by the quantitative bias^ over- 
looked the qualitative enbstratum required by all judgments 
of quantity, and thus mistook the diroetion in which the 
necessary axioms of Gk)ometry are to bo fbimd. We rojocted, 
also, Helmholtz's view that Geometry depends on Physics, 
because we found that Physics must assume a knowledge of 
Geometry before it can become possible. But we admitted, in 
Geometry, a reference to matter — not, however, to matter as 
empirically known in Physics, bat to a more abstract matter, 
whose sole function is to appear in space, and supply the terms 
Ibr spatial relation& We admitted, however, besides this, that 
all aekud measurement must be effeeted by means of oedial 
matter, and is only nmpuically possible, through the empirical 
knowledge of approximately rigid bodies. In criticising Lotxe, 
we saw that the most important sense, in which non-Euclidean 
spaces are possible, is a philosophical sense, namely, that they 
are not condemned by any ^1 pHori argument as bo the necessity 
of space for exporionco, and that conHcquently. if they arc not 
affirmed, this must be on empirical grounds alono. Lotze's 
strictures on the mathematical proeeduro of Mctngeometiy we 
Ibond to be wholly due to ignoranoe of the subject 

Fkooesdi^g, in the third ohaptSTi to a eonstructiyo theoiy 
of Geometiy, we saw that projective Geometry, whush has no 
refersnce to quantity, is necessarily true of any form of ^ 
externality. Its three axioms — homogeneity, dimensions, and 
the straight line — were all deduced from the conception of a 
form of externality, and, since some such form is necessary to 
experience, were all declared d priori. In metrical Geometry, 
on the contrary, we found an empirical element, arising out of 
the altenatiTso of Buelidean and non«£oelidean spaoe. Three 
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a p)ioH axioms, common to these spaces, and necessary con- 
ditions of the poiisibility of measurement, still remained ; these 
wero tho axiom of Free Mobility, the axiom that space has a 
finite intep^al nujnber of dimensions, and the axiom of distance. 
Except for the new idea of motion, these were found equivalent 
to the projective triad, and thus noceewMriljr true of any form 
of externality. But the remaming udome of Euclid — ^tlio 
ajuom of three dimenaiooai the udom tli«t two etniglit lioM 
can never endoee a epaoe,' and the axiom of poiaUels— wen 
regarded as emptrioal laws» derived from the inveetigstion aad 
meesurement of onr aetual spaoe^ and tme only, as as the 
last two are ooncemed, within the limits set by errois of 
observation. 

In the prcMont chapter, wo completed our proof of the 
apriority of tho projective And equivalent metrical axioms, by 
showing the necessity, for experience, of some form of externality^ 
given by sensation or intuition, and not merely inferred finom 
other data. Without this^ we said, a knowledge of diverse but 
interrelated thiqg% the eonier-stone of all expeiienoe^ wonhi be 
impossible. Finally, we discussed the oontradictiono anriiig 
out of the relativity and continuity of spacer end endeavomed 
to ovevoome them by a reference to matter. This matter, we 
finind, must consist of unextended atoms, localized by their 
spatial relations, unci appearing, in Geometry, as points. But 
the' non -spatial adjectives of matter, we contended, are irrelevant 
to Geometr)", and its causal properties may be left out of 
account. To deal with the new contradictions, involved in sodl 
a notion of matter, would demand a fresh treatise, leading us, 
through Kinematics^ into the domains of Dynamics and PhysicsL 
But to discuss the special difficulties of qnce is all thtft in 
pcssiblo in «n essi^ on the Foundations of Oecnelqr* 
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